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ABSTRACT: - Piezoelectric energy harvesting technology has received a great attention during the last 

decade to activate low power microelectronic devices. Piezoelectric cantilever beam energy harvesters are 

commonly used to convert ambient vibration into electrical energy. In practical applications, energy 

harvesters are subjected to large shocks which can shorten the service life by causing mechanical failure. 

A piezoelectric energy harvester based on impact vibration assembled with a taper beam is presented. The 

advantage of the taper beam is that improving power density and being especially suitable for a compact 

MEMS approach. In this paper the maximum power extraction are investigated theoretically and 

experimentally. The experimental results validated the theoretical and concluded remarks in the paper. 
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INTRODUTION: - We already know that the power requirement for the day to day work increase as 

technology use of human being increasing, in such condition the regenerative power sources requirement 

is very-very important topic to research the vibration energy harvesting is one of the important topic for 

as the regenerative power source. In this piezoelectric material is use as medium to develop power. 

The piezoelectric effect was discovered by J and P Curie in 1880. They found that if certain crystals were 

subjected to mechanical strain, they became electrically polarized and the degree of polarization was 

proportional to the applied strain. Conversely, these materials deform when exposed to an electric field. 

Piezoelectric materials are widely available in many forms including single crystal (e.g. quartz), 

piezoceramic (e.g. lead zirconate titanate or PZT), thin film (e.g. sputtered zinc oxide), screen printable 

thick-films based upon piezoceramic powders and polymeric materials such as polyvinylidenefluoride 

(PVDF). 

Here we trying to develop the arrangement of VIBRATION ENERGY HARVESTING made of beam. 

The beam is taper beam the selection of taper beam is due to its uniform strain development throughout 

the length of beam 

Most of the vibration harvester operates at frequencies of more than 100 Hz with making them suited for 

harvesting energy from rotating machinery. 
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The human motion generate vibration in the range of 1-30 Hz very low frequency in this condition to get 

power is quite difficult because more of the power damped as mechanical loss, instead of to transferred as 

electrical domains. 

THEORTICAL BACKGROUNDS 

1. PIEZOELECTRIC EFFECT 

The piezoelectric effect is a direct transformation of mechanical energy into electrical energy. Certain 

crystals respond to pressure by separating electrical charges on opposing faces and named the 

phenomenon as piezoelectricity. In the literature, several design parameters have been investigated to 

maximize the generated power from mechanical vibration to electrical output using piezoelectric material.    

These parameters can be summarized as follows [13, 17], 

 Material type as PZT, PVFD, Quick-Pack, and PVFD. Material with high quality factor (Q-

factor) produces more energy and recently piezoelectric micro fiber composite (MFC) has more 

efficiency to generate electrical power up to 65% of the input vibration energy.  

 Geometry, tapered form produces more energy while the strip form is commonly available in 

the market. 

 Thickness, thin layers produce more energy. 

 Structure, bimorph structure doubles the output than unimorph structure. 

 Loading mode, d31 produces large strain and more output power for small applied forces.  

 Resonance frequency has to be matched with the fundamental vibration frequency.  

 Electrical connection, parallel (current source) and series (voltage source).  

 Fixation, cantilever produces more strain than simple beam.  

 Load impedance, it has to be matched with the piezoelectric impedance at the operating 

frequency. 

2.  POWER GENERATION BY PIEZOELECTRIC MATERIAL 

The model is a lumped second order dynamic system to relate the input vibration y(t) to the output 

relative displacement z(t) as shown in Fig. below.[19]. 
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The governing equation of motion of a lumped spring mass system can be written as:             

                                                  m𝑧 +c𝑧 +kz=m𝑦                                                                                    ….. (1) 

Where y(t) is the input vibration, Ӱ(t) is the input acceleration; z(t) is the relative displacement of the 

mass with respect to the vibrating cantilever, Equation (1) can also be written in terms of damping 

constant(C) and natural frequency. A damping factor ξ is a dimensionless number defined as the ratio of 

system damping to critical damping as: 

                                              ξ = 
𝐂

CC
  = 

C

2 mK
                                                                                        …..  (2)                                       

The natural frequency of a spring mass system is defined by 

                                          ωn =  
K

m
                                                                                                    ….   (3)                                                                                                  

Where the stiffness K for each loading condition should be initially calculated. For example, in case of a 

cantilever beam, the stiffness K is given by K = 3EI/𝑙3, where E is the modulus of elasticity, I is the 

moment of inertia, and L is the length of beam. For the taper beam the width and depth are varying 

linearly given by  

                              b = b1 +  b0 − b1 (x l ); h = h1 +  h0 − h1 (x l )   

                                

Top and front view of cantilever tapered beam with linearly varying width and depth. 

Similarly area and moment of inertia will be varying accordingly 

A(x) =   h1 +  h0 − h1 (x l )  b1 +  b0 − b1 (x l )   

         I(x) =
1

12
  b1 +  b0 − b1 (x l )  h1 +  h0 − h1 (x l ) 3  

 

NOTE: - Here; 
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                        h0 = h1 = h 

                        I(x) =
1

12
 b1 +  b0 − b1 (x l )  ℎ3 

The effective mass of the beam itself is approximately 0.236 times the beam’s actual mass; the total 

effective mass is approximately, 

                                           meff = 0.236𝑚𝑐                                                                                                          …..  (4) 

Then natural frequency, 

                                        ω𝑛 =  
𝑘

𝑚
=   

𝐸 𝑏1+(𝑏0+𝑏1)
𝑥

𝑙
 ℎ3

4𝑙3(0.236𝑚𝑐)
                                                                      …. (5) 

 

The ratio of output z (t) and input y (t) can be obtained by applying Laplace transform with zero initial 

condition on Eq. (1) as, 

 

                                            
 Z (t)

Y(t)
=

S2

S2+2ξωn s+ωn
2                                                                                                      . . .. (6) 

                                                                                                                
The time domain of the response can be obtained by applying inverse Laplace transform on Eq. and 

assuming that the external base excitation is sinusoidal given as: y = Y sin(ωt - ф), 

 

                                                  Z (t) =
 

ω

ωn
 

2

  1− 
ω

ωn
 

2
 

2

+ 2ξ
ω

ωn
 

2

 Ysin (ωt - ф)                                            ….   (7) 

 

The phase angle between output and input can be expressed as ф = arc tan (Cω/ (k- ω2M)). The 

approximate mechanical power of a piezoelectric transducer vibrating under the above mentioned 

condition can be obtained from the product of velocity and force on the mass as: 

 

                                           P t =
mξY2 

ω

ωn
 

2
𝜔2

  1− 
ω

ωn
 

2
 

2

+ 2ξ
ω

ωn
 

2

                                                                                      . . ..    (8) 

  

Where; Y is the amplitude of vibration. The maximum power dissipated in the damper occurs at 

ω=ωn(resonance condition) and power can be calculated by the following formula:  

 

                                            Pmax (t) =
𝑚𝑌2𝜔𝑛

2

2
                                                                                      …..  (9)          

Maximum power conversion to electrical domain occurs when the mechanical damping equals the 

electrical damping. Therefore, the maximum electrical output power is equal to half the value in the 

Equation (9). 

                                                 

                                                𝑃𝑒(𝑚𝑎𝑥 ) =
𝑚𝑌2𝜔𝑛

2

4
                                                                               ….. (9.1) 
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3. MODE SHAPES OF A VIBRATING BEAM: 

 

A cantilever beam can have many different modes of vibration, each with a different resonant frequency. 

The first mode of vibration has the lowest resonant frequency, and typically provides the most deflection 

and therefore electrical energy. A lower resonant frequency is desirable, since it is closer in frequency to 

natural vibration sources and generally more power is produced at lower Frequencies. Therefore, energy 

harvesters are generally designed to operate in the first resonant mode. [19]. 

 
                             

                           

 

                            Figure 3: Different mode shapes of a Vibrating beam [19] 

 

4. ESTIMATION OF RESONANT FREQUENCY USING EULER-BERNOULLI BEAM 

EQUATION 

 

The resonant frequencies of a beam can be estimated using Euler-Bernoulli beam theory. By solving the 

Euler-Bernoulli beam equation with the appropriate boundary conditions, the eigen values of the system 

can be determined, which then allow for the calculation of the resonant frequencies. The differential 

equation describing the motion for undamped free vibrations of a uniform Euler–Bernoulli beam can be 

obtained as:                                                         

 

                                                         
  ∂4δ

∂x4 +
ρA

EI

∂2δ

∂t2 = 0,                                                                              …… (10) 

 

Where δ is the beam deflection as a function of position along the beam and time, ρ is the density, A is 

the area of the cross section of the beam, E is the Young’s modulus, and I is the area moment of inertia. 

For a beam of rectangular cross section, the relevant moment is  

I= 
1

12
𝑏ℎ3.

 The general solution for sinusoidal vibration is as follows by using the method of separation of 

variables to solve equation.  

 

                         𝛿(𝑥, 𝑡) =(C1 sin𝛽𝑥+ C2 COS 𝛽𝑥+C3 Sin h𝛽𝑥+C4 Cos h𝛽𝑥).Sinωt                              ……. (11) 
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Where, β= 
ρAω2

EI
 

 

The clamped–free boundary conditions with no proof mass, the relevant boundary conditions for a beam 

of length L are: 

(i)    δ (0,t) =0 

(ii)   δx (0,t) = 0  

(iii)  δxx (L, t) =0 

(iv)  δ xxx (L, t) = 0.  

 

These first two boundary conditions indicate that the fixed end of the beam is stationary, and that the 

beam is flat at the point of attachment.  The free end conditions mean that there are no forces applied at 

that point and no bending moment. The first nontrivial eigen value of this system is βL ≈ 1.875, so the 

equation for the resonant frequency of the first mode is: 

 

                                     f =
𝜔

2𝜋
= 

1.8752

2𝜋𝐿2   
𝐸𝐼

𝜌𝐴
                                                   … .. (12) 

Putting the value of the (I= 
   𝑏ℎ3  

12
 , A = bh) then: 

                                    f=
1.8752

2𝜋
  

𝐸

12𝜌
 x

ℎ

𝐿2                                                    … .. (13) 

5. PROTOTYPE DEVELOPEMENT AND MEASUREMENT- 

To verify the performance, a prototype was assembled with a copper taper beam as the driving beam. The 

fabricated beam diagram shown in fig. Below. 

 

The lead zirconate titanate (PZT) generating beam purchased from “Doon Ceratronics Pvt. Ltd. 

Dehradoon (Uttrakhand)-INDIA. Was pasted on four copper taper beams. 

Dimension of four taper beam- 

First beam-                         𝑏𝑐0 = 20mm, 𝑏𝑐1 = 12mm, 𝑙𝑐 =140mm . 

Second beam-                     𝑏𝑐0 = 20mm, 𝑏𝑐1 = 10mm, 𝑙𝑐 =140mm . 

Third beam-                        𝑏𝑐0 = 20mm, 𝑏𝑐1 = 8mm,  𝑙𝑐 =140mm . 
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Forth beam-                        𝑏𝑐0 = 20mm, 𝑏𝑐1 = 6mm,  𝑙𝑐 =140mm . 

The thickness of the copper beam is constant 0.5mm.and the density (8900 kg/𝑚3), elastic modulus 

(100X109Pa).
 

 

Table I: Dimensions & properties of PZT STRIP 

Strip Lengt

h 

(mm) 

 𝑙𝑝  

Width 

(mm) 

𝑏𝑝  

Thickness 

(mm) 

𝑡𝑝  

Density 

(kg/m3) 

Elastic 

modulus 

(Pa) 

Piezoelectric 

constant, 𝒅𝟑𝟏  

 

Permittivity  

 

Capacitance 

       (nF) 

PZT 

shim 

50 10 0.5 7500 72X10
9 

-175x10-12 1.549x10-8  

 

170 

       

Energy harvesting device was finally mounted on the centre of a speaker for the test. Sinusoidal signal 

were applied to the speaker to generate vibrations at various frequencies.  

EXPERIMENT AND RESULT DISCUSSION: - 

The experimental setup used for the power energy harvesting is shown below. The main components are 

1. DSA  

2. SHAKER  

3. SIGNAL GENERATOR. 

 

The signal generator work as applied source to the shaker and the output signal obtained from the 

energy harvester are acquired by the DSA. To evaluate the frequency responses of energy 

harvester sine sweep was performed. For power response voltage measurements were conducted. 

The measured output voltage was then used to calculate the power.  

 

EXPERIMENTAL SETUP- 

 

 



International Journal of Emerging Trends in Engineering and Development                        Issue 4, Vol.3 (May 2014)                                                                                                    

Available online on http://www.rspublication.com/ijeted/ijeted_index.htm                                         ISSN 2249-6149 

R S. Publication (rspublication.com), rspublicationhouse@gmail.com Page 588 
 

   

                                                       HARVESTER AND TAPER BEAM 

The output voltage obtain in different beams at different intervals of frequency 

1. First beam-                                

              

2. Second beam- 
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3.  Third beam- 
 

 

           

4.  Forth beam- 

    

               

  DATA OBTAINED THEORITICALLY: - 

NO. TAPER ANGLE RESONANT FREQUNCY (Hz) POWER 

1. 

2. 

3. 

4. 

1.6365 

2.045 

2.454 

2.8624 
 

14.36 

14.76 

15.18 

15.65 
 

1281.2003 

819.9686 

364.4347 

91.1074 
 

 

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

5

0 5 10 15 20 25 30

M
A

X
 V

O
LT

A
G

E 
O

U
TP

U
T 

(V
)

INPUT FREQUENCY (Hz)

EXP.

Series1

0

0.5

1

1.5

2

2.5

3

0 10 20 30 40

M
A

X
. V

O
LT

A
G

E 
O

U
TP

U
T 

(V
)

INPUT FREQUENCY(Hz)

EXP.

EXP.



International Journal of Emerging Trends in Engineering and Development                        Issue 4, Vol.3 (May 2014)                                                                                                    

Available online on http://www.rspublication.com/ijeted/ijeted_index.htm                                         ISSN 2249-6149 

R S. Publication (rspublication.com), rspublicationhouse@gmail.com Page 590 
 

DATA OBTAINED EXPERIMENTALLY: - 

NO. TAPER ANGLE RESONANT FREQUNCY 

(Hz) 

MAX VOLTAGE 

OUTPUT (V) 

POWER 

1. 

2. 

3. 

4. 

1.6365 

2.045 

2.454 

2.8624 
 

14.88 

16.281 

17.79 

19.05 
 

9.04 

7.20 

4.64 

2.32 

1634.432 

1036.8 

430.592 

107.648 
 

 

COMPARISON BETWEEN DATA OBTAINED THEORITICALLY AND EXPERIMENTALLY:  

NO. TAPER ANGLE POWER THEORITICAL POWER EXPERIMENTAL 

1. 

2. 

3. 

4. 

1.6365 

2.045 

2.454 

2.8624 
 

1281.2003 

819.9686 

364.4347 

91.1074 
 

1634.432 

1036.8 

430.592 

107.648 
 

 

              

 

1. Frequency responses : - 

 

The experimental resonant frequency of taper beams for first 14.88, second 16.28, third 17.79, 

forth 19.05. 

            The Resonant Frequency Obtained In Different Taper Angle  
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The Power Find Out In Different Resonant Frequency Theoretically 

 

The Power Obtained In Different Resonant Frequency 
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2. POWER 

The Maximum Output Voltage Obtain In Different Taper Angle 

 

The maximum power obtain in different taper angle 

 

Screen Shot of Oscilloscope 
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CONCLUSION: - 

This paper has presented the comparison between analytical and experimental studies of a taper cantilever 

piezoelectric beam with one input base excitation. This has demonstration the design, fabrication and 

measurement of piezoelectric taper cantilever with quite low resonant frequency for the energy harvesting 

application. The output voltage of different taper angle of beam is measured and discussed. 

1. The resonant frequency increases as the taper angle increase. 

2. We obtained the maximum voltage output at taper angle 1.6365𝑜  for the respective taper beam. 

3. It is found that the maximum power output of beam is at the taper angle 1.6365𝑜  . 

The results obtained offer a possible for practical application in low frequency situation. Moreover the 

geometry is very easy to manufacture. Optimizing the dimension of the beam is expected to further 

increase power. 

REFERENCES: 

1 Lei Gu(2010) low frequency piezoelectric energy harvester prototype suitable for the MEMS 

implementation, 0026-2692/$-2010 Elsevier Ltd.doi:10.1016/j.mejo.2010.10.007. 

2 Huicong Liu, Chengkuo Lee, Takeshi Kobayashi, Cho Jui Tay, Chenggen Quan Piezoelectric 

MEMS-based wideband energy harvesting systems using a frequency-up-conversion cantilever 

stopper,0924-4247/$-2012 Elsevier B.V.-doi:10.1016/j.sna.2012.01.033. 

3 Huicong Liu, Chengkuo Lee, Takeshi Kobayashi, Cho Jui Tay and Chenggen Quan Investigation 

of a MEMS piezoelectric energy harvester system with a frequency-widened-bandwidth mechanism 

introduced by mechanical stoppers, IOP PUBLISHING SMART MATERIALS AND STRUCTURES 21 

(2012) 035005 (12pp) doi:10.1088/0964-1726/21/3/035005 

4 Huicong Liu ,Cho Jui Tay , Chenggen Quan ,Takeshi Kobayashi , Chengkuo Lee A scrape-through 

piezoelectric MEMS energy harvester with frequency broadband and up-conversion behaviors, Microsyst 

Technol (2011) 17:1747–1754 DOI 10.1007/s00542-011-1361-4 

5 Lokesh Dhakara, Huicong Liu, F.E.H. Tay, Chengkuo Lee  A new energy harvester design for high 

power output at lowfrequencies,0924-4247/$-see from matter 2013 Elsevier B.V. All rights reserved. 

http://dx.doi.org/10.1016/j.sna2013.06.009 

6 Henry A. Sodano, Gyuhae Park, Donald J. Leo and Daniel J. Inman MODEL OF 

PIEZOELECTRIC POWER HARVESTING BEAM, Proceedings of IMECE 2003 2003 ASME 

International Mechanical Engineering Congress and Exposition Washington, D.C., November 16-21, 

2003 

7 F. Stoppel, C. Schröder, F. Senger, B. Wagner, W. Benecke (2011) AlN-based piezoelectric 

micropower generator for low ambient vibration energy harvesting 1877-7058 © 2011 Published by 

Elsevier Ltd. doi:10.1016/j.proeng.2011.12.178 

8M.F. Lumentut, I.M. Howard Analytical and experimental comparisons of electromechanical vibration 

response of a piezoelectric bimorph beam for power harvesting, 0888-3270/$-see front matter & 2011 

Elsevier Ltd.  doi:10.1016/j.ymssp.2011.07.010 



International Journal of Emerging Trends in Engineering and Development                        Issue 4, Vol.3 (May 2014)                                                                                                    

Available online on http://www.rspublication.com/ijeted/ijeted_index.htm                                         ISSN 2249-6149 

R S. Publication (rspublication.com), rspublicationhouse@gmail.com Page 594 
 

9Huicong Liu , Chengkuo Lee , Takeshi Kobayashi , Cho Jui Tay , Chenggen Quan(2012)A new S-

shaped MEMS PZT cantilever for energy harvesting from low frequency vibrations below 30 Hz, 

Microsyst Technol (2012) 18:497–506 DOI 10.1007/s00542-012-1424-1 

10Huicong Liu, Chenggen Quan, Cho Jui Tay, Takeshi Kobayashi , and Chengkuo Lee A MEMS-

based piezoelectric cantilever patterned with PZT thin film array for harvesting energy from low 

frequency vibrations 1875-3892 © 2011 Published by Elsevier B.V. Selection and/or peer-review under 

responsibility of the Organising Committee of the ICOPEN 2011 conference 

doi:10.1016/j.phpro.2011.06.136 

11Einar Halvorsen and Tao Dong ANALYSIS OF TAPERED BEAM PIEZOELECTRIC ENERGY 

HARVESTERS Proceedings of PowerMEMS 2008+ microEMS2008, Sendai, Japan, November 9-12, 

(2008) 

12Simon Paquin and Yves St-Amant ELECTROMECHANICAL PERFORMANCES OF DIFFERENT 

SHAPES OF PIEZOELECTRIC ENERGY HARVESTERS Cansmart 2009 International Workshop 

SMART MATERIALS AND STRUCTURES 22 - 23 October 2009, Montreal, Quebec, Canada 

13 Wahied G. Ali, Sutrisno W. Ibrahim.  Power Analysis for Piezoelectric Energy Harvester. Energy 

and Power Engineering, 2012, 4, 496-505 Doi:10.4236/epe.2012.46063 Published Online November 

2012 (http://www.SciRP.org/journal/epe) 

14Dong-Gun Kim, So-Nam Yun, Young-Bog Ham, Jung-Ho Park Energy Harvesting Strategy Using 

Piezoelectric Element Driven by Vibration Method Wireless Sensor Network, 2010, 2, 100-107 

doi:10.4236/wsn.2010.22014 y 2010 (http://www.SciRP.org/journal/wsn/). 

 

15Kuok H. Mak, Stewart McWilliam n, Atanas A. Popov, Colin H.J. Fox Performance of a cantilever 

piezoelectric energy harvester impacting a bump stop, 0022-460X/$-see front matter & 2011 Elsevier Ltd. 

doi:10.1016/j.jsv.2011.07.008 

16 Rishi Kumar Shukla, Prof. R.K. Behera Vibration Analysis of Tapered Beam,  Department of 

Mechanical Engineering National Institute of Technology, Rourkela Rourkela-769008, Odisha, INDIA 

May 2013 

17 Sutrisno W. Ibrahim, and Wahied G. Ali Power Enhancement for Piezoelectric  Energy Harvester 

Proceedings of the World Congress on Engineering 2012 Vol II WCE 2012, July 4 - 6, 2012, London, 

U.K. ISBN: 978-988-19252-1-3 ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online) 

18 Andrew Townley VIBRATIONAL ENERGY HARVESTING USING MEMS PIEZOELECTRIC 

GENERATORS. 

19 Dinesh Bhatia, Prashant Sharma, Anubhav Kumar, Piezoelectric Generators for Vibrational 

Energy Harvesting, International Journal of Innovations in Engineering and Technology (IJIET) Vol. 2 

Issue 4 August 2013 ISSN: 2319-1058. 

http://www.scirp.org/journal/epe
http://www.scirp.org/journal/wsn/

