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ABSTRACT 

 

 In recent times, the kernel based learning algorithms have been receiving increasing 

attention in various research domains. These learning algorithms are related internally with 

the kernel function as a key factor.  Support Vector Machine (SVM) is an optimistic kernel 

based learning algorithm which has its roots in statistical learning theory. The exploits of 

SVM have given rise to the development of a new class of theoretically refined learning 

machines, which uses a central concept of kernels [1] that are associated with the Hilbert 

space and Banach space. In this study, a mathematical framework for a novel and admissible 

kernel function in support vector machine using lévy distribution is proposed. We prove 

theoretically that the mathematical framework of a proposed kernel function in Banach space 

can improve the performance of kernel based learning algorithms and it results in an optimal 

feasible solution for SVM classification model. 

  
Key words: Hilbert and Banach space, Statistical learning theory, Structural risk 

minimization, Kernel based algorithms. 
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INTRODUCTION 

Data mining acts as a sophisticated data analysis tool to discover unknown valid patterns by 

analyzing the large dimensional data from various perspectives and summarize it into useful 

information. Due to the rapid development of stochastic nonlinear ill-posed problems, 

empirical modeling received a significant role to build up a data model and solve them. To 

address and convert an ill-posed problem into a well posed one, reliable and flexible model 

with some form of capacity control is needed to balance the data fitting with various 

constraints that generalizes it effectively. One of the bias learning techniques used for the 

conversion of well-posedness is the regularization method [2].Furthermore, it is evident for 

the existence of intelligent inference [3]. 
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 Regularization theory, statistical learning theory (SLT), structural risk minimization 

(SRM) and kernel based algorithms are elegantly combined to form a defined framework 

called as support vector machines [4]. Support vector machine (SVM) is a modeling / 

prediction tool introduced by Vapnik [5,6], which uses SRM principle to improve the 

generalization of the learning machine. The basic idea of SVM is to build an optimal and 

feasible model with three successful strategies namely learning ability, robustness and 

computational efficiency.SVM maps the data to a higher dimensional feature space where the 

data is linearly separable with the multiple hyperplanes. 

 The paper is organized as follows. Section 2 describes kernel functions in Hilbert space. 

Section 3 explains the proposed hybrid kernel function in Hilbert space. Section 4 comprises 

kernel transformation from Hilbert to Banach space. Section 5 proposes a novel admissible 

kernel function in Banach space. Finally, Section 6 concludes the work with future scope. 

 

KERNEL FUNCTIONS IN HILBERT SPACE 

The most prominent and core aspect of SVM is kernels and its tricks i.e. an efficient 

mathematical function in RKHS. The kernel trick in SVM computes inner products in high 

dimensional feature space using kernel functions defined on the pairs of input pattern. Also, it 

helps to formulate the nonlinear variants of algorithms with inner products. Kernel functions 

are classified into two broad categories. They are translation invariant and rotation invariant 

kernels. Kernels can also be designed in such a way that it possesses translation and rotation 

invariant property. 

 Translation invariant kernels are kernel functions that totally depend on the difference 

between two input vectors, which are positioned in high dimensional feature space. These 

kernel functions are not dependent on any arbitrarily taken data point in the given dataset. 

Gaussian, RBF and Laplacian are the examples of translation invariant kernels. Rotation 

invariant kernels are kernel functions that absolutely determined by the product rule of the 

input data vectors. Polynomial and Sigmoid kernels are the examples of rotation invariant 

kernels.  

 The proper kernel with its parameter must be selected to train and test a model in SVM 

with different input data. But, opting the kernels randomly is not always the best choice to 

achieve maximum classification accuracy and generalization of a classifier. In high 

dimensional feature space, translation invariant kernels influence data points that are close to 

each other and rotation invariant kernels influence data that are far away from each other of 

the kernel points. 

  Each and every kernel function in SVM corresponds to a feature space, where it is not 

explicitly mapped in a predefined feature space. An optimal separating hyperplane can be 

found efficiently with various dimensions in the feature space [7].The success of the kernel 

based learning algorithms is measured by two factors. They are 

 Mapping the input data point to a feature space as closely as possible 

 Preventing the overfitting by controlling the complexity of a kernel function 
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 These two conflicting issues are balanced by regularization theory. Primarily, an idea of 

empirical risk minimization principle is interrelated with regularization parameter. 

Subsequently, expected risk is minimized with an iterative procedure and it leads to semi 

convergence. A simple positive definite inner product is said to be a valid kernel function if 

and only if it satisfies Mercer’s theorem. Mercer theorem and basic definitions of kernel 

functions in Hilbert space [8] are given below  

 

Theorem. (Mercer’s) 

Suppose that  RXK :  is symmetric and satisfies supx,y K(x, y) < ∞, and define 

                                                
x

K dyyfyxKxfT )(),()(                            (1) 

suppose that  )()(: 22 XLLTK    is positive semi-definite; thus, 

                                                       
 

0)()(),( dxdyyfxfyxK
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for any, )(2 Lf   .  

Let λi, ψi be the Eigen functions and Eigen vectors of TK, with 

                                                  )()(),( ii xdyyyxK i


                           (3) 

Then 
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where the convergence is uniform in x,y. 

 

Such a kernel function defines a Mercer kernel according to Mercer theorem. This gives the 

mapping into a feature space as  

                                   
Tyxxx ),...)(),(()( 2211  

                       
(4) 

 

Reproducing Kernel Hilbert Spaces 

Let us consider an inner product vu,  as 

 A usual dot product: 
ii iwvwvvu  ',  

 A kernel product: )()(),(, ' wvwvkvu  ,where )(u  may have infinite   

dimension.  

However, an inner product .,. must satisfy the following conditions 

 Symmetry  vuuvvu ,,,  

 Bilinearity Rwvuwvwuwvu   ,,,,,,,  

 Positive definiteness 
00,

,0,





uuu

uuu   

Definition 1 

A Hilbert Space is an inner product space that is complete and separable with respect to the 

norm defined by an inner product. 
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Definition 2 

K (.,.) is a reproducing kernel Hilbert space H if  fH, (.),.),()( fxkxf  . A RKHS is a 

Hilbert space H with a reproducing kernel whose span is dense in H. It is also defined as the 

Hilbert space of the function with all evaluation functions are bounded and linear. 

 

 From the definitions and theorem, it is known that the kernel functions should be 

positive definite, symmetric and continuous. If a kernel function satisfies all these constraints 

then there exists a mapping to RKHS, in which the value of an inner product and kernel 

function are same. Therefore, it is necessary to satisfy all the above discussed constraints to 

design a novel kernel function in RKHS. 

 

HYBRID KERNEL FUNCTION IN HILBERT SPACE 

 

Many researchers merely use the predefined kernels or a combination of predefined kernels 

for their specific applications. Performance of SVM largely depends on the kernel function 

and its characteristics. But, from the previous literature it is revealed that the selection of a 

feasible kernel function for a specific application is a bottleneck for the SVM classifier. To 

overcome the drawbacks of the traditional kernels, a hybrid kernel function using the existing 

kernel functions is designed.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 1 : Algorithm for the proposed Hybrid Kernel 

 

 From the empirical analysis, the two kernel functions that have given better results for 

the datasets when compared to other kernels are selected to construct a hybrid kernel. The 

chosen kernel functions from the experimental analysis are radial basis kernel and polynomial 

Select the kernel functions k1, k2  from a Universal kernel set K  

Prove the kernel functions k1, k2  

a. Nonnegative linear combination of  kernel functions is a Mercer kernel 

b. Product of two kernel functions is also a Mercer kernel 

If  k1 Є local kernel then k2 Є translation invariant kernel  

If  k1 Є global kernel then k2 Є rotation invariant kernel  

Otherwise, the kernels k1, k2 are discarded 

Construct a new hybrid kernel that satisfies  

a. k1 + k2 Є K 

b. α k1 Є K where α > 0  

c. k1 · k2 Є K 

d. if k(x,y)=  y)(x,klim n
n 

could exist, then  kn(x,y) Є K 

Obtain a feasible hybrid kernel function K  
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kernel. Therefore, a kernel function is designed by hybridizing the translation invariant and 

rotation invariant kernels i.e. RBF and Polynomial. The proposed hybrid kernel that clearly 

satisfies the algorithm in Figure 1 is given by the following equation 

                                           21 )1(),( KKyxK  
                                    

(5)
 

where K1 is RBF kernel , K2 is polynomial kernel and  λ is a box constraint that control and 

balance these two kernels.
 
Also, the RBF kernel function extracts the local features and 

polynomial kernel function extracts the global features of the given input data samples 

efficiently. 

 

If a kernel function has better prediction and learning ability, then it is said to be an 

optimal learning model. Thus, the proposed hybrid kernel function can be an optimal learning 

model, where it combines the stronger learning ability of RBF kernel and better prediction 

ability of polynomial kernel. The parameters in RBF and polynomial kernels are γ and p, 

where it influences the generalization error and complexity of a SVM classifier. Tuning of 

kernel parameters to obtain an optimal value is also an issue in SVM. But, here the parameters 

are tuned by trial and error method to attain a feasible learning model. 

 

KERNEL TRANSFORMATION FROM HILBERT TO BANACH SPACE 

 

The traditional support vector machine has attained a desirable acme of mathematical, 

empirical and visual consistency. Kernel functions in Hilbert space basically work efficiently 

for small datasets. However, inconsistencies in performance crop up when the high 

dimensional datasets are used. This is due to an improper selection of kernel functions in 

Hilbert space. The proposed hybrid kernel is a flexible kernel function that outperforms the 

traditional kernels and gives better results.  

 

 Perhaps the major restriction in the classical theory is that the patterns lie in a Hilbert 

space. The geometric structure of Hilbert spaces is easily understood and their bilinearity 

makes an organized data analysis possible. However, Hilbert space has a few limitations 

which are given below: 

 Instances do not have predefined distance notion, it can only be induced from an inner- 

product 

 The search for generalization in Hilbert space represents the complex distance relations 

 It is difficult to determine an optimal and feasible kernel function for different domains 

 Kernel function in Hilbert space cannot optimize several performance measures at the  

same time 

 Lack of richer probability measures and consistency in a reproducing kernel Hilbert 

space 

 No proper elucidation for the problems of sparse type representation   

 

 To surmount all the above disadvantages, kernel functions in Hilbert space are extended 

to the generalized Hilbert space i.e. Banach space. It provides more diversity in norm 



International Journal of Emerging Trends in Engineering and Development                     Issue 4, Vol.2 (March 2014)                                                                                                    

Available online on http://www.rspublication.com/ijeted/ijeted_index.htm                                         ISSN 2249-6149 

R S. Publication (rspublication.com), rspublicationhouse@gmail.com  Page 888 
 

 

functions and geometrical structures that are potentially applicable for machine learning and 

scattered data approximation. Since Banach space is a generalization of Hilbert space, it 

evidently satisfies all the properties of Hilbert space except inner product and norm function. 

Instead of an inner product and L2 norm, a semi inner product with ℓ1 norm in reproducing 

kernel Banach space (RKBS) is used to develop the kernel based nonlinear learning 

algorithms e.g. SVM, KPCA and regularization network. In [9],the author showed that the 

results in RKHS generalize well in RKBS, where it yields a richer geometric structure and 

probability measures in classification. Similar to Hilbert space, Banach space also holds good 

in RKBS, representer theorem and reproducing kernel with positive definite function 

[10].Some of the basic definitions for kernel functions in Banach space are given below [10]: 

 

Definition 3   

Let Ω1 and Ω2 be the subsets of  Rd and B be a Banach space composed of functions f : Ω1 

→ C, whose dual space B′ is isometrically equivalent to a function space F with g : Ω2 → C.  

 

     If there is a kernel function K: Ω2 × Ω1 → R such that 

                                               K (·, y) ∈ F ≡ B′  

                                              , for all f ∈ B and all y ∈ Ω1, 

     then B is a reproducing kernel Banach space and K is reproducing kernel in weak sense. 

 

     If the weak sense RKBS, B is further reflexive and from the other side, i.e., 

                                                   K(x,·) ∈ B  

                                                 , for all g ∈ F ≡ B′ and all x ∈ Ω2, 

      then B is a reproducing kernel Banach space and K is reproducing kernel in strong sense. 

 

If the Banach space is uniformly convex and smooth, then the semi inner product with its dual 

map is well defined, which is equivalent to Hilbert space. 

 

KERNEL FUNCTIONS IN BANACH SPACE 

 

Conventional kernel functions in RKHS like RBF, Gaussian, Exponential, B-spline can also 

be designed in Banach space. But, the kernel function that satisfies an admissible kernel 

property and translation invariant property is said to be an optimal and feasible kernel 

function in RKBS. In Banach space, kernel functions based on distance measure performs 

better when compared to product measures, since it has richer geometric structures. There are 

two kernel functions in Banach space that satisfies an admissible kernel [11] property. They 

are given below 

 

Brownian Bridge Kernel 

The Brownian bridge kernel is given by the equation 

                                                          K(s, t) := min{s, t} − st,                                        (6) 

where  s, t ∈ (0,1). 

 

B
y)K(.,,f = f(y)

)(gK(x,.), xg
B
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Exponential kernel 

The exponential kernel is defined by the following equation  

                                                            K(s, t) := e−|s−t|                                                  (7) 

where  s, t ∈ R. It is also known as C0 Matérn kernel. 

 

PROPOSED KERNEL FUNCTION USING LÉVY DISTRIBUTION  
 

In literature, minimizing loss function, regularization and online learning in Banach space are 

defined based on the theoretical generalization of Hilbert space into a Banach space. But, 

practical feasibility and computational issues are not discussed. In this research work, a novel 

admissible kernel function based on RKBS is designed and implemented to analyze the 

practical difficulties. To construct a kernel function in Banach space, it is necessary to satisfy 

an admissible property of a kernel function in RKBS. Figure 2 represents the proposed 

algorithm to construct an admissible kernel function in RKBS.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 2 : Algorithm for the Proposed Admissible Kernel Function 

 

 From an extensive analysis [11], admissible kernel functions in Banach space are 

designed either based on exponential distribution or Brownian bridge distribution. But, these 

distributions have been devoted to the class of processes with stochastic integrals, geometry 

of Banach space, stationary processes and independent increments called as Lévy processes 

[12,13]. Lévy process is an origin of the mainly used distributions in Banach space since lévy 

is strongly interrelated with Banach space geometry e.g. Brownian process and poison 

process. Thus, a novel kernel is constructed in RKBS using lévy distribution. Novel kernel 

function using lévy distribution is defined by the following equation  

                                                      ||
),(

||

ts

e
tsK

tsc






                                                (8) 

where C is regularization parameter and s,t Є R. 

 

Select a function K with RKBS and ℓ1 regularization properties 

Let K Є X x X such that K (; x) Є C0(X), span {K (·, x): x Є X} is dense in C0(X) 

Then K is an admissible kernel if it holds 

a. For all sequences Xx  of pairwise distinct sampling points, the matrix K[x] is 

nonsingular 

b. For some positive constant M and all x,y Є X ,K is bounded 

c. For all positive distinct xj Є X , j Є N and c Є ℓ1(N) , 0),(
1





xxKc jj j  for 

all  x Є X implies c = 0  

d. For all pairwise distinct x1, x2, …., xn+1 Є X, 1)(])[(
)(

1

1

1




nN
nx xKxK


 

Obtain a feasible and novel kernel function 
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 The novel kernel function is said to be a feasible and admissible kernel in RKBS by 

proving the algorithm in Figure 2. There are four conditions in the algorithm that should be 

satisfied by a novel kernel. From the proposition 3.5 and corollary 3.6 of RKBS with ℓ1 norm 

[11], the novel kernel function clearly derives the first three properties of an admissible kernel 

i.e. novel kernel function using lévy distribution is bounded and nonsingular. To verify the 

fourth condition 

 Let   x1 < x2 < · · · < xn and x ∈ R be different from xj, j ∈ Nn. Then 

          If x < x1, then K[x]−1Kx(x) = ( ,0, . . . ,0)T 

         If x > xn, then K[x]−1Kx(x) = (0, . . . ,0, )T 

         If xj < x < xj+1 for some j∈ Nn-1 ,then   K[x]−1Kx(x) = (0, . . . ,0, , ,0,..., 0)T 

Similarly for all cases, .  

 

 Thus, the novel kernel function using lévy distribution is said to be a feasible and an 

admissible kernel function in RKBS, where it satisfies all the four constraints of the algorithm 

in Figure 2. From the above discussion, it is strongly suggested to use a novel kernel function 

using lévy distribution [14,15] in this kernel based classification framework to classify the 

binary and multiclass datasets.  

 

CONCLUSION  

 

Kernel based learning algorithm in Banach space is a thriving field of research provides a 

strong mathematical foundation for emerging algorithms. From the above discussion, it is 

identified that there is a need to introduce a kernel function in Banach space to overcome the 

drawbacks in Hilbert space. As a result, a novel and admissible kernel function in Banach 

space using lévy distribution is proposed, where it can classify and achieve good classification 

accuracy when compared to the existing kernel functions. 
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