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ABSTRACT  
 

 In this paper, magnetohydrodynamic (MHD) two-layered fluid slip-flow driven by a 

constant pressure gradient in a horizontal channel under the influence of a transversely applied 

magnetic and electric fields is studied. It is assumed that the fluids in the two regions are 

incompressible, immiscible and electrically conducting. Further, the two fluids are assumed to 

have different viscosities, thermal and electrical conductivities. The transport properties of the 

two fluids are taken to be constant and the bounding walls are maintained at constant and equal 

temperatures. The governing equations in presence of slip-regime are solved analytically to 

obtain exact solutions for the velocity and temperature distributions in the two regions. The flow 

profiles are plotted after obtaining the numerical values for different sets of values of the 

governing parameters involved and discussed in detail by analyzing the flow parameters such as, 

Hartmann number, slip-parameter, ratio‟s of the viscosities, height, electrical and thermal 

conductivities.  
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INTRODUCTION 

 

The magnetohydrodynamic (MHD) two-layered/two-phase fluid systems seem to be dynamically 

important and physically useful in many geophysical applications to the atmosphere and oceans 

and to motions within the Earth‟s core. Also, in a diversity of industrial applications such as 

MHD generators and flow meters etc. MHD effects are widely exploited in different industrial 

processes ranging from metallurgy to the production of pure crystals (Moreau, 1990). A field in 

which MHD will play an essential role is nuclear fusion, where it is involved in at least two 

different problems: the confinement and dynamics of plasma and the behaviour of the liquid 

metal alloys employed in some of the currently considered designs of tritium breeding blankets. 

The Hartmann flow, that is, the flow in a rectangular channel with uniform magnetic field 

imposed in the direction transverse to the channel walls is a classical MHD flow that was the 

subjects of numerous analytical, experimental, and computational investigations by several 

investigators since long. The channel flows of electrically conducting viscous fluids under the 

action of transverse magnetic field have been studied by many researchers, notably, Tao 1960), 

Nigam & Singh (1960), Alpher (1961), Sutton & Sherman (1965), Chamkha (1995), and others. 

______________________________________________________________________________ 
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The Couette flow problem under varied conditions was studied by several investigators, namely, 

Lehnert (1952), Berman (1953), Sellars (1955), Yuan (1956), Yuan & Finkelstein (1956), 

Agarwal (1962), Terril & Shreshtha (1965) and many others. An understanding of 

magnetohydrodynamics (MHD) turbulent flows is important to the control of liquid metal 

pumps, MHD power generators, and of liquid metal heat exchanges in nuclear fusion reactors 

(Davidson,1999). Heat transfer in Hartmann flow between parallel plates has been studied 

extensively and a comprehensive review of these problems is given by Siegal (1958), Alpher 

(1961), Perimutter & Siegal (1961),  Poots (1961), Singer (1962), Sing & Cowling (1963), 

Roming (1964), Hasan & Mohamed(1970), James & Kruger (1983), Rudriah et.al.(1985), Ramos 

& Winowick, (1986), Alireza & Sahai (1990) and many more.  It is well known fact that, the no-

slip boundary condition is one of the cornerstones on which the mechanics of the linearly viscous 

liquid is built. But in 1827, Navier proposed a slip boundary condition, where in the slip velocity 

dependent linearly on the shear stress. Much of the research involving slip presumes that the slip 

velocity depends on the shear stress. The existence of slip phenomenon at the boundaries and the 

interface has been observed in the flows of rarefied gases, hypersonic flows of chemically 

reacting binary mixture, etc. (Street, 1963 and Davis, 1970). If the rarefaction is slight (the 

macroscopic), slip velocity is proportional to the shear stress at the surface according to kinetic 

theory. For the slip flow regime, the fluid still behaves the Navier-Stokes equation; so that the 

usual no-slip conditions at the boundaries are to be replaced and after replacement one can write 

the slip conditions on velocity as: at 1
du

u y
dy

   and on temperature at 1
d

y
dy


   , 

where the slip coefficient   is a small parameter proportional to the Knudsen number K, the 

ratio of the free path of a gas molecule to the length of the wall. 

 

There are many investigations on magnetohydrodynamic two-fluid/two-phase flow 

problems which appeared in the literature during the last few decades by various investigators, 

notably,Shail (1973), Lielausis (1975), Michiyoshi et al (1977), Chan (1979), Dunn 

(1980),Gherson (1984), Serizawa et al (1990), Malashetty and Leela (1992) and Ramadan and 

Chamkha (1999) and many. Lohrasbi (1987), in which he dealt with numerical solution for the 

heat transfer problem associated with the MHD Poiseuille flow of two immiscible fluids in a 

parallel plate channel. Then, Lohrasbi and Sahai (1989) investigated the MHD heat transfer 

aspects in two-phase flow with the fluid in one phase being electrically conducting. Recently, 

Raju and Murty (2006) studied magnetohydrodynamic two-phase flow and heat transfer in a 

rotating system. Umavathi et.al (2006) investigated oscillatory Hartmann two-fluid flow and heat 

transfer in a horizontal channel, and Tsuyoshi Inoue and Shu-Ichiro Inutsuka (2008) studied two-

fluid magnetohydrodynamic simulations of converging Hi-flows in the interstellar medium. But, 

in most of the above mentioned studies, the investigators have considered the no-slip conditions 

at the boundary walls. However, there are some investigations in which the authors have 

incorporated the slip boundary conditions, which have been made available in the literature due 

to the works of Basset (1961), Michael Miksis and Stephen Davis (1994), Tamada and Murali 

(1978), Bhatt and Sacheti (1979), Street (1963),Lance and Rogers (1962), Sastry and Bhadram 

(1972), Schaaf and Chambre (1961), pre-assuming that, there may exist cases where partial slip 

on the wall does occur. These situations may include rarefied gas flows, rough or porous walls. 

In such cases, the usual no-slip condition must be replaced by the partial slip condition. 

Motivated with the above studies, we consider a steady hydromagnetic two-layered fluid flow of 

an incompressible, electrically conducting fluid with different properties in a horizontal channel 
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bounded by two insulating walls. And the flow is supposed to undergo slipping at the walls with 

velocity proportional to the shear stress there, and it seems such a study has not been appeared in 

the literature so far as for as the author‟s knowledge is concerned. The results of Malashetty and 

Leela (1992) have been recovered, when 0   (that is, no-slip at the boundaries).  
 

Keeping in view of the wide range applications in geophysics and MHD generators, in 

this paper an attempt is made to study magnetohydrodynamic (MHD) two-layered fluid slip-flow 

through horizontal channel between two parallel walls in the presence of an applied magnetic 

and electric field is investigated. The flow is driven by a constant uniform pressure gradient in 

the channel bounded by two parallel insulating plates. It is assumed that, the fluids in the two 

regions are considered as electrically conducting, incompressible with variable properties, 

namely, different viscosities, electrical and thermal conductivities. The governing differential 

equations in the slip-flow regime by considering the slip boundary conditions at both walls are 

solved analytically and obtained exact solutions for velocity and temperature distributions in 

both fluid regions of the channel. Profiles of these solutions are plotted to discuss the effect on 

the flow characteristics, and their dependence on the governing parameters involved, such as the 

Hartmann number, Slip-parameter, ratios of the viscosities, heights, electrical and thermal 

conductivities. These types of studies are expected to be useful in the development of high 

altitude flights, space science and in nuclear fusion research etc. Further, these studies are 

expected to be useful to carry out experiments to produce power on a large scale in stationary 

plants with large magnetic fields, such as in the design of MHD generators, MHD pumps and 

flow meters etc. This paper is organized as follows. The formulation of problem and some of the 

basic assumptions are provided in section 2, which appear after the introduction. The basic 

governing equations of motion with relevant boundary and interface conditions, also 

mathematical analysis of the problem are given in section 3. Section 4 deals with the solutions of 

the problems for both velocity and temperature distributions in the two fluid regions. While in 

section 5, discussion of the results are carried out in detail basing on the profiles of velocity and 

temperature distributions as shown in figures 2 to 12. 

  

Formulation of the two-layered fluid flow problem 

We consider a steady magnetohydrodynamic (MHD) two-layered fluid flow of an 

incompressible, electrically conducting fluid with different properties in a horizontal channel 

bounded by two insulating walls. And the flow is supposed to undergo slipping at the walls with 

velocity proportional to the shear stress there. Also, the flow is driven by a common pressure 

gradient 
p

x

 
 
 

 in the horizontal channel consists of two infinite parallel walls extending along 

the x- and z-directions defined by y = h1 and y = - h2 (see Fig.1 representing the physical 

configuration and flow model). The origin of the Cartesian co-ordinate system is taken at the 

central region of the channel. The regions 1 20 and 0y h h y      are occupied by two 

different immiscible electrically conducting, incompressible fluids having different viscosities, 

thermal and electrical conductivities. A magnetic field of uniform strength B0 is assumed to be 

applied transverse to the direction of flow that is, in the y-direction. The two bounding walls are 

maintained at constant temperature Tw. Further, it is assumed that the induced magnetic field is 

small when compared with the applied field, so that it is negligible. With these assumptions, the 
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non-dimensional governing equations of motion, energy and the corresponding slip-boundary 

and interface conditions are written down and solved analytically. After presenting the solutions 

of the problem, we discuss the behavior of the flow pattern by obtaining the profiles of the 

distributions. 

 

 
Fig1. Physical configration of flow model 

 

 

Basic equations with boundary and interface conditions and Mathematical analysis of the 

problem 

The fundamental equations to be solved are the equations of motion and energy using the slip 

boundary (Michael and Stephen, 1994) and interface conditions as in Lohrasbi and Shahai 

(1989), Malashetty and Leela (1992) for both fluid regions, also these are expressed as 
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The boundary and interface conditions on velocity are 

   1
1(1)

du
u

dy
        at y = 1                                                                                  (5) 

              2
2 ( 1)

du
u

dy
       at y =  -1                                                                                (6)                                                                                                                             

    

                         1 2(0) (0)u u     at y =  0                                                                    (7)                                         

 

 1 21
,

du du

dy h dy
   at  y =0                                                                                   (8) 

 

The boundary and interface conditions on temperature are 

                     

                      
1

1(1)
d

dy


  

 at y = 1                                                                               (9)      

                      
2

2 ( 1)
d

dy


            at y = -1                                                                              (10)   

                                                                   

                      1 2(0) (0)               at y =0                                                                                (11)                        

                                                  

                     1 21d d

dy h dy

 


         at y =0                                                                              (12)      

In making these equations dimensionless, we use 1, ( 1,2),iu h i   
2

111 hu  and 1

2
1 Ku the 

scales for velocities, distance, pressure and temperature respectively. aH (the magnetic 

parameter) = B0 ,)( 21

111 h   (ratio of viscosities) = ,
2

1




  (ratio of electrical 

conductivities) = ,
1

2




 (ratio of thermal conductivities) = ,

2

1

K

K
 eR (electric load parameter) =

10 uBEz , h (ratio of the heights)= .
1

2

h

h

  
The equations (5)  and  (6) represent the slip conditions on velocities at upper  and lower walls 

respectively, the conditions (7 and 8) represent the continuity of velocity and shear stress at the 

interface y = 0. The Conditions (9 and 10) represent the thermal-slip conditions on temperature at 

both the walls y = 1 and y = -1, while the conditions (11 and 12) represent the continuity of 

temperature and heat flux at the interface y = 0.   
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Solutions of the Problem 

Exact solutions of the governing linear differential equations (1) and (3) subject to the boundary 

and interface conditions  (5) to (8) for the primary and secondary velocity distributions such as u1 

and   u2 respectively in the two fluid regions are obtained as:   

 

            1 1 2
1

2
1 1 1

cosh sinhu (y) = c +c -
a

a y a y
a

                                                              (13) 

            3 3 2
3

4
2 43

cosh sinhu (y) = c +c -
a

a y a y
a

                                                                       (14) 

These velocity distributions now, have been made use of to determine the temperature 

distributions in the two regions using the equations (2 ), (4) and conditions (9 -12). The solutions 

for the temperatures of the regions are given by 

 

             2

1 1 1 1 51 1 2 1 1 3 4
y cosh 2 sinh 2 cosh sinh (15)( ) c +c +c +c+ + a y a y a y a y c yy k k      

        2

3 3 3 3 102 3 4 6 7 8 9
 cosh 2 sinh      (162 cosh sinh )( ) c +c +c +c+ +y a y a y a y a y c yy k k   

where   the   constants   involved in the above solutions are shown in APPENDIX. The 

numerical values of the expressions given at equations (13) to (16) are computed for different 

sets of values of governing parameters involved in the study and these results are presented 

graphically as shown in Figures 2 to 12. 
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Results and discussion 

An analytical study of magneto-hydrodynamic two-layered fluid slip-flow and heat transfer in a 

horizontal channel, driven by a common constant pressure gradient is investigated. And the flow 

is supposed to undergo slipping at both the walls with a velocity proportional to the shear stress 

there. The fluids in the two regions are assumed to be incompressible and electrically conducting 

possessing different viscosities, thermal and electrical conductivities. The resulting differential 

equations are solved analytically to obtained exact solutions for the velocity distributions, such 

as, u1 and u2 respectively in the two regions. Also, closed form solutions for temperature 

distributions, namely, 1  and 2  in the two regions are determined by making use of the 

solutions of velocity distributions. The graphs for the velocity and temperature distributions are 

shown in Figures 2 to 12. Here we note that where 0,   that is in the case of no-slip at both 

walls, these results are in agreement with those of Malashetty and Leela (1992). The effect of 

varying the Hartmann number Ha on velocity distribution in the two regions is exhibited in figure 

2. It is observed from this figure that, the velocity distributions in the two regions are increasing 

with an increasing Hartmann number Ha. Also, it is found that these distributions in the upper 

region are higher than that of the lower region, when all remaining parameters are held fixed. 

From Fig.3, it is noticed that, the velocity distributions in the two regions are increasing with an 

increase in the slip-parameter when all the remaining parameters are fixed. It is observed from 

Fig.5 that an increase in the viscosity ratio   enhances the velocity distribution in the two 

regions when all the remaining parameters are kept fixed. From Fig.5, we can see that as the 

electrical conductivity ratio   increases, the velocity increases in the two regions. And from 

Fig.6, it is noticed that as the height ratio „h‟ increases, the velocity distributions increases in the 

two regions when all the remaining parameters are held fixed. The effect of varying the 

Hartmann number Ha, slip parameter  , viscosity ratio  , electrical conductivity ratio , height 

ratio „h‟ and the thermal conductivity ratio   is projected in figures 7-12. From Fig.7, we see 

that as Ha increases the temperature increases in the two regions when all the remaining 

governing parameters are held fixed. It is observed from the fig.8 that, as the slip parameter
increases the temperature distribution decreases in region-I except near to the upper wall, while 

in the region II, the same is found to decrease near to the center of the channel but its tendency is 

just opposite to that, at nearer to the lower wall as  increases. It is seen in Fig. 9 that as 

increases, the temperature increases in the two regions. From Fig.10, as   increases, the 

temperature distribution is found to increase in both the fluid regions. The temperature 

distributions in the two regions are seen to increase for an increase in the height ratio when all 

other governing parameters are held fixed (as is evident from Fig.11). An increase in the thermal 

conductivity ratio enhances the temperature distribution in the two fluid regions (evident from 

the figure 12). 

 

APPENDIX 

 2 2 2 2 2 2 2 2
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