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ABSTRACT 
Telecommunication is one of the inescapable utilities of daily life. Telecommunication service providers 

have data records of its users. These records are represented by crisp graphs. Certain parameters like 

center persons, churn prediction, etc. are more perfectly calculated if the data are represented by product 

fuzzy graphs. In this paper, we have introduced a product fuzzy telecommunication network (PFTN) 

using product fuzzy graph theory. A small example is described to illustrate the network. Churn 

prediction is a big issue for telecom service providers. This study introduces churn prediction in the 

product fuzzy telecommunication network. 

Keywords: Product Fuzzy graphs; Telecommunication; Center person; Churn prediction 
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1. Introduction 

Telecommunication is one of necessary and inescapable system in our daily life now. Some 

telecom companies, favored by people, are China mobile, Vodafone, Telenor, Airtel, etc The 

telecom service providers make a statistics of customers to identify the star person‟s as well as 

the persons who are churning. It is very hard and laborious to identify such persons. Hadden      

et al. [10]  described about churn prediction using complaints data. Further, Nanavati et al. [18] 

discussed the structural properties of massive telecom call graphs. After that Das gupta et al. [6] 

discussed on social ties and their relevance to churn in mobile telecom networks. Some other 

works to measure the churn of telecom service providers are found in [5,11]. In all these works, 

churn of telecom service providers is not measured exactly. Fuzzy concept is used here to 

calculate the churning probability of customers. To identify star and churning persons, we have 

Introduced a telecommunication system called product fuzzy telecommunication network 

(PFTN). This representation of telecommunication system is designed by product fuzzy graph 

theory.  
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2. PRELIMINARIES 

Every kind of social group can be represented in terms of units or actors, composing this group 

and relations between these units. This kind of representation of a social structure is called 

“Social Network”. In a social network, every unit, usually called “social units” like a person, an 

organization and so on, is represented as a node. A relation between two social actors is 

expressed by a link. So every social network can be represented by a graph. A graph is an 

ordered pair G = (V, E), comprising a set V of vertices or nodes together with a set E of edges or 

lines. 

Definition 2.1 Let G be a graph whose vertex set is V,𝜎 be a fuzzy sub set of V and 𝜇 be a 

fuzzy sub set of V×V then the pair (𝜎, 𝜇) is called product fuzzy graph if  

𝜇 𝑢, 𝑣 ≤ 𝜎 𝑢 × 𝜎 𝑣      ,∀ 𝑢, 𝑣 ∈ 𝑉  

Remark:2.2 - If (𝜎, 𝜇) is a product fuzzy graph and since 𝜎 𝑢  and 𝜎 𝑣  are less than or equal 

to 1, it follows that  

𝜇 𝑢, 𝑣 ≤ 𝜎 𝑢 × 𝜎 𝑣 ≤ 𝜎 𝑢 ∧ 𝜎 𝑣      ,∀ 𝑢, 𝑣 ∈ 𝑉 

 Hence (𝜎, 𝜇) is a fuzzy graph thus every product fuzzy graph is a fuzzy graph  

Remark:2.3-  If  (𝜎, 𝜇) is a product fuzzy sub graph of G whose  vertex set is V, we will 

assume that 𝜎 𝑣 ≠ 0 ∀ 𝑣 ∈ 𝑉 and 𝜇 is symmetric. 

Lemma 2.4 a product fuzzy graph (𝜎, 𝜇) is said to be complete if 

𝜇 𝑢, 𝑣 = 𝜎 𝑢 × 𝜎 𝑣      ,∀ 𝑢, 𝑣 ∈ 𝑉 

Lemma 2.5 The complement of a product fuzzy graph ( 𝜎, 𝜇 ) is (𝜎  , 𝜇  )  where  

                              𝜎 = 𝜎 =  𝜎 and      𝜇     𝑢, 𝑣 = = 𝜇 𝑢, 𝑣  ∀ 𝑢, 𝑣 ∈ 𝑉 

Churn is a term used by companies to denote the loss of customers. Churn prediction is currently 

a relevant subject in data mining and has been applied in the field of banking  mobile 

telecommunication [5], life-insurances  and others to find the prediction of persons 

who are going to leave the system.  

Definition 2.6: [20] Directed product fuzzy graph (product fuzzy digraph) 𝐺  = (σ ,𝜇  ) is a non-

empty set V together with a pair of functions σ :V [0,1] and 𝜇  :V ×V →[0,1] such that for all 

u, v∈  V ,       𝜇  (u, v) ≤ σ (u) σ ( v) Here, 𝜇     (u,v) represents the membership value of the 

directed edge (u,v) For all u,v in vertex set V. 
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Since 𝜇   is well defined, a product fuzzy digraph has at most two directed edges (which must 

have opposite directions) between any two vertices. The loop at a vertex u is represented byμ (u, 

u) ≠ 0. Here 𝜇  need not be symmetric as 𝜇 (𝑢, 𝑣)and 𝜇 (𝑣,𝑢)may have different values. The 

underlying crisp graph of directed product fuzzy graph is the graph obtained except the directed 

arcs are replaced by undirected edges.  

A New Model of Telecommunication Network, PFTN A telecommunication network is a social 

network. In this system, we propose a method to represent telecommunication network by 

product fuzzy graph. Representation of telecommunication system by directed product  fuzzy 

graphs Let V1 = (u1,u2,u3……un,) where n is very large integer, be the set of all registered 

customers in the telecommunication network PFTN and V2 = (un+1.un+2………u ) be the outside 

customers connected to the members of PFTN. Let  V =V1 ∪V2 . The membership values of the 

customers are given by φ :V →[0,1] and the membership values of the links between the 

customers are given by 𝜇  :V ×V →[0,1] .Then, the telecommunication system  is represented by 

a directed product  fuzzy graph 𝐺  = ( φ ,𝜇  ) . The underlying fuzzy graph of G    is denoted by G    = ( 

σ , 𝜇  )  ,where 𝜇  :V ×V →[0,1] , such that 𝜇 𝑢, 𝑣 =
𝜇 (     𝑢 ,𝑣)+𝜇   (𝑣.𝑢)

2
 for all  𝑢, 𝑣 ∈ 𝑉. 

Membership values of customers in PFTN We introduce our model from a telecommunication 

network service provider‟s point of view. A service provider gives more importance to the  

customer having more connected people. Before the discussion of membership values of the 

social units, a co-related term, recognition number, is defined below. In every society, 

recognition of each person is measured by some members of the society. In PFTN, we take the 

number of those members as recognition number. It is denoted by N. This recognition number 

(N) may not equal for all social networks. But it should be pre-determined for a particular social 

network. For example, a social network may assume 3 as recognition number, i.e. for each new 

member of the social network, 3 persons‟ recommendation is necessary. Another social network 

may use another value of N. Here V1 = (u1,u2,u3……un,), where n is a large integer, be a set of 

registered people in the network PFTN. Let  σ :V → [0,1] be a mapping such that 𝜇  :V ×V 

→[0,1] Where N is fixed integer for the network and I is the number of distinct connected people 

(i.e. distinct phone numbers) of the customer u∈V1 per unit interval of time in the network. 

Membership values of customers of other network connected to PFTN In real world, every group 

of people has several network mobile users. We are interested to those customers of other 
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networks who are connected to the people of PFTN. It is hard to collect all the data of these 

people, but the number of calls (with duration) of the customers of other networks which are 

connected to the customers of PFTN, are available. If a customer of a network X (say) talks to a 

customer of another network Y (say) during a large amount of time, then we can conclude that 

the customer of X has more friends within the same network X, otherwise he/she will change 

his/her service provider to Y. We assign the membership values to these customers for 

representation of PFTN. Let V2 = (un+1.un+2………u ) be the other network people connected to 

some people of  PFTN.  

Let out going call time of 𝐶 ∈ 𝑉2 to any customer of PFTN be t and T be the satisfied time of 

calling of a customer to PFTN. Let the mapping φ :V →[0,1] such that φ(𝐶𝑘) = σ(𝐶𝑘) = for all 

𝐶𝑘 ∈ 𝑉1 and for all 𝐶 ∈ 𝑉2  G    = ( σ , 𝜇  ) 

 

3. Membership value of a link between two customers 

 In real world, two people are very close in telecommunication when they talk more time over 

telephones. So strength between two friends depends on how much time they call to each other 

by phones per unit interval of time. We denote ( 𝐶𝑖 ,𝐶𝑗          ) 

if Ci calls Cj by phones where 𝐶𝑖𝐶𝑗 ∈ 𝑉 .Let 𝜇  :V ×V →[0,1] be a mapping such that 

𝜇  𝐶𝑖 ,𝐶𝑗  =  

𝑡

𝑇
𝜎 𝐶𝑖 × 𝜎 𝐶𝑗            𝑖𝑓 𝑡 ∈ [0,𝑇]

𝜎 𝐶𝑖 × 𝜎 𝐶𝑗                       𝑖𝑓 𝑡 > 𝑇.

    

Where t is the duration of call per unit interval of time and T, satisfied time of calling is fixed 

positive real number for a network. We denote𝜇  𝐶𝑖 ,𝐶𝑗   as the membership value of the link 

( 𝐶𝑖 ,𝐶𝑗          ) Hence G    = ( σ , 𝜇  ) represents the telecommunication system PFTN. 

Now,  𝜇 𝐶𝑖 ,𝐶𝑗  =  
𝜇    𝐶𝑖 ,𝐶𝑗  +𝜇    𝐶𝑗 ,𝐶𝑖 

2
. Then, the underlying fuzzy graph of G    = (  , 𝜇  ). 

 

3.1 An example of the telecommunication system PFTN 

We have taken a sample of customers V1 ={ A1 , A2 , A3 , A4 , A5 , A6 , A7 , A8 , A9 , A10 , A11 , 

A12 , A13 , A14 , A15 , A16 , A17 , A18 , A19 , A20 }in the network PFTN and V2 ={ B1 , B2 , B3 , B4 , 

B5 , B6 , B7 }area set of customers of other networks. All the connections of customers are  

shown in (Figure 3.1).In the figure, the names in circles represent the customers of PFTN and the 
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names in squares represent the customers outside of PFTN but connected to PFTN. We take 

recognition number as 4 and satisfied calling time as 40 minutes per interval of time. To 

illustrate our model, we assumed that the customers are connected with some other peoples per 

data given in (Table 3.2). Based  
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Figure 3.1: An example of telecommunication system. 
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σ-values 

Customer 

A1 3 0.75 A11 7 1 

A2 3 0.75 A12 3 0.75 

A3 2 0.5 A13 3 0.75 

A4 4 1 A14 1 0.25 

A5 7 1 A15 1 0.25 

A6 3 0.75 A16 2 0.5 

A7 3 0.75 A18 2 0.5 

A8 1 0.25 A17 5 1 

A9 2 0.5 A19 4 1 

A10 3 0.75 A20 6 1 

                Table 3.2: List of customers of PFTN with membership values. 

Name of customer Total out-going call duration to PFTN 

B1 90 

B2 10 

B3 90 

B4 30 

B5 10 

B6 10 

B7 30 

Table 3.3: List of other network customers with out-going call duration. 

Name of customer  Membership values 

B1 1 

B2 0.25 

B3 1 

B4 0.75 

B5 0.25 

B6 0.25 

B7 0.75 

Table 3.4: List of other network customers connected to PFTN. 

on this data, the σ-values of each customer is evaluated and shown in column 3 and 6 of the same 

table. From (Table 4.2), we see that  A1 ∈V1 has 3 connected customers. So 

(𝐴1) = 𝜎 𝐴1 =
3

4
= 0.75 Similarly, other membership values of units are calculated.  

Now to assign the membership values of the customers outside PFTN, we have to collect the 

amount of time of calling of telephone calls to the customers of PFTN. The amount of time is 
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shown in (Table 3.3). For example, B1 has calling time (out-going) 80 minutes to A13 and 10 

minutes to A17. So total outgoing calling time of B1 to PFTN is 90 minutes. This amount of time 

is bigger than the satisfied calling time. So (B1 )=1. Again, the calling time of B4 to PFTN (to 

A19) is 30 minutes. So  

Similarly, the membership values of the members of V2 are depicted in (Table 3.4). Now the link 

membership values of customers within PFTN are shown in (Table 3.4). For example, 

𝜇 𝐴16 ,𝐴8 =
𝑡

𝑇
𝜎 𝐴16 × 𝜎 𝐴8 =

20

40
 0.5 × 1 = 0.25 etc. 

membership values between two customers, one from PFTN and other from other network are 

listed In Table 3.5. 

4. Center Person in PFTN Star person In a telecommunication network, 

 a person is called star person if his/her number of friends is more than M, where M is an integer, 

decided by the service provider. In general, friend (F2) of friend (F1) is important to a person (P) 

in telecommunication if the friend (F2) of friend is star person in the network. We now define 

centrality of a person in the telecommunication system PFTN below. In PFTN, if a unit Pf is 

directly connected with the unit P, then we say that Pf is distance-1 friend of P. The set of all 

distance-1 friends of P be denoted by d(P1). That is, d(P1) = {Pi ∈ V : Pi is a distance-1 friend of 

P} If there is a shortest path (i.e. minimum number of links) between P and 𝑃𝑓
∗ , a star customer, 

containing kedges or links, then 𝑃𝑓
∗ is a distance-k star friend of P.  

Link   Calling time 𝝁- values Link   Calling time 𝝁- values 

(𝐴16 ,𝐴8)                    100 0.25 (𝐴8,𝐴16)                    20 0.625 

(𝐴16 ,𝐴17)                      20 0.25 (𝐴17 ,𝐴16)                      20 0.25 

(𝐴17 ,𝐴9)                    60 0.25 (𝐴9,𝐴17)                    10 0.25 

(𝐴17 ,𝐴20)                      30 0.5 (𝐴20 ,𝐴17)                      20 0.5 

(𝐴17 ,𝐴13)                      20 0.375 (𝐴13 ,𝐴17)                      60 0.375 

(𝐴17 ,𝐴11)                      30 0.5 (𝐴11 ,𝐴17)                      05 0.5 

(𝐴9,𝐴19)                    50 0.25 (𝐴19,𝐴9)                    10 0.25 

(𝐴20 ,𝐴11)                      40 0.5 (𝐴11 ,𝐴20)                      20 0.5 

(𝐴20 ,𝐴4)                    35 0.125 (𝐴4,𝐴20)                    10 0.5 
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(𝐴20 ,𝐴12)                      80 0.375 (𝐴12 ,𝐴20)                      30 0.375 

(𝐴4,𝐴12)                    20 0.375 (𝐴12 ,𝐴4)                    20 0.375 

(𝐴12 ,𝐴11)                      40 0.375 (𝐴11 ,𝐴12)                      20 0.375 

(𝐴11 ,𝐴2)                    80 0.375 (𝐴2,𝐴11)                    60 0.375 

(𝐴18 ,𝐴5)                    20 0.25 (𝐴5,𝐴18)                    20 0.25 

(𝐴5,𝐴15)                    10 0.125 (𝐴15 ,𝐴5)                    20 0.125 

(𝐴5,𝐴1)                  40 0.375 (𝐴1,𝐴5)                  30 0.375 

(𝐴5,𝐴6)                  20 0.375 (𝐴6,𝐴5)                  10 0.375 

(𝐴5,𝐴10)                    80 0.375 (𝐴10 ,𝐴5)                    60 0.375 

(𝐴1,𝐴6)                  40 0.281 (𝐴6,𝐴1)                  70 0.281 

(𝐴1,𝐴10)                    10 0.281 (𝐴10 ,𝐴1)                    20 0.281 

(𝐴10 ,𝐴6)                    20 0.281 (𝐴6,𝐴10)                    40 0.281 

(𝐴13 ,𝐴7)                    100 0.281 (𝐴7,𝐴13)                    100 0.281 

(𝐴7,𝐴20)                    25 0.375 (𝐴20 ,𝐴7)                    0 0 

(𝐴7,𝐴4)                  20 0.375 (𝐴4,𝐴7)                  0 0 

(𝐴11 ,𝐴3)                    20 0.25 (𝐴3,𝐴11)                    0 0 

(𝐴2,𝐴3)                  30 0.187 (𝐴3,𝐴2)                  0 0 

(𝐴14 ,𝐴5)                    40 0.125 (𝐴5,𝐴14)                    0 0 

(𝐴2,𝐴18)                    50 0.187 (𝐴18 ,𝐴2)                    0 0 

(𝐴4,𝐴11)                    40 0.5 (𝐴11 ,𝐴4)                    0 0 

Table 3.5: Link membership values of members of outside PFTN but connected with PFTN. 

Link   Calling time 𝝁- values Link   Calling time 𝝁- values 

(𝐵1,𝐴13)                    80 0.75 (𝐴13 ,𝐵1)                    70 0.75 

(𝐵1,𝐴17)                    10 1 (𝐴17 ,𝐵1)                    10 1 

(𝐵2,𝐴17)                    10 0.25 (𝐴17 ,𝐵2)                    10 0.25 

(𝐵3,𝐴17)                    10 1 (𝐴17 ,𝐵3)                    15 1 
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(𝐵3,𝐴20)                    40 1 (𝐴20 ,𝐵3)                    80 1 

(𝐵3,𝐴11)                    40 1 (𝐴11 ,𝐵3)                    20 1 

(𝐵4,𝐴19)                   30 0.75 (𝐴19,𝐵4)                   10 0.75 

(𝐵5,𝐴19)                    10 0.25 (𝐴19,𝐵5)                    60 0.25 

(𝐵6,𝐴19)                    10 0.25 (𝐴19,𝐵6)                    20 0.25 

(𝐵7,𝐴5)                  30 0.75    

Table 3.6: Link membership values of members of outside PFTN but connected with PFTN. 

More important than distance-4 star friends, and so on. The linguistic term “more important” can 

be represented by weights. Let ,0 ≤ wk ≤1  be the weight which represents the importance 

between the distance-k friends. The weights gradually decrease if the distance between the 

friends increases. Thus w1 ≥ w2 ≥ w3 …..≥wk ≥….Let u1 (= P1),u2 (=P2),.. … uk(= Pj) be the 

vertices on the path between Pi and Pj . We define fuzzy distance Df (Pi,Pj) between Pi and Pj 

along this path as Df (Pi,Pj) =  𝜇(𝑢1,𝑢𝑙+1)𝑘−1
𝑙=1  . 

In a network, it may be observed that there are multiple paths between two vertices. In PFTN, we 

consider those paths of same length whose fuzzy distance Df is maximum. If there are k edges in 

this path of maximum fuzzy distance, then we denote this distance by 𝐷𝑓
𝑘  i.e, 𝐷𝑓

𝑘  (Pi,Pj) 

represents the fuzzy distance between the vertices Pi and Pj in PFTN along a certain path 

containing exactly k edges. For simplicity, we consider the friends of a customer of distance, i.e., 

we take up to distance-p friends. Now we define the centrality C(P) of a social unit P of PFTN as 

follows 

 

𝐶 𝑃 =  𝑤1𝑢1∈𝑑1
  𝑃 𝐷𝑓

1 𝑝,𝑢1 +  𝑊2𝐷𝑓
2 𝑝,𝑢2 +

𝑢2∈𝑑2
∗′ (𝑃)

……… . . + 𝑊𝑝𝐷𝑓
𝑝
 𝑝, 𝑢𝑝 𝑢𝑝∈𝑑𝑝

∗′ (𝑃)
  

 

In this measurement, the importance of close friend is given more than the next to close friend 

and gradually decreases the furthest friend. The importance‟s are introduced by incorporating the 

weight i w , for distance-i friend, i = 1, 2, 3…. In product fuzzy social network (PFSN), 

centrality  of a person was defined as the weighted sum of fuzzy distances of connected persons 

along certain paths. Here centrality of a customer in PFTN is the weighted sum of fuzzy 

distances of directly connected customers and star customers connected by a certain path. 
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Conclusion 

In this paper, Telecommunication network is represented by product fuzzy graphs. It is not a 

general social network. Here, we also consider the customers of other networks. Centrality of 

customers in telecommunication is defined and illustrated with a small network. The values of 

the weights are to be assigned by service provider as per their own decision. Telecom companies 

make a list of influential or center persons. In this case, higher value of centrality of customers 

indicates that the customer is more central. Also, they want to retain the existing customers. 

Churning measure of customers indicates the customers‟ stability in the network. This study will 

help to make the list of such persons. We hope, product fuzzy graph will be the backbone of 

future telecommunication system.  
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