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EXISTENCE OF COMMON FIXED POINT IN
COMPLETE METRIC SPACES

SEEMA DEVI, NAVEEN GULATI, NAVEEN SHARMA

ABSTRACT. In the present paper we prove a common fixed point
theorem for pairs of mappings on complete metric spaces by assum-
ing that one of given mapping is continuous. Our results generalize
and extend some recently announced results in the literature.

1. INTRODUCTION

Fixed point theory for continuous and related mappings has played a
very important role in many aspects of nonlinear functional analysis
for many years. Basic idea in this paper is, to the study of fixed points
of some mappings in complete metric spaces. we improve and extend
some results due to RK Namdeo et al [6], P.P. Muthy et al [1]. Some
related fixed point theorem on two and more complete metric spaces
also studied by V. Popa [8], S.C. Nesic [7], Vishal Gupta [2]- [5]. In
this paper, we prove a related fixed point theorem for two mappings,
by assuming that one of given mapping is continuous, on two metric
spaces. Thus our theorem improves theorem (2.1) and (2.2).

2. PRELIMINARIES

Definition 2.1. Let (X, d) be metric space. A sequence {x,} € X is
said to be converge to a point p € X <= ¥V e > 0 3 a positive integer
no(e) such that

d(zn,p) <e, Yn=ng

Definition 2.2. Let (X, d) be a metric space, a sequence {x,} € X is
said to be Cauchy sequence if d(xp,,x,) — 0 as m,n — 0.

Definition 2.3. A metric space (X,d) is said to be complete iff every
Cauchy sequence in X converges to a point of X.

The following fixed point theorem was proved by B Fisher et al [1].

12000 Mathematics Subject Classification: Primary:47H10,Secondary:54H24
Date: July 11, 2013.
Key words and phrases. Fixed point, continuous mapping, Cauchy sequence,
complete metric space.
1

Page 292



International Journal of Emerging trends in Engineering and Devel opment Issue 3, Vol.4 (July 2013)

Available online on httg://www.rgublication.com/i '| eted/i '| eted index.htm | SSN 2249-6149
2 SEEMA DEVI, NAVEEN GULATI, NAVEEN SHARMA

Theorem 2.1. Let (X,d) and (Y, p) be complete metric spaces and let
AB: X =Y and S,T : Y — X satisfying the inequalities.

d(SAx, TBx') < cmax{d(z,2'),d(x,SAx)
d(z',TBz'),p(Ax, Bx')}

p(BSy, ATy') < cmax{p(y,y"),p (y, BSy),
p(y, ATY), d (Sy, Ty')}

Vax,o € X and y,y € Y where 0 < ¢ < 1. If one of the mappings
A,B,S and T is continuous. The SA and T B have a unique common
fixed point z € X and BS and AT have a unique fixed point w € Y.
Further Az = Bz = w and Sw =Tw = z.

The next theorem was proved by RK Namdeo et al [6].

Theorem 2.2. Let (X,d) and (y,p) be complete metric spaces. Let
T:X =Y and S:Y — X satistying the inequalities.

d(Sy,Sy")d (STx,STz") < cmax {d(Sy, Sy )p(Tx, Tx'),
d(@,Sy)p (Y, Tz),
d(z,2") d(Sy, Sy,
d(Sy,STx)d(Sy',STz")}
p(Tx,Tx") (TSy, TSy') < cmax{d (Sy,Sy") p(Tx, Tx")
d(z',Sy)p (Y, Tx),
p(y.y)p(Tz,Te'),
p (T, TSy) p(Ta', TSY')}

Vo, € X and y,y € Y, where 0 < ¢ < 1 If either T or S is
continuous then ST has a unique fixed point z € X and T'S has a
unique fized point w € Y. Further Tz = w and Sw = z.

3. MAIN RESULT

We now prove the following related fixed point theorem.
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Theorem 3.1. Let (X,dy) and (Y,ds) be complete metric spaces. Let
AB: X =Y and S,T : Y — X satistying the inequalities.

di (Sy,Ty') dy (SAz, TBz') < cmax {d;(Sy, Ty )da( Az, Bx'),
dy (2, Sy) dz (', Az),
dy (z,2') di (Sy, TY') ,
dy (Sy,SAx)d, (Ty', TBx")} (3.1
dy (Azx, Bx') dy (BSy, ATY') < cmax {d, (Sy,TYy") dy (Ax, Bx')
di (2, Sy) ds (v, Ax) ,
da (y,y') d2 (Az, Bx')
dy (Az, BSy) do (Bx', ATY')}  (3.2)
Vo, € X and y,y € Y, where 0 < ¢ < 1. If one of the mappings
A, B, S, T is continuous then SA and T'B have a unique common fixed

point z € X and BS and AT have unique common fixed point w € Y .
Further Az = Bz =w and Sw =Tw = z.

Proof. Let x be an arbitrary point in X. Let,
Ar =y, Syi=z1, Bri=vys, Typ=1mx2, Ar2=1ys
and in general let,
SYan—1 = Tan-1, Bxon—1 = yon,
Ty2, = Ton, Axoy = Yoni1
For n =1,2,... using inequality (3.1), we get,

dy (T9n-1,T2n) di (T2n, Tant1) = di (SY2n—1, TY2n) di (SAT9n—1, T Bay)
< cmax
{d1 (Syon—1,Tyon) da (Aw2p_1, Bay),
dy ($2m Syanl) do (y2n7 A:L'anl) )
d; ($2n—1, I2n) dy (Sy2n—17 Ty2n)
dy (Syan—1,SAxo,_1) di (TYon, T Bxay,)}
< emax {d; (Tan—1, Tan) d2 (Y2n, Yont1) 5
dy (20, T2n—1) da (Y2n; Ya2n) ,
dy (Ton—1, Ton) dy (To2n—1, T2n) ,
di (Tan-1,T2n) di (T2n, T2pi1)}
dy (Ton—1, T2n) di (T2n, Tons1) < cmax {dy (Tan—1,T2n) d2 (Y2n, Y2nt1) »

[d1 (ﬂﬁzn—h $2n)]27
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di (Ton-1,T2n) di (T2n, Tant1) }
From which it follows that
di (20, Tant1) < cmax {da (Y2n, Y2n+1) , di (T2n-1, T2n) } (3.3)
Now using inequality (3.1) again, it follows similarly that
dy (Tan—1, Ton) < cmax {dy (T2n—1, T2n—1) , d2 (Y2n, Yon—1)} (3.4)
Using inequality (3.2), we have,
[d2 (yan, 92n+1)]2 = dy (Awzy—1, Bxan) do (BSY2n—1, AT2n)
< emax {dy (Syon—1, Tyan) do (Axa,_1, Bxay,),
dy (513'2n, Sy2n71) dy (Z/zn, A$2n—1) )
da (Yon—1, Y2n) d2 (AT2,_1, Bxay) ,
dy (Azo,_1, BSYan_1) do (Bxon, ATYo,)}
< emax {d; (Tan—1, Ton) d2 (Y2n, Yon+1)
d1 (T2, Tan—1) d2 (Yan, Yan) ,
da (Y2n—1,Y2n) d2 (Yo2n, Yont1)
dz (Yon, Bran—1) d2 (Yan+1, ATon) }
From which it follows that,

dy (Y2n, Y2nt1) < cmax{dy (v2n-1, ¥2n) , d2 (Y20-1,Y2n)}
da (Y2n—1,Yon) < cmax {dy (Tan—2, Ton—1) , d2 (Y2n—2, Y2n—1)}
Using inequalities (3.3) and (3.5), we have,
di (Ton+1, Ton) < cmax {dy (Ton, T2n—1) , d2 (Y2n, Yon+1)}
< emax {d; (won, Top_1),
cdy (Tan—1, Ton) , cda (Yon—1, Y2n) }
di (T2n+1, T2n) < cmax {di (T2n, T2n—1) , d2 (Y2n-1,Y20) } (3.7)
Similarly from inequalities (3.4) and (3.6), we have,
dy ($2n, $2n—1) < cmax {dl (I2n—1, $2n—2) ,d2 (y2n—1, y2n—2)} (3-8)
If follows from inequalities (3.5), (3.6), (3.7) and (3.8) that
di (a1, n) < cmax{dy (Tp, Tp—1) ,d2 (Yn, Yn-1)}
dy (Yn+1,Yn) < cmax {dy (,, Tn-1) , do (Yn> Yn-1)}
and an easy induction argument, shows that,
" max {d (z1,22) ,do (y1,92)}

dl (xn-i-la xn) g c
dsy (ynJrla yn) < " ! max {d1 (561, 952) ,ds (yb y2)}
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For n =1,2,... since ¢ < 1, it follows that {z,} and {y,} are Cauchy
sequences with limits z € X and w € Y. Now suppose that A is

continuous, then,

lim Axg, = Az = lim yo,11 = w
n—oo n—oo

and so Az = w using inequality (3.1), we have,
dy (Sw, z9,) d1 (SAz, x2p41) = di (Sw, TYay,) di (SAz, T Bxay,)
< cmax {d; (Sw, Tya,) dy (Az, Bxay,),
dy (zon, Sw) dy (yan, Az) ,
dy (z,x9,) dy (Sw, Tyay) ,
dy (Sw, SAz)dy (Tyan, TBxay,)}
< cmax {dy (Sw, x2,) da (Az, Yoni1) ,
dy (xon, Sw) ds (Yon, AZ) ,
dy (2, z2,) do (Sw, x2,) ,
dy (Sw, SAz) dy (xon, Toni1)}

Letting n — oo, we have
d1 (S’U), Z) d1 (SAZ, Z) <0

Thus, d(Sw,z) =0 or d(SAz,z) =0
So, Sw=2z or SAz =2 = Sw==z
Applying inequality (3.2), we have,
do (Az, yant1) d2 (BSW, Yon 1) = da (A2, Bxay,) dy (BSw, ATYya,)
< cmax {dy (Sw, Tys,) da (Az, Bxa,),
dy (9, Sw) ds (Yon, A2) ,
dy (W, Yon) da (Az, Bxay,) ,
dy (Az, BSw) dy (Bxay, ATy2n)}
< emax {d; (Sw, x2,) ds (Az, Yonyi1) ,
dy (9, Sw) ds (Yon, Az) ,
dy (w, y2n) da (A2, Y2ni1) ,
dy (Az, BSw) da (Y2n+1, Yon+1) }

Letting n — oo, we have
dy (Az,w) dy (BSw,w) <0
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Thus, either  dy (Az,w) =0 or dy(BSw,w)=0
So Az =w BSw=wor Bz=w
Again using inequality (3.1), we have
[dy (2, Tw)]” = dy (Sw, Tw) dy (SAz, TBz)
< emax {d; (Sw,Tw)dy (Az, Bz),

dy (z, Sw) dsy (w, Az) , dy (w,w) dy (Sw, Tw),

dy (Sw,SAz)dy (Tw, TBw)}
Letting n — oo, we have

[dy (z, Tw)]* < 0

So di (z,Tw) =0
Thus Z = Tw or Tw = z. The same results ofcourse hold if one of the

mapping B, S, T is continuous instead of A.

3.1. Uniqueness. Suppose that T'B has a second fixed point z’. Then
inequality (3.1) and (3.2), we have,

[dy (z,2)] = dy (2,2) dy (SAz, TBZ)
< cmax{d; (z,2")dy (Az, B2') ,dy (#',2) do (BZ', Az) ,
di(z,2')dy (2,2"),dy (2,SAz2)dy (2/, TB2")}
[dy (2, 7)) < cmax{d, (z,2')dy (Az, B') ,dy (2,2) dy (2, 2')}

— di(z,2') < edy (Az, BZ') (3.9)
Further applying inequality (3.2), we have,
[dy (Az, B2)]? = dy (Az, BZ') dy (BSBz, AT A
< cmax {dl (2,2')dy (Az, BZ') , [dy (Az, Bz')]z}

— dy (Az, B2') < cdy (2,2") (3.10)
It now follows from inequalities (3.9) and (3.10) that
dy (z,7') < edy (Az, B2') < 2dy (2, 7))

and so z = 2’ since ¢ < 1, proving the uniqueness of the fixed point z
of T'S. It follows similarly that z is the unique fixed point of SA and
w is the unique fixed point of BS and AT. This complete the proof of
the theorem. O
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Corollary 3.1. Let (X,d) be a complete metric space and let A, B be
a continuous mapping of X into X satisfying inequality

dy (Ay, By') d; (AQx, BQx’) < cmax {d; (Ay, By') d, (Az, Bx') ,
di (¢, Ay) di (v, Ax)
di (z,2") di (Ay, By')
di (Ay, A’z) d, (By', B*') }

Vo, o y,y € X, where 0 < ¢ < 1. Then T has a unique fixed point
ue X.

Proof. 1t follows from the theorem with (X,d;) = (Y,ds) and S =
A, T = B, then A? and B? have unique fixed points u. Then A%(Au) =
A(A%u) and we see that Aw is also a fixed point of A2. Since fixed point
is unique. We must have Au = u. Similarly we can prove for B. 0
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