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ABSTRACT 

Scheduling Algorithms use Directed Acyclic Graphs which schedule the tasks to a set of 

processors in order to minimize the completion time. The objective of this paper is to study and 

analyze various scheduling algorithms which are classified into four groups. First group 

classifies the algorithms that schedule the DAG to a bounded number of processors (BNP). The 

algorithms in second group are based upon unbounded number of clusters and are known as 

UNC algorithms. The algorithms in third group schedule the DAG to task duplication based 

(TDB) algorithms. The fourth group algorithms are known as APN algorithms as these perform 

allocation and mapping on arbitrary processor network topologies. In this paper, BNP scheduling 

algorithms are implemented in homogeneous environment and are classified into following 

categories - Highest Level First Estimated Time (HLFET) Algorithms, Modified Critical Path 

(MCP) Algorithms and Earliest Time First (ETF) Algorithms. The performance of these 

algorithms is evaluated and compared for various factors. The algorithm reporting best is 

determined. 

 

Index Terms: Algorithms, DAG, Task graphs, Parallel Processing, List Scheduling, 

Multiprocessor, Speed Up.  

______________________________________________________________________________ 

 

1. INTRODUCTION 

 

Parallel processing is a promising approach to meet the computational requirements of a large 

number of current and emerging applications. Given an edge directed acyclic graph (DAG), also 

called task graph, in which the nodes represent the tasks and edges represent the communication 

costs as well as the dependencies among the tasks. The objective of scheduling is to minimize 

the completion time of a parallel application by properly allocating the tasks to homogenous 

processors. DAG is generic model of a parallel program consisting of a set of processes. Each 

process is an indivisible unit of execution, expressed by node. A node has one or more inputs and 

can have one or more output to various nodes. 

 

The paper is organized as follows. In the next section, a generic DAG model is described. In 

section 3, basic techniques in DAG scheduling are being discussed. Characteristics of scheduling 

algorithms are explained in section 4. In section 5, various Scheduling algorithms are classified 
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into different categories. In last section, experimental results are derived and performance is 

compared. 

 

2. DAG MODEL 

 

Directed Acyclic Graph (DAG) model is assumed for task graph that has been commonly used 

by many researchers. The system consists of a number of identical processors which could be 

limited or unlimited. The DAG [1][2] is a generic model of a parallel program consisting of a set 

of processes among which there are dependencies. Each process is an indivisible unit of 

execution, expressed by node. A node has one or more inputs and can have one or more output to 

various nodes. When all inputs are available, the node is triggered to execute. After its execution, 

it generates its output. In this model, a set of nodes { 1n , 2n , 3n ………. nn } are connected by a set 

of a directed edges, which are represented by ( in , jn ) where in  is called the Parent node and jn  

is called the child node. A node without parent is called an Entry node and a node without child 

called an Exit node. The weight of a node, denoted by )( inw , represents the process execution 

time of a process. Since each edge corresponds to a message transfer from one process to 

another, the weight of an edge, denoted by ),( ji nnc is equal to the message transmission time 

from node in  to jn . Thus ),( ji nnc  becomes zero when in  and jn  are scheduled to the same 

processor because intraprocessor communication time is negligible compared with the 

interprocessor communication time. The node and edge weights are usually obtained by 

estimations. 

 

 

3. BASIC TECHNIQUES IN DAG SCHEDULING 

 

The two main attributes for assigning priority are the t-level (top level) and b-level (bottom 

level) [2][11]. The t-level of a node in  is the length of the longest path from an entry node to in  

(excluding in ). Here, the length of a path is the sum of all the node and edge weights along the 

path. The t-level of in  highly correlates with in ’s earliest start time, denoted by sT ( in ) , which is 

determined after in  is scheduled to a processor. The b-level of a node in  is the length of the 

longest path from node in  to an exit node. The b-level of a node is bounded by the length of the 

critical path. A Critical Path (CP) of a DAG, is the longest path from an entry node to an exit 

node. Some BNP scheduling algorithms do not consider the edge weights in computing the b-

level, we call it the static b-level.  

Some algorithms assign a higher priority to a node with a smaller t-level while some algorithms 

assign a higher priority to a node with a larger b-level. A priority table is designed for all the 

nodes in DAG. Following are the steps to calculate attributes for the priority table [11]. 

 

Computing t-level 

 

1. Construct a TopList which contains the list of all nodes in topological order. 
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2. for each node in  in the TopList do 

3. max = 0 

4. for each parent xn  of in  do 

5. if  t-level( xn ) + )( xnw + ),( ix nnc > max then 

6. max = t-level( xn ) + )( xnw + ),( ix nnc  

7. endif 

8. endfor 

9. t-level( in ) = max 

10. endfor 

 

Computing b-level 

 

1. Construct a RevTopList containing the nodes in reversed topological order. 

2. for each node in  in RevTopList do 

3. max = 0 

4. for each child yn  of in  do 

5. if ),( yi nnc + b-level( yn ) > max then 

6. max = ),( yi nnc + b-level( yn ) 

7. endif 

8. endfor 

9. b-level( in ) = )( inw + max 

10. endfor 

 

Some BNP scheduling algorithms do not consider the edge weights in computing the b-level. 

In that case, b-level does not change throughout the scheduling process, therefore it is called 

Static b-level or Static Level (SL). 

 

Computing ALAP start time 

 

The ALAP (As-Late-As-Possible) start time of a node is measure of how far the node’s start time 

can be delayed without increasing the schedule length. 

 

1. Construct a RevTopList containing the nodes in reversed topological order. 

2. for each node in  in RevTopList do 

3. min_ft = CP_Length 

4. for each child yn of in  do 

5. if ),()( yiy nncnalap  < min_ft then 

6. min_ft = ),()( yiy nncnalap   

7. endif 

8. endfor 
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9. )( ynalap = min_ft - )( inw  

10. Endfor 
 

CP (Critical Path) 

It is the length of the longest path from standing node to the exit node in DAG. 

 

4. CHARACTERISTICS OF SCHEDULING ALGORITHMS 

 

Critical-Path-Based/Non-Critical-Path-Based [3]: Critical-path-based algorithms determine 

scheduling order or give a higher priority to a critical-path node (CPN). Noncritical- path-based 

algorithms do not give special preference to CPNs; they assign priorities simply based on the 

levels or other attributes of the nodes. 

 

Static List/Dynamic List [3]: The set of ready nodes are often maintained as a ready list. A 

ready list is static if it is constructed before scheduling starts and remains the same throughout 

the scheduling process. A ready list is called dynamic if it is rearranged according to the 

changing node priorities. 

 

Greedy/Non-Greedy [3]: In assigning a node to a processor, most scheduling algorithms 

attempt to minimize the start-time of a node. This is a greedy strategy. However, some 

algorithms do not necessarily minimize the start-time of a node but consider other factors as 

well. 

 

Time-Complexity [3]: The time-complexity of a DSA is usually expressed in terms of the 

number of nodes v , edges e , and the number of processors p  . The major steps in an algorithm 

include a traversal of the DAG and a search of slots in the processors to place a node. Simple 

static priority assignment in general results in a lower time-complexity while dynamic priority 

assignment inevitably leads to a higher time-complexity of the scheduling algorithm. 

 

 

5. CLASSIFICATION OF DAG SCHEDULING ALGORITHMS:   

  

Most scheduling algorithms are based on list scheduling technique [2][11] List scheduling is a 

class of scheduling heuristics in which the nodes are assigned priorities and placed in a list 

arranged in a descending order of priority. The node with higher priority will be examined for 

scheduling before a node with a lower priority. If more than one node has the same priority, ties 

are broken using some method.  

Scheduling algorithms can be classified into following categories: 

 

1) BNP SCHEDULING ALGORITHMS 
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BNP refers to Bounded Number of Processor (BNP) Scheduling Algorithms [1][2]: These 

algorithms schedule the DAG to a bounded number of processors directly. The processors are 

assumed to be fully connected. BNP scheduling algorithms are based on the list scheduling 

technique in which nodes are assigned some priorities. 

 

In the following, BNP scheduling algorithms are discussed: HLFET (Highest Level First With 

Estimated Times) algorithm, MCP (Modified Critical Path) algorithm, ETF (Earliest Time First) 

algorithm, DLS (Dynamic Level Scheduling) algorithm. 

 

HLFET (Highest Level First with Estimated Times) algorithm: It is one of the simplest list 

scheduling algorithms that uses static b-level as node priority and ignores the communication 

costs on the edges.  

 

MCP (Modified Critical Path) algorithm: This algorithm uses an attribute called ALAP time 

of a node as a priority. The ALAP time of a node is computed by first computing the length of 

CP and then subtracting the b-level of the node from it. Therefore, the ALAP times of the nodes 

on the CP are just their t-levels. 

 

The ETF (Earliest Time First) algorithm: It computes, at each step, the earliest start times for 

all ready nodes and then selects the one with the smallest start time, which is computed by 

examining the start time of the node on all processors exhaustively. 

 

DLS (Dynamic Level Scheduling) algorithm: This algorithm uses as node priority an attribute 

called Dynamic Level (DL) which is the difference between the static b-level of a node and its 

earliest start time on a processor. 

 

2) UNC SCHEDULING ALGORITHMS 

 

These algorithms schedule the DAG to unbounded number of clusters. The processors are 

assumed to be fully connected. The technique employed by these algorithms is also called 

clustering. 

Four UNC scheduling algorithms are discussed here. In the UNC scheduling algorithms, merging 

a single node cluster to another cluster is analogous to scheduling a node to a processor.  

 

EZ (Edge-zeroing) algorithm [11]: It selects clusters for merging based on edge weights. At 

each step, the algorithm zeros the edge with the largest weight. 

 

LC (Linear Clustering) algorithm [2][11]: This algorithm iteratively merges nodes to form a 

single cluster based on the CP. The merged nodes are removed and the merging process repeats 

 

MD (Mobility Directed) algorithm [2][11]: A node in  is selected for scheduling. It is based on 

an attribute called the relative mobility, which is defined as: 

                                        
)(

))()((__

i

ii

nw

nleveltnlevelbLengthCPCur 
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If a node is on the current CP of the partially scheduled DAG, the sum of its b-level and t-level is 

equal to the current CP length. 

  

The DCP (Dynamic Critical Path) algorithm [4]: This algorithm is designed based on an 

attribute which is similar to relative mobility. The DCP algorithm uses a look-ahead strategy to 

find a better cluster for a given node. In addition to computing the value of )( is nT  on a cluster, 

the DCP algorithm also computes the value of )( cs nT  on the same cluster. Here, cn  is the child 

of in  that has the largest communication and is called the critical child of in . The DCP algorithm 

schedules in  to the cluster that gives the minimum value of the sum of these two attributes. 

 

3) TASK DUPLICATION BASED SCHEDULING ALGORITHMS 

 

The principle behind the TDB algorithm [1] is to reduce the communication overhead by 

redundantly allocating some tasks to multiple processors. In duplication different strategies can 

be employed to select ancestor nodes for duplication. Following are some task scheduling 

algorithms. 

 

LWB (Lower Bound) algorithm [4]: It first determines the lower bound start time for each 

node, and then identifies a set of critical edges in the DAG. The paths containing the critical 

edges are scheduled to the same processor. The LWB algorithm can generate optimal schedules 

for DAGS in which node weights are strictly larger than any edge weight. 

 

DSH (Duplication Scheduling Heuristic) algorithm [4]: It considers each node in a descending 

order of their priorities. The DSH algorithm first determines the start time of the node on the 

processor without duplication of any ancestor. Then, it considers the duplication in the idle time 

period from the finish time of the last scheduled node on the processor and the start time of the 

node currently under consideration. 

 

CPFD (Critical Path Fast Duplication) algorithm [4]: This algorithm is based on partitioning 

the DAG into three categories: Critical Path Nodes (CPN), In Branch Nodes (IBN) and Out-

Branch Nodes (OBN). An IBN is a node from which there is a path reaching a CPN. An OBN is 

a node which is neither a CPN nor an IBN. The main strength of the CPFD algorithm is that it 

tries to start each CPN as early as possible on a processor by recursively duplicating the IBNs 

(and also other CPNs) reaching it. 

 

LCTD Algorithm: It first [4] constructs linear cluster and then identifies the edges among 

clusters that determines the completion time. It tries to duplicate the parents corresponding to 

these edges to reduce the start times of some nodes in the cluster. 

 

4) ARBITRARY PROCESSOR BASED (APN) SCHEDULING ALGORITHMS 

The algorithm [1] [2] in this class account specific architectural features such as the number of 

processors as well as their interconnection topology. These algorithms can schedule tasks on the 
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processors and messages on the network communication links. In the following we discuss four 

such algorithms. 

 

MH (Mapping Heuristic) Algorithm: It first assigns priorities by computing the static b-levels 

of all nodes. After that, a ready list is initialized by inserting all entry nodes in the task graph. 

Then the list is ordered in decreasing node priorities. Each node is scheduled to a processor that 

gives the smallest start time. 

 

DLS (Dynamic Level Scheduling) Algorithm [1]: This algorithm first computes the static b-

level for each node and then computes the Dynamic Level of every node processor pair by 

subtracting the earliest start time from node’s static b-level. The node-processor pair that gives 

the largest value of DL is selected for scheduling. 

 

BU (Bottom Up) Algorithm: This algorithm [3] first finds the CP of the DAG and then assigns 

all the nodes on the CP to the same processor at once. Afterwards the algorithm assigns the 

remaining nodes in a reversed topological order to the processors. After the node assignment, the 

BU algorithm tries to schedule the communication messages among them using a channel 

allocation heuristic which tries to keep the hop count of every message roughly a constant 

constrained by the processor network topology. 

 

BSA (Bubble scheduling and Allocation) Algorithm: This algorithm constructs a schedule 

incrementally by first injecting all the nodes to the pivot processor (the processor with the 

highest degree). Then, it tries to improve the start time of each node by transferring it to one of 

the adjacent processor of pivot processor if the migration can improve the start time of the node. 

After all nodes on the pivot processor are considered, the algorithm selects the next processor in 

the processor list to be the new pivot processor. The process is repeated by changing the pivot 

processor in a breadth-first order. 

 

6. EXPERIMENTAL RESULTS AND PERFORMANCE COMPARISON 

 

The performance is the most important factor in every algorithm [2][11]. In this section, 

performance comparison of above discussed BNP scheduling algorithm is presented. The 

performance comparison is based upon various factors discussed below. 

 

Makespan: Makespan is defined as the completion time of the algorithm. It is calculated by 

measuring the finishing time of the exit task by the algorithm. 

 

Speed Up: The Speed Up value is computed by dividing the sequential execution time by the 

parallel execution time. 

 

Scheduled Length Ratio (SLR): It is defined as the ratio of the Makespan of the algorithm to 

Critical path values of the DAG. 
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Processor Utilization: It means that how processors are being utilized by different processes. It 

is good when maximum number processors are utilized. 

 

Above metrices are compared for 25 nodes, 50 nodes, and 75 nodes in homogeneous 

environment and there are five processors in each case. Various cases are derived here and 

results are shown graphically.  

 

  
 

Figure 1: Makespan    Figure 2: Scheduled length Ratio 

   

Figure 3: SpeedUp    Figure 4: Processor Utilization 
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Case 1: Figure 1 shows the comparison of makespan values of all three BNP scheduling 

algorithms for different nodes. As makespan refers to finish time of the exit task, therefore an 

algorithm having lower makespan value is known to be good. In case of 25 and 75 nodes HLFET 

Algorithm shows lesser makespan value. In case of 50 nodes, ETF shows lesser makespan value, 

but in all three cases MCP shows highest value for makespan. After comparing all the makespan 

values for different nodes, HLFET proves to be better. 

Case 2: Figure 2 shows different values of SLR for different nodes on comparison of these 

algorithms. As SLR is directly proportional to makespan, hence it is showing similar results as in 

case 1. 

Case 3: In figure 3, Speedup values are compared for all given algorithms.  In case of 25, 50 and 

75 nodes, both HLFET and ETF Algorithms show higher Speedup values as compared with 

MCP algorithm. Overall speedup value for HLFET is higher in each case. 

Case 4: Average Processor Utilization is better for HLFET Algorithm for all three cases 

considering 25, 50 and 75 nodes, as maximum number of processors are being utilized. 

After comparing all cases for different algorithms, HLFET Algorithm proves to be better. As 

completion time of the exit task and Scheduled Length ratio is less in case of HLFET algorithm 

as compared to other algorithms. SpeedUp values and average processor utilization rate is also 

better. Further research in this area can be done, for different nodes and processors in 

heterogeneous environment. 
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