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ABSTRACT 

Every organization that is engaged in production, sale or trading of Products, holds 

inventory in one or the other form. While production and manufacturing organizations hold 

raw material inventories, finished goods and spare parts inventories, trading companies 

might hold only finished goods inventories depending upon the business model. Besides Raw 

materials and finished goods, organizations also hold inventories of spare parts to service 

the products. Inventory management is an important part of a business because inventories 

are usually the largest expense incurred from business operations. Most companies will use 

an inventory management system that will track and maintain the inventory required to meet 

customer demand. In this paper we develop linear programming for inventory control model 

which there are two products and having fixed demand.  Products not only have independent 

market demand, one of the aforementioned products is assumed to be an ingredient for the 

other product and having an independent demand in the market and shortage are permitted. 

The output of the proposed model is the Economic Production Quantity for the products with 

minimum costs. 
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1.1 Introduction 

In any organization, all functions are interlinked and connected to each other and are often 

overlapping. Some key aspects like supply chain management, logistics and inventory form 

the backbone of the business delivery function. Therefore these functions are extremely 

important to marketing managers as well as finance controllers. Inventory management is a 

very important function that determines the health of the supply chain as well as the impacts 

the financial health of the balance sheet. Every organization constantly strives to maintain 

optimum inventory to be able to meet its requirements and avoid over or under inventory that 

can impact the financial figures. Inventory is always dynamic. Inventory management 

requires constant and careful evaluation of external and internal factors and control through 

planning and review. Most of the organizations have a separate department or job function 
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called inventory planners who continuously monitor, control and review inventory and 

interface with production, procurement and finance departments.[1]  

Inventory is an idle stock of physical goods that contain economic value, and are held in 

various forms by an organization in its custody awaiting packing, processing, transformation, 

use or sale in a future point of time. Any organization which is into production, trading, sale 

and service of a product will necessarily hold stock of various physical resources to aid in 

future consumption and sale.  

Inventory of materials occurs at various stages and departments of an organization. A 

manufacturing organization holds inventory of raw materials and consumables required for 

production. It also holds inventory of semi-finished goods at various stages in the plant with 

various departments. Finished goods inventory is held at plant, FG Stores, distribution centres 

etc. Further both raw materials and finished goods those that are in transit at various 

locations. Besides Raw materials and finished goods, organizations also hold inventories of 

spare parts to service the products. Defective products, defective parts and scrap also form a 

part of inventory as long as these items are inventoried in the books of the company and have 

economic value.[2] 

Every organization that is engaged in production, sale or trading of Products, holds inventory 

in one or the other form. While production and manufacturing organizations hold raw 

material inventories, finished goods and spare parts inventories, trading companies might 

hold only finished goods inventories depending upon the business model.[1] 

When in case of raw material inventory management function is essentially dealing with two 

major functions. First function deals with inventory planning and the second being inventory 

tracking. As inventory planners, their main job consists in analyzing demand and deciding 

when to order and how much to order new inventories. We can classify inventory 

management approach as: 

1. EOQ: Economic Order Quantity method determines the optimal order quantity that 

will minimize the total inventory cost.  

2. EPQ: Economic Production Quantity is  developed model of EOQ based on this 

model include production Quantity Model. 

3. Continuous Order Model: works on fixed order quantity basis where a trigger for 

fixed quantity replenishment is released whenever the inventory level reaches 

predetermined safety level and triggers re ordering. 

4. Periodic System Model: This model works on the basis of placing order after a fixed 

period of time. 

In this paper we develop linear programming for inventory control model which there are two 

products and having fixed demand.  Products not only have independent market demand, one 

of the aforementioned products is assumed to be an ingredient for the other product and 

having an independent demand in the market and shortage are permitted. In the next section 

we review the literature inventory models. In the third section, we describe the problem. In 

The fourth section we explain our model. The fifth section covers the conclusions and future 

research. 
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2.1 Literature review 

Material requirements planning (MRP) is an inventory system when we have a dependent 

demand and Order Point System is the one for independent demand [3]. MRP is an 

Information System for production planning and inventory control system with dependent 

demand [4].  One of the main problems in MRP is determining the order amount which is 

called lot sizing determination. The response to this question will be the input of MRP and 

production scheduling systems, when the demand is dependent and independent, respectively. 

Many research has been done in order to find an appropriate answer to this question. First 

model of this kind is called Economical Order Quantity (EOQ) and referred to Harris. This 

model has been developed based on a fixed demand assumption [5].Economic Production 

Quantity (EPQ) is expansion of EOQ. In this model, the product is assumed to be received or 

produced gradually and not at once [6]. EPQ models have also been developed for 

backordering and shortage conditions [7]. In recent years, some researchers have made the 

EOQ model more appropriate for the real world. we can mention: Wee et al. that considered 

the inequality of orders quality and also the shortage of orders simultaneously[8]. Tsou that  

took  in  to  account  the  quality  costs [9].Salameh and Jaber that omitted the assumption of 

equality of the quality of all received orders [10] , Chan et al. (2003) also studied a model, 

with a structure quite similar to that in Salameh and Jaber (2000) , and with non-short ages. 

The authors also give a condition, which is declared as sufficient to prevent shortages [11]. 

Dynamic lot size model is a generalization of the economic order quantity model that takes 

into account that demand for the product varies over time introduced by Wagner and Whithin 

[12]. Silver and Meal proposed a heuristic method, this heuristic is a forward method that 

requires determining the average cost per period as a function of the number of periods the 

current order is to span and stopping the computation when this function first increases.[13].   

another category of inventory management models in which the model deals with more than 

one entity and the objective is minimizing the   costs   or   maximizing  the  profits  of  all  

entities,  simultaneously. A number of authors, including Goyal [14,15], Banerjee [16], 

Landeros and Lyth [17], Chatterjee and Ravi [18] and Agrawaland Raju [19] demonstrate 

methods to Gain cost savings. They suggest joint economic lot size (JELS) models where the 

objective is to minimize the joint total relevant costs for both the buyer and the supplier. It is 

shown that an integrated inventory replenishment policy is more desirable than individual 

optimal policies of the parties involved. While all models use the accepted EOQ formula to 

determine buyer’s individual optimal order policy, the distinguishing feature is the assumed 

production and delivery policy of the supplier. Goyal assumes an infinite production rate for 

the supplier [14]. Banerjee generalizes Goyal’s model by integrating a finite production rate, 

assuming that the supplier follows a lot-for-lot policy [16],Goyal, further relaxes the lot-for-

lot assumption by assuming that each production batch is dispatched to the buyer  in an 

integer number of equalized sub-batches[15]. Landeros and Lyth, further generalize these 

models by incorporating fixed delivery cost associated with each shipment to the buyer. 

However, these models assume that the whole production batch must be finished before any 

shipments from the batch can take place [17]. Agrawaland Raju, consider that the supplier 

may wish to ship a number of equalized sub-batches before the  whole production batch is 

finished, [19]. Chatterjee and Ravi, present an equivalent model considering fixed delivery 

costs associated with each shipment [18]. Gyana    and   Bhaba   proposed  a   model  for one 

entity and its objective was to minimize the inventory costs of ingredients and finished 

products, simultaneously[20]. Ganeshan proposed an ordering point  model  for  minimizing 

the overall logistics cost of retailers and warehouse [21].  Saharidis et al. propose a model for 
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comparing Centralized versus decentralized production planning. Two plants are considered, 

that the product of one plant is input of other plant [22].    

 

3.1 Problem Definition 
 

Assume two products as A and B. Product A not only is an ingredient for product B, but also 

has independent demand in the market. Under such conditions in which the main input of a 

product is another product of the firm, the inventory management strategies of the latter 

product will have a definite effect on the former one. In such a situation, it is necessary to 

utilize an integrated model for determining the economic production quantities (EPQ) of 

products A and B. structure of such an integrated model presented in Figure 1.   

 
 

Fig. 1: The inventory model structure for product A and product B products 

 

 

Assumptions: Demands for products A and B are deterministic and known.  

  

 Cost parameters for A and B are known constants.  

 Shortages in A is permitted.  

 Shortages in B is permitted.  

 Production rates of A and B are greater than their demands rates. 

 Production rate of A is greater than sum of demand rate of A and production of B.  

 Consumption rate of A for producing B is one to one (one unit of A is utilized in 

producing one unit of B).  

 There are m runs for product B over one run of product A.  
  

 

Notation 

In this section we introduced Model parameters and variables. 

DA: Demand rate for A in a unit of time, 

DB: Demand rate for B in a unit of time,  

PA: Production rate for A in a unit of time, 

PB: Production rate for B in a unit of time,  

hA: Inventory holding cost for product A in a year,  

hB: Inventory holding cost for product B in a year, 

KA: Setup cost of production for A,  

KB: Setup cost of production for B,  

QA: Economic production quantity (EPQ) for A,  
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QB: Economic production quantity (EPQ) for B,  

Imax A : Maximum inventory of A 

Imax B : Maximum inventory of B 

m: Times of producing B during one time production of A,  

K: The period of B which production of A is ceased and its consumption starts,  

T: Time horizon for optimization,  

bA: Maximum amount of permitted Shortages in A   

bB: Maximum amount of permitted Shortages in B   

t1: time period which producing B with shortage 

t2: time period which producing B without shortage 

t3: time period which consumption B without shortage 

t4: time period which consumption B with shortage 

𝜋𝐴 : fix cost when shortage happen in product A 

𝜋 𝐴 : Shortage cost per unit of product A 

𝜋𝐵  : fix cost when shortage happen in product B 

𝜋 𝐵  : Shortage cost per unit of product B 

 

 
Fig2: Producing product A is finished during producing product B   

 

 

 
Fig3: Producing product A is finished during consumption of product B   
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Figure 2 depicts the inventory behaviour in the warehouse of A and B products, when three 

times Production of B happens during one time production of A. In this Figure, we assume 

that production of A is finished during the production of B. In Fig. 3 we assume that the 

production of A is finished during the consumption of B.   When both products are produced 

the inventory level of product A increases with rate PA-DA-PB. This is because A has an 

independent demand in the market and in addition is an ingredient for producing B. 

Production of B Continue until inventory of B reach Imax B ,when the production of B ceases, 

the aforementioned slope increases to PA-DA. Consumption of B Continue until inventory of 

B reaches –b. This process continues till A reaches its EPQ. During the consumption phase of 

A and during the production phase of B the slope of consumption of A is –DA-PB. Because it 

is necessary for A to supply not only its own demand, but also B demand. During the 

consumption of B this slope reaches -DA. 

 
 

 

4.1 MODEL DISCUSSION  
  As the production of the product A can be finished during either the production or the 

consumption of Product B, we have considered two various states for developing proposed 

model in. we will discuss these states, which have been presented in Fig. 2 and 3.  

Setup, holding and shortage costs are the main elements of the objective function.  

As shown in Figure 2, t1, t2, t3 and t4 are as below. 

𝑡1 =  
𝑏

𝑃𝐵−𝐷𝐵
            (1)  

𝑡2 =  
𝐼max  𝐵

𝑃𝐵−𝐷𝐵
            (2)  

𝑡3 =  
𝐼max  𝐵

𝐷𝐵
            (3)  

𝑡4 =  
𝑏

𝐷𝐵
            (4)  

𝑇

𝑚
=  𝑡1 + 𝑡2 + 𝑡3 + 𝑡4             (5)  

 

   

Setup costs: Calculating setup cost for the case of Fig. 2 and 3 are the same. We utilize 

equation 6 for calculating the setup cost for product A.                                     
𝑆1 =  𝐾𝐴             (6) 

We utilize equation 7 for calculating the setup cost for product B. During the planning period 

(T), product B has m time run when product has one time run.  
𝑆2 =  𝑚 𝐾𝐵             (7) 

 

We  reach total setup costs through Equation 8. 
𝑆 =  𝑆1 +  𝑆2             (8) 

 

Holding costs: Reaching the holding cost for product B, we need to calculate the area of Fig. 

2 and 3. For Calculating the area of Fig. 2and 3, we define Equation 9, 10, 11 and 12 can be 

utilized.    
 

𝑀1 =   𝑃𝐴 −𝐷𝐴 − 𝑃𝐵  𝑡1 + 𝑡2             (9) 



International Journal of Research in Management                                                                                 ISSN 2249-

5908 Issue2, Vol. 1 (January-2012) 
 

 Page 96 
 

𝑁1 =   𝑃𝐴 − 𝐷𝐴  𝑡3 + 𝑡4             (10) 

𝑀2 =   𝐷𝐴 + 𝑃𝐵  𝑡1 + 𝑡2             (11) 

𝑁2 =   𝐷𝐴  𝑡3 + 𝑡4             (12) 

 

As is indicated in Fig. 2, the production of product A continues till the kth triangle of product 

B (Production phase of product B). Afterwards the demands for product A, which are market 

and product B demands to product A, is supplied through the inventory of product A. During 

the production phase of product A, there are (k-1) triangles of product B and the inventory 

volume rate of product A is increasing. For each of these triangles, there is an area for 

product A. These areas have increasing rate till (k-1) th triangle, making an arithmetical 

progression with common difference of  
(𝑀1+𝑁1 )𝑇

𝑚
. Therefore for calculating the area of 

product A curve, we utilize the sum of arithmetical progressions, presented in equation 13. 

𝐻𝐴1 =  
(𝑘 − 1)ℎ𝐴

2
 
𝑘𝑇

𝑚
 𝑀1 +𝑁1 −  

𝑁1𝑇

𝑚
−   𝑀1 + 𝑁1  𝑡1 + 𝑡2              (13) 

 

 

Production-based area for product B is calculated through m-k  triangles. This is in 

consumption phase of product A and is calculated using another arithmetical progression with 

common difference of  
(𝑀2+𝑁2)𝑇

𝑚
 . We can reach the production-based area of m-k triangles, 

taking in to account the holding cost, through Equation 14. 

 

𝐻𝐴2 =  
(𝑚− 𝑘)ℎ𝐴

2
 𝑁2 𝑡3 + 𝑡4 +  𝑀2 + 2𝑁2  𝑡1 + 𝑡2 + (𝑚− 𝑘 − 1) 𝑀2 +𝑁2  

𝑇

𝑚
             (14) 

kth triangle representing the time when the production of product A is finished during the 

production of product B and the consumption of product A starts. The production area of k th 

triangle can be calculated using equations 15, 16, 17 and 18. 
 

𝑈2𝑘−2 =  (𝑘 − 1) 𝑀1 + 𝑁1             (15) 

𝑈𝑛 = 𝑈2𝑘−2 +   𝑃𝐴 − 𝐷𝐴 − 𝑃𝐵 (𝑡𝐴 −  𝑘 − 1 
𝑇

𝑚
)            (16) 

𝑈2𝑘−1 = 𝑈𝑛 −   𝐷𝐴 + 𝑃𝐵 (𝑡1 + 𝑡2 +  𝑘 − 1 
𝑇

𝑚
−  𝑡𝐴)            (17) 

𝑈2𝑘 = 𝑈2𝑘−1 −  𝐷𝐴(𝑡3 + 𝑡4)            (18) 

   

 With equations 15, 16, 17and 18, we can calculate the production-based area for k th triangle 

using equation 19.  

𝐻𝐴3 =  ℎ𝐴   𝑡𝐴 −  𝑘 − 1 
𝑇

𝑚
 𝑈2𝑘−2 +  𝑈𝑛 −𝑈2𝑘−2 

 𝑡𝐴 −  𝑘 − 1 
𝑇
𝑚
 

2
+   𝑡1 + 𝑡2 +  𝑘 − 1 

𝑇

𝑚
−  𝑡𝐴 𝑈2𝑘−1

+    𝑈𝑛 −𝑈2𝑘−1 
 𝑡1 + 𝑡2 +  𝑘 − 1 

𝑇
𝑚 −  𝑡𝐴 

2
+  

𝑇

𝑚
 − 𝑡1 − 𝑡2 𝑈2𝑘

+  𝐷𝐴
(𝑡3 + 𝑡4)2

2

 
            (19) 
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Finally total holding cost for product A is: 
 

𝐻𝐴 =  𝐻𝐴1 +𝐻𝐴2 +𝐻𝐴3      20  
 

In the second state, production of product A finishes during the product B consumption (Fig. 

3). In this states the equations 16, 17 and 18 changes to the followings, but the other 

equations remain the same. 

𝑈𝑛
 َ 

= 𝑈2𝑘−1 +   𝑃𝐴 −𝐷𝐴 (𝑡𝐴 −  𝑘 − 1 
𝑇

𝑚
− 𝑡1 − 𝑡2  )            (16) 

𝑈2𝑘−1 =   𝑘𝑀1 +   𝑘 − 1 𝑁1             (17)  

𝑈2𝑘 = 𝑈𝑛
 َ 
−  𝐷𝐴 ( 𝑘 

𝑇

𝑚
−  𝑡𝐴)           (18)  

Considering the equations 16, 17 and 18, the production area of kth triangle is as equation 19. 

𝐻𝐴3
 َ 

=  ℎ𝐴   𝑡1 +  𝑡2 𝑈2𝑘−2 +𝑀1

𝑡1 + 𝑡2

2
+   𝑡𝐴 − (𝑡1 + 𝑡2 +  𝑘 − 1 

𝑇

𝑚
) 𝑈2𝑘−1

+    𝑈𝑛
 َ 
− 𝑈2𝑘−1 

  𝑡𝐴 − (𝑡1 + 𝑡2 +  𝑘 − 1 
𝑇
𝑚) 

2
+  𝑘

𝑇

𝑚
 − 𝑡𝐴 𝑈2𝑘

+   𝑈𝑛
 َ 
−𝑈2𝑘 

 𝑘
𝑇
𝑚  − 𝑡𝐴 

2

 
            (19) 

Total holding cost for product A is: 

𝐻𝐴 =  𝐻𝐴1 +𝐻𝐴2 +𝐻𝐴3
 َ 

    (20) 

 

 

We can reach the holding cost of product B, using the total sum of areas of m  Triangles in 

Fig. 2 and 3. This is represented in Equation 21.   

𝐻𝐵 =  
𝑚ℎ𝐵

2
  𝑡1 + 𝑡2  𝑃𝐵 −𝐷𝐵 

𝑇

𝑚
             (21)  

 

 

Therefore total holding cost can be calculated using equation 22. 

 

𝐻 =  𝐻𝐴 + 𝐻𝐵                  (22) 

Shortage cost: In this model shortage is permitted for product A and B. shortage cost have 

two part. Fixed shortage cost, that is incurred in any cycle that a shortage occurs, and 

shortage cost per unit. Equation 23and 24 show shortage cost for product A and B. 

𝑆𝐶𝐴 = 𝜋𝐴 + 𝜋 𝐴
𝑏𝐴 𝑡1 + 𝑡4  

2
                          (23) 

 

𝑆𝐶𝐵 = 𝑚  𝜋𝐵 + 𝜋 𝐵
𝑏𝐵 𝑡1 + 𝑡4  

2
                           (24) 

 

Therefore total Shortage cost can be calculated using equation 25. 
𝑆𝐶 = 𝑆𝐶𝐴 + 𝑆𝐶𝐵                          (25) 

 

Total cost and model constraints: Total cost function is a sum function of setup, holding 

and shortage costs. Equation 26 presents Total cost function  
𝑇𝐶 = 𝐾 +𝐻 + 𝑆𝐶             (26) 
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Most important constraint of the model is the fact that the stocked inventory of product A, 

after finishing its production, must be enough to supply product Band product A market 

demands. This constraint can be presented using equations 27, 28 and 29: 

∅ =   𝐷𝐴 + 𝑃𝐵  𝑡1 + 𝑡2 +
𝐷𝐴 (𝑃𝐵− 𝐷𝐵) 𝑡1+𝑡2 

𝐷𝐵
           (27)  

𝜏 =  𝑚 − 𝑘 ∅ +  𝐷𝐴 + 𝑃𝐵  𝑡1 + 𝑡2 +  𝑘 − 1 
𝑇

𝑚
−  𝑡𝐴               (28)  

𝑈𝑛 −  𝜏 = 0                    (29)  

 

 Concerning the assumption of first state that the production of product A finishes during the 

production of product B, constraint 30 is necessary for solving the model.   

𝑡  َ  ≤  𝑡1 + 𝑡2                            (30) 

product B inventory is another important constraint, inventory of product B, after finishing its 

production in one period must be enough to supply product B demands. This constraint can 

be presented using equations 31: 
𝑃𝐵 𝑡1 +  𝑡2   = 𝐷𝐵   𝑡1 + 𝑡2 + 𝑡3             (31) 

 

 

Finally, the final model for the first state of the problem (Fig. 2) is as follows:   

 
 
 

𝑀𝐼𝑁 𝑇𝐶                     (32)     

St: 

𝑈𝑛 −  𝜏 = 0                      

𝑡  َ  ≤  𝑡1 + 𝑡2                             

𝑃𝐵 𝑡1 + 𝑡2   = 𝐷𝐵   𝑡1 + 𝑡2 + 𝑡3               

𝑡  َ ≥ 0  

𝑘,𝑚 = (0,1)  

 

In the state of Fig. 3, product A production finishes during the consumption phase of product 

B, the equation 26, 27 must also be modified, as below 

 

𝜏  َ =  𝑚 − 𝑘 ∅+ 𝐷𝐴  𝑡1 + 𝑡2 +  𝑘 − 1 
𝑇

𝑚
+
 𝑃𝐵 −  𝐷𝐵  𝑡1 + 𝑡2 

𝐷𝐵
−  𝑡𝐴                28  

 

𝑈𝑛
 َ 
−  𝜏  َ = 0                    (29) 

Having done the aforementioned modifications, the total model changes as follow.  
 

𝑀𝐼𝑁 𝑇𝐶                     (32)      

St: 

𝑈𝑛
 َ 
−  𝜏  َ = 0                      
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𝑡  َ  ≤  
(𝑃𝐵− 𝐷𝐵 ) 𝑡1+𝑡2 

𝐷𝐵
                            

𝑃𝐵 𝑡1 + 𝑡2   = 𝐷𝐵   𝑡1 + 𝑡2 + 𝑡3               

𝑡  َ ≥ 0  

𝑘,𝑚 = (0,1)  

5.1 Conclusions and future research opportunities 
The proposed model in this paper is for analyzing the inventory control system with two 

products, which one of them is an ingredient for the other one and shortage are permitted. For 

simplicity purposes, we have assumed that the productions of both products have been started 

simultaneously and during one run of the ingredient, several runs of the next product happen. 

We have developed the model for two various states. The optimum amounts for the decision 

variables are reached using the Linear Programming software. Sensitivity analysis can help to 

determine sensitivity model parameters in the model. The Model of this paper is applicable 

for many industries, in which their semi-finished products also have an independent demand 

in the market. Some examples are Petrochemicals, Refinery, pipe-production and clothes 

industries. 
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