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ABSTRACT 

The necessary and sufficient condition for a 𝑝-petal graph to be planar is given in [1]. In 

this paper, we measure the nonplanarity of the 𝑝-petal graphs. Some results on crossing 

number, thickness, genus, and bisection width of 𝑝-petal graphs are proved. 

 

Key words:𝑝-petal graph, crossing number, thickness, genus, bisection width. 
 

 

Corresponding Author:Kolappan Velayutham 

 

INTRODUCTION 

The planar graphs that can be drawn on a plane without edge crossings have a natural 

advantage for visualization. Many problems which cannot be solved for general graphs 

can be solved for planar graphs. Many results which are difficult to prove in case of 

general graphs can be proved not with much difficulty when restricted to planar graphs. 

The four color theorem could be one such problem.  

The drawings will have the following properties:  

i. no edge passes through any other vertex than its end points; 

ii. no two edges touch each other, and no three edges cross at the same point. 

In case of nonplanar graphs, our natural approach would be to draw them in a way as close 

as a planarity as possible. The question will be: how is a given graph far from being 

planar? 

We can measure the nonplanarity of a graph on the whole, by using the following ideas: 

i. Crossing number; 

ii. Thickness; 

iii. Genus. 

 

CROSSING NUMBER OF 𝒑-PETAL GRAPHS 

The crossing number of 𝐺, denoted 𝐶𝑅(𝐺), is the minimum number of edge crossings 

over all drawings of 𝐺. The study of crossing numbers began during the Second World 

War with Paul Turan’s Brick Factory Problem, a problem of finding the crossing number 

of the complete bipartite graph. For details refer Turan[2]. Clearly, 𝐶𝑅(𝐺) = 0 if and only 

if 𝐺 is planar. 

Zarakiewicz[3] conjectured that the crossing number of the complete bipartite graph is 

𝐶𝑅(𝐾𝑚,𝑛) =  ⌊
𝑚

2
⌋ ∙ ⌊

𝑚−1

2
⌋ ∙ ⌊

𝑛

2
⌋ ∙ ⌊

𝑛−1

2
⌋. This result has been proved true for some special 

cases of the graph. Kleitman[4]proved the result when 𝑚𝑖𝑛 {𝑚, 𝑛} ≤ 6. Woodall [5]proved 
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the result for 𝑚 = 7and 𝑛 ≤ 10. Ajtai et al [6]and independently Leighton [7]gave the 

lower bound for the crossing number of 𝐺as 𝐶𝑅(𝐺) =  
1

33.75

𝑒3

𝑛2. 

For a bibliography for crossing number of graphs, one can refer to ImrichVrto[8]. Gareyet 

al[9]proved that determination of crossing number of graphs is an NP-Complete problem. 

The authors have proved in [1] that a 3-petal graph with even number of petals is always 

planar. The cycle 𝐺∆ divides the plane into two regions, the inner region, say 𝑅1 and the 

outer region, say 𝑅2. Half of the petals, that is 
𝑎

2
 petals, can be placed in 𝑅2 and the 

remaining 
𝑎

2
 petals in 𝑅1 so that they do not cross one another. 

When dealing with crossing number, we may avoid considering the centers𝑣1, 𝑣2, … , 𝑣𝑎−1 

because they do not contribute to the crossing number. On such occasions, we will denote 

the vertices numerically using the suffices of the vertices. Thus 0 denotes the vertex 𝑢0, 

and so on. Also, for convenience, we assume that an edge ‘starts’ from a vertex with even 

numbered suffix (starting vertex) and ‘ends’ at a vertex with an odd numbered suffix 

(destination). We also note that the suffices of 𝑢 are taken modulo 2𝑎. 

Theorem 1 

The crossing number of a 𝑝-petal graph 𝐺 with 𝑎 petals is given by 

𝐶𝑅(𝐺) ≤  𝑘(𝑟 − 1) +
𝑅

2
(𝑟 −

𝑅

2
+ 1) 

where𝑘 = ⌊
2𝑎

𝑝+1
⌋ and 𝑅 is the remainder of 

2𝑎

𝑝+1
. 

Proof: 

We have two cases: 

Case 1: When 𝑅 = 0 

Place the vertices in the vertex sequence 0, 𝑝, 𝑝 + 1,2𝑝 + 1, 2𝑝 + 2, … , 𝑘𝑝 + 𝑘 − 1 in the 

first row. Consider the vertex sequences 2𝑗 − 1, 2𝑗, 2𝑗 + 𝑝, 2𝑗 + 𝑝 + 1, 2𝑗 + 2𝑝 + 1, 2𝑗 +
2𝑝 + 2, … , 2𝑗 + (𝑘 − 1)𝑝 + 𝑘 − 2, 2𝑗 + (𝑘 − 1)𝑝 + 𝑘 − 1 for 𝑗 = 1to 𝑟. Place the 

vertices in each sequence in each row starting from the second row such that the vertex 

2𝑗 − 1 lies in the 𝑗th column and the subsequent vertices in the subsequent columns. 

Case 1: When 𝑅 ≠ 0 

Place the vertices in the vertex sequence 0, 𝑝, 𝑝 + 1,2𝑝 + 1, 2𝑝 + 2, … , 𝑘𝑝 + 𝑘 − 1, 𝑘𝑝 +
𝑘 in the first row. Consider the vertex sequences 2𝑗 − 1, 2𝑗, 2𝑗 + 𝑝, 2𝑗 + 𝑝 + 1, 2𝑗 + 2𝑝 +

1, 2𝑗 + 2𝑝 + 2, … , 2𝑗 + 𝑘𝑝 + 𝑘 − 1, 2𝑗 + 𝑘𝑝 + 𝑘 for 𝑗 = 1to 
𝑅

2
− 1. Place the vertices in 

each sequence in each row starting from the second row such that the vertex 2𝑗 − 1 lies in 

the 𝑗th column and the subsequent vertices in the subsequent columns. 

Place the vertices 2𝑗 − 1, 2𝑗, 2𝑗 + 𝑝, 2𝑗 + 𝑝 + 1, 2𝑗 + 2𝑝 + 1, 2𝑗 + 2𝑝 + 2, … , 2𝑗 + 𝑘𝑝 +

𝑘 − 1 for 𝑗 =
𝑅

2
 in the (

𝑅

2
+ 1)th row starting from the 𝑗th column. Finally place the 

vertices 2𝑗 − 1, 2𝑗, 2𝑗 + 𝑝, 2𝑗 + 𝑝 + 1, 2𝑗 + 2𝑝 + 1, 2𝑗 + 2𝑝 + 2, … , 2𝑗 + (𝑘 − 1)𝑝 + 𝑘 −

1 for 𝑗 =
𝑅

2
+ 1 to 𝑟 starting from the (

𝑅

2
+ 2)th row and the 𝑗th column. This arrangement 

places as many neighboring vertices as possible nearby one another and creates 𝑟 + 1 

rows. 

When joined by the corresponding edges, the first two vertices in each row together form a 

cycle of length 𝑝 + 1. For example, the vertices 0 and 𝑝 in the first row, 1 and 2 in the 

second row,…,𝑝 − 1 and 𝑝in the 𝑟th row form the cycle 𝐶: 0, 1, 2, … , 𝑝 − 1, 𝑝, 0. Thus 

there are 𝑘 = ⌊
2𝑎

𝑝+1
⌋ cycles. Each of the edges (𝑝 − 1, 𝑝), (2𝑝, 𝑝 + 1),… that join those 
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vertices in the (𝑟 + 1)th row and the first row crosses exactly 𝑟 − 1 edges that are in the 

2nd to 𝑟th row contributing 𝑘(𝑟 − 1) to the crossing number. 

When 𝑅 = 0, the end vertex in the 𝑗th row has the first vetex in the same row as its 

neighbor. Hence, the edges connecting these pairs of neighbors will not cross one another.  

When 𝑅 ≠ 0, the end vertex in the 𝑗th row has the first vertex in the (
𝑅

2
+ 𝑗)th row for 𝑗 =

1 to 
𝑅

2
  and (𝑗 −

𝑅

2
)th row for 𝑗 =

𝑅

2
+ 1 to 𝑟 + 1. 

The end vertex in each of the 𝑟 + 1 rows has as its neighbor the first vertex in each row. 

The first pair in the remaining 𝑅 vertices occupy the last place in the first and second 

rows, the second pair occupies the second and third rows, and so on. Therefore, each of 

the 𝑟 + 1 −
𝑅

2
 end vertices in the (

𝑅

2
+ 2), (

𝑅

2
+ 3), …th row would be a neighbor of the 

vertex 0, and other odd suffixed vertices 1, 3, 5,… respectively and each of the 
𝑅

2
 end 

vertices in the first, second,…, (
𝑅

2
+ 1)th row would be a neighbor of the next odd 

suffixed vertices. On their passage, they cross one another contributing 
𝑅

2
(𝑟 + 1 −

𝑅

2
) to 

the crossing number.         □ 

When the 𝑝-petal graph is not planar, the following cases arise: 

i. 𝑝 = 3 and 𝑎 = 𝑜𝑑𝑑; 

ii. 𝑝 > 3 and 𝑎 = 𝑒𝑣𝑒𝑛; 

iii. 𝑝 > 3and 𝑎 = 𝑜𝑑𝑑. 

When 𝑝 = 3 and 𝑎 is odd, then 𝑟 = 1and 𝑘 = ⌊
2𝑎

4
⌋ = 2, which implies that 𝐶𝑅(𝐺) = 1. 

When 𝑝 > 3 and 𝑎 is odd such that 𝑝 = 𝑎, then 𝑘 = 1; 𝑅 = 𝑝 − 1 = 2𝑟, which implies 

that 𝐶𝑅(𝐺) ≤ 2𝑟 − 1 = 𝑎 − 2. Corollary 2 improves this result by considering another 

vertex sequence of the 𝑝-petal graph.  

Corollary 2 

For a 𝑝-petal graph 𝐺, the crossing number 𝐶𝑅(𝐺) = 1, when 𝑝 > 3 and 𝑎 = 𝑝 = 𝑜𝑑𝑑. 

Proof: 

Without loss of generality, we consider the cycle 𝐶: 0, 𝑝, 𝑝 − 1, 2𝑝 − 1, 2𝑝 − 2, … , 𝑗𝑝 −
𝑗 + 1, 𝑗𝑝 − 𝑗, … , 𝑝 + 1, 1, 0. Starting from 0, every second vertex in the cycle is of even 

suffix. The third vertex to any even suffixed vertex is its neighbor. Starting from 0, it is 

possible to join the 
𝑎−1

2
 alternate even suffixed vertices with their respective neighbors by 

drawing them in the inner region of the cycle. The other 
𝑎−1

2
 even suffixed vertices can be 

joined with their respective neighbors by drawing the edges in the outer region. The 

remaining lonely even suffixed vertex 𝑝 + 1 cannot be joined with its neighbor without 

crossing any edge.        □ 

When 𝑝 > 3 and 𝑎 is even such that 𝑎 = 𝑝 + 1, then 𝑘 = 2; 𝑅 = 0, which implies that 

𝐶𝑅(𝐺) ≤ 2(𝑟 − 1) = 𝑎 − 4. Corollary 3 improves this result for 𝑝-petal graphs with 𝑎 ≥
10, when 𝑟 is even. 

Corollary 3 

For a 𝑝-petal graph 𝐺 with more than 10 petals, the crossing number 𝐶𝑅(𝐺) ≤
𝑎

2
, when 

i. 𝑟 is even; 

ii. 𝑎 = 𝑝 + 1 
Proof: 

Consider the vertex sequence 0, 𝑝, 𝑝 − 1, 2𝑝 − 1, 2𝑝 − 2, … , 𝑗𝑝 − 𝑗 + 1, 𝑗𝑝 − 𝑗, …. The 

initial vertices in the sequence are 0and 𝑝 = 2𝑟 + 1. When 𝑟 is even, every 2𝑟 vertices 
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added in the sequence after the initial vertices will create a cycle with 2𝑟 + 2 = 𝑎 vertices. 

Hence, the following two cycles with 𝑎 vertices are formed. 

𝐶1: 0, 𝑝, 𝑝 − 1, 2𝑝 − 1, … ,1,0; 

𝐶2: 2, 𝑝 + 2, 𝑝 + 1, 2𝑝 + 11, … ,3,2. 

It is possible to draw 𝐶2 in the inner region of 𝐶1 and connect the 
𝑎

2
 vertices of 𝐶1 with 

their respective neighbors in 𝐶2 by edges without crossing any edge. Each edge connecting 

the remaining 
𝑎

2
 vertices with their respective neighborscontribute1 to the crossing 

number.         □ 

The pairwise crossing number of 𝐺, denoted 𝑃𝐴𝐼𝑅 − 𝐶𝑅(𝐺), is the minimum number of 

crossing pairs of edges over all drawings of 𝐺. Two edges may cross more than once, but 

every pair of edges contribute at most one to the pair crossing number. No pair of edges in 

a 𝑝-petal graph cross each other more than once. Therefore, 𝑃𝐴𝐼𝑅 − 𝐶𝑅(𝐺) =   𝐶𝑅(𝐺). 

The odd crossing number of 𝐺, denoted 𝑂𝐷𝐷 − 𝐶𝑅(𝐺), is the minimum number of those 

pairs of edges which cross an odd number of times over all drawings of 𝐺. Using the same 

argument (every pair of crossing edges cross only once), we state that the 𝑂𝐷𝐷 −
𝐶𝑅(𝐺) = 𝐶𝑅(𝐺). 

The following chain of equalities follows immediately.  

𝑂𝐷𝐷 − 𝐶𝑅(𝐺) =  𝑃𝐴𝐼𝑅 − 𝐶𝑅(𝐺) =  𝐶𝑅(𝐺) 
 

BISECTION WIDTH OF 𝒑-PETAL GRAPHS 

Leighton [10]observed a relation between the crossing number and the bisection width of a 

graph, based on the separator theorem for planar graphs by Lipton et al[11]. The bisection 

width of a graph 𝐺, denoted 𝑏(𝐺) is the minimum number of edges whose removal splits 

the graph into two roughly equal subgraphs. Pach et al [12] observed that for a graph 𝐺 of 

𝑛 vertices with degrees 𝑑𝑖, the bisection width is given by 𝑏(𝐺) ≤ 10√𝐶𝑅(𝐺) +

 2√∑ 𝑑𝑖
2𝑛

𝑖=1 . We present the following result on bisection width of 𝑝-petal graphs. 

Theorem 4: 

The bisection width of a 𝑝-petal graph with 𝑎 petals is 𝑝 + 1. 

Proof: 

Without loss of generality we consider the petals 𝑃0 = 𝑢0𝑣0𝑢𝑝and 𝑃𝑎

2
= 𝑢𝑎𝑣𝑎

2
𝑢𝑎+𝑝. The 

base of each of these petals 𝑃0 and 𝑃𝑎

2
 has 𝑟 terminal base points, namely 

𝑢1, 𝑢3, … , 𝑢𝑝−2and 𝑢𝑎+1, 𝑢𝑎+3, … , 𝑢𝑎+𝑝−2. We can eliminate the 𝑟edges (𝑣𝑎−𝑟 , 𝑢1), 

(𝑣𝑎−𝑟+1, 𝑢3), …, (𝑣𝑎−1, 𝑢𝑝−2) together with the edge (𝑢2𝑎−1, 𝑢0) to ‘open up’ the petal 

graph. In the similar way, we can eliminate the 𝑟edges (𝑣𝑎−2𝑟

2

, 𝑢𝑎+1), (𝑣𝑎−2𝑟+2

2

, 𝑢𝑎+3), …, 

(𝑣𝑎−2

2

, 𝑢𝑎+𝑝−2) together with the edge (𝑢𝑎−1, 𝑢𝑎). Elimination of these 2𝑟 + 2 edges splits 

the 𝑝-petal graph.      □ 

The results on crossing number and bisection width can be combined to get the following 

results: 

i. For 𝑎 > 𝑝, we have 𝐶𝑅(𝐺) ≤  (
2𝑎

𝑏(𝐺)
) (𝑟 − 1) +  

𝑅

2
(𝑟 −

𝑅

2
+ 1). 

ii. For 𝑎 = 𝑝, we have 𝐶𝑅(𝐺) ≤ 𝑏(𝐺) − 3. 

iii. For 𝑎 = 𝑝 + 1, we have 𝐶𝑅(𝐺) ≤ 𝑏(𝐺) −  4. 

We extend our discussion on the crossing number of 𝑝-petal graphs to some of its variants. 
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THE DEGENERATE CROSSING NUMBER 

The degenerate crossing number introduced by Pach et al [13] is the minimum number of 

crossing points over all drawings of 𝐺, where more than two edges can cross at a single 

point. This relaxation greatly reduces the upper bound of crossing number of 𝑝-petal 

graphs. 

Theorem 5: 

The degenerate crossing number of 𝑝-petal graphs is  

𝐶𝑅∗(𝐺) =  {
1, 𝑤ℎ𝑒𝑛 𝑅 ≠ 0
2, 𝑤ℎ𝑒𝑛 𝑅 = 0

 

Proof: 

We consider the same arrangement of vertices in rows and columns as described in 

theorem 1.  When 𝑅 ≠ 0, it is possible to consider a point somewhere in the outer region 

and draw all the crossing edges passing through this point. When 𝑅 = 0, it is possible to 

consider two distinct points on the outer region, preferably one point above the rows and 

the other below the rows, and draw all the crossing edges through either of these points. 

         □ 

 

THE RECTILINEAR CROSSING NUMBER 

The rectilinear crossing number of a graph 𝐺 is the minimum number of crossings over all 

drawings of 𝐺 in which every edge is represented by a straight line segment. We note that 

it is possible to rearrange the vertices depicted in theorem one in such a way that the 

vertices are not collinear and adjacent vertices are joined by straight line segments. Hence, 

the rectilinear crossing number is the same as the crossing number of 𝑝-petal graphs.  

 

THE BIPLANAR CROSSING NUMBER 

Owens [14] introduced the concept of biplanar crossing number. The biplanar crossing 

number of a graph 𝐺 is defined as the minimum of the sum of crossing numbers of two 

graphs 𝐺1 and 𝐺2 whose union is 𝐺, where the minimum is taken over all unions 𝐺 =
 𝐺1 ∪ 𝐺2. The biplanar crossing number is related to the thickness and book crossing 

number problems. 

 

THICKNESS OF 𝒑-PETAL GRAPHS 

Tutte [15] defined the thickness of a graph. The thickness 𝜃(𝐺) of a graph 𝐺 is the 

minimum number of planar subgraphsof 𝐺, whose union is 𝐺. Mansfield [16] showed that 

finding the thickness of an arbitrary graph 𝐺 is an NP-complete problem. By definition, it 

is clear that the thickness of a planar graph is one. Halton [17] proved that 𝜃(𝐺) ≤ ⌈
𝑑

2
⌉, 

where 𝑑 is the maximum degree of the graph 𝐺. The thickness of the 𝑝-petal graphs, 

whose maximum degree is three is, therefore, two. Thus, 𝑝-petal graphs are biplanar 

graphs. By definition, the biplanar crossing number is zero if and only if 𝜃(𝐺) ≤ 2, that is 

𝐺 is biplanar. Hence, the biplanar crossing number of the 𝑝-petal graphs is zero. 

The geometric thickness of a graph 𝐺 is obtained by drawing the edges as straight line 

segments. The arboricity of a graph 𝐺 is the smallest number of forests whose union is 𝐺. 

Using the same arrangement of vertices used for rectilinear crossing number, we can 

observe that the geometric thickness and the arboricity of a 𝑝-petal graph are two each. 

A book consists of a non-empty collection of half planes, called pages, the boundaries of 

which are identified along a line, called the spine. We have to embed every vertex of the 

graph 𝐺 on the spine and every edge of 𝐺 on a page such that no two edges cross each 
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other. The minimum number of pages required for such an embedding is called the book 

thickness of the graph 𝐺. 

Yannakakis[18]proved that every planar graph has book thickness at most four. If the 

graph 𝐺 is not planar, then it cannot be embedded in fewer than three pages. 

 

OTHER MEASURES OF CROSSING NUMBER 

Liebers[19]stated that a nonplanar graph can be transformed into a planar graph by 

performing the following operations on single vertex or edge:  

i. Vertex deletion; 

ii. Edge deletion; 

iii. Vertex splitting. 

When we go on deleting vertices or edges whose removal reduces the edge crossings, 

eventually it makes a nonplanar graph in to a planar graph. The problem is: Given a 

nonplanar graph 𝐺, what is the minimum number of vertices/edges of 𝐺 whose removal 

transforms 𝐺 into a planar graph 𝐺′? 

Theorem 6: 

A nonplanar 𝑝-petal graph becomes planar when 𝑘 + 𝑚𝑖𝑛 {
𝑅

2
, 𝑟 −

𝑅

2
+ 1} vertices are 

deleted. 

Proof: 

 We refer to the arrangement made for calculating the crossing number of 𝑝-petal 

graphs. When we delete the 𝑘vertices 𝑝, 2𝑝 + 1, 3𝑝 + 2,…, 𝑘𝑝 + 𝑘 in the first row, we 

remove 𝑘(𝑟 − 1) edge crossings. It is enough removing the end vertices in the first 𝑟 −
𝑅

2
+ 1 rows or the last 

𝑅

2
 rows whichever is minimum, to remove the remaining edge 

crossings.          □ 

We can remove the same number of edges that are incident with the vertices depicted in 

the above theorem to remove the crossings they have with other edges so that the graph 

becomes planar. 

A nonplanar graph 𝐺 can be transformed in to planar by splitting some vertices of 𝐺. The 

vertex splitting operation on a graph is the reversal of identifying two vertices, defined as 

follows: 

If 𝐺′ = (𝑉′, 𝐸′) is a graph with two vertices 𝑣1 ∈ 𝑉′and 𝑣2 ∈ 𝑉′, and if 𝐺 = (𝑉, 𝐸) is the 

graph obtained from 𝐺′ with  

𝑉 =  (𝑉′\{𝑣1, 𝑣2}) ∪ {𝑣}and 

𝐸 =  (𝐸′\{𝑢𝑣𝑖|𝑢 ∈ 𝑉′𝑎𝑛𝑑 𝑖 ∈ {1, 2} 𝑎𝑛𝑑 𝑢𝑣𝑖 ∈ 𝐸′})
∪ {𝑢𝑣|𝑢 ∈ 𝑉\{𝑣} 𝑎𝑛𝑑 (𝑢𝑣1 ∈ 𝐸′𝑜𝑟 𝑢𝑣2 ∈ 𝐸′)} 

Then we say that 𝐺′ was obtained from 𝐺 by splitting the vertex 𝑣. 

The splitting number of  graph𝐺, denoted 𝜎(𝐺), is the smallest number 𝑘, so that 𝐺 can be 

obtained from a planar graph 𝐺′ by 𝑘 vertex identification of two vertices each. Clearly 

𝜎(𝐺) = 0 if and only if 𝐺 is planar. 

Theorem 7: 

The vertex splitting number of a 𝑝-petal graph is 𝑘 + min (
𝑅

2
, 𝑟 −

𝑅

2
+ 1). 

Proof: 

Consider the same arrangement considered in theorem 1. We initially split the vertices 𝑢𝑖 

with suffices 𝑖 =  𝑝, 2𝑝 + 1, 3𝑝 + 2,  and so on, in the first row. We then split the end 

vertices in the first 𝑟 −
𝑅

2
+ 1 rows or the last 

𝑅

2
 rows whichever is minimum. Since the 

degree of these vertices is three, splitting these vertices make the incident edges that cause 
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the crossings disappear. Thus we could remove all the edge crossings in 𝑘 + 𝑚𝑖𝑛 {
𝑅

2
, 𝑟 −

𝑅

2
+ 1} vertex split operations. 

 

CONCLUSION 

In this paper, we have presented some results on the nonplanarity of the 𝑝-petal graphs. 

The nonplanarity of other variants of 𝑝-petal graphs can be presented in the future research 

work. There are many variants of these measures of nonplanarity, which can also be 

explored and presented.  

 

REFERENCE 

[1]  V. Kolappan, R. Selvakumar, Petal graphs, Int. J. Pure and Appl. Math.Vol. 75(3), pp. 

269-278, 2012. 

[2] P. Turan, A note of welcome, J. Graph Theory, Vol. 1, pp. 7-9, 1977. 

[3] K. Zarankiewicz, On a problem of P. Turán concerning graphs, Fund. Math, Vol. 41, 

pp. 137-145, 1954. 

[4] D. J. Kleitman, The crossing number of K5, J. Comb. Theory, Vol. 9, pp. 315-323, 

1970. 

[5] D. R. Woodall, Cyclic-order graphs and Zarankiewicz's crossing-number conjecture,  

J. Graph Theory, Vol. 17, pp. 657-671, 1993. 

[6] M. Ajtai, V. Chvátal, M. Newborn and E. Szemerédi, Crossing-free subgraphs, Annals 

of Discrete Math, Vol. 12, pp. 9-12, 1982. 

[7] T. Leighton: Complexity Issues in VLSI, Foundations ofComputing Series, MIT 

Press, Cambridge, MA, 1983. 

[8] Imrich Vrť0, Crossing Numbers of Graphs: A Bibliography, 

http://www.ifi.savbs.sk/pub/imrich/crobib.pdf, 2014. 

[9] M. R. Garey, and D.S. Johnson, Crossing number is NP-Complete, SIAM J. Algebraic 

Discrete Methods, Vol. 4, pp. 312-316, 1983. 

[10] T. Leighton, New lower bound techniques for VLSI, Math.Systems Theory, Vol. 17, 

pp. 47-70, 1984. 

[11] R. Lipton and R. Tarjan, A separator theorem for planar graphs, SIAM J. Applied 

Mathematics,Vol. 36,pp. 177-189, 1979. 

[12] J. Pach, F. Shahrokhi, and M. Szegedy, Applications of the crossing number, 

AlgorithmicaVol. 16,pp. 111-117, 1996. 

[13] J.Pach, G.Tóth, Degenerate Crossing Numbers, Discrete & Computational Geometry, 

Vol. 41(3), pp. 376-384, 2009. 

[14] A. Owens, On the biplanar crossing number, IEEE Transactions on Circuit Theory, 

Vol. 18,pp. 277-280, 1971. 

[15] W. T. Tutte, The thickness of a graph, Indag. Math.,Vol. 25, pp.567-577, 1963. 

[16] A. Mansfield, Determining the thickness of graphs is NP-hard, Mathematical 

Proceedings of the Cambridge Philosophical Society, Vol. 9, pp. 9-23, 1983. 

[17] J. Halton, On the thickness of graphs of given degree, Information Sciences, Vol. 54, 

pp. 219-238, 1991. 

[18] M. Yannakakis, Four pages are necessary and sufficient for planar graphs, Proc.18th 

Ann. ACM Symp. Theory Comp., pp. 104-108, 1986. 

[19] A. Liebers, Planarizing graphs, J. Graph Algorithms and Applications, Vol. 5(1) 1-74, 

2001. 

http://www.ifi.savbs.sk/pub/imrich/crobib.pdf

