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Abstract 

  Given a configuration of pebbles on the vertices of a graph, a pebbling move is defined 

by removing two pebbles from some vertex and placing one pebble on an adjacent vertex. The 

cover pebbling number of a graph,𝜇 (G), is the smallest number of pebbles such that through a 

sequence of pebbling moves, a pebble can eventually be placed on every vertex simultaneously, 

no matter how the pebbles are initially distributed. The t-cover pebbling number ,𝜇𝑡 𝐺  of a 

connected graph G is the smallest positive integer such that from every placement of  

𝜇𝑡 𝐺  pebbles, every vertex has t pebbles on it. In this paper We find t-cover pebbling number 

for Star graph,complete r-partite graph,Fuses,Cycles, Jahangir graph and also discuss the 

bounded t-cover pebbling ratios for these graphs. 
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1    Introduction 

Pebbling, one of the latest evolutions in graph theory proposed by Lagaris and Saks has 

been the topic of vast investigation with significant observations, Having Chung [1] as the 

forerunner to familiarize pebbling into writings, many other authors too have developed this  

topic. Hurlbert published a survey of pebbling results in [4] and found the cover pebbling number 

for hypercubes in [3]. Given a connected graph G = (V,X), where V is the set of all vertices and 

X is the set of all edges, we distribute certain number  of pebbles on the vertices in some 

configuration. Precisely, a configuration on a graph G is a function from V (G) to N  ∪{0} 

representing a placement of pebbles on G. The size of the configuration is the total number of 
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pebbles placed on the vertices. A pebbling move is the removal of two pebbles from one vertex 

and the addition of one pebble to an adjacent vertex. In pebbling a target vertex is selected and 

the aim is to move a pebble to the target vertex. The minimum number of pebbles, such that 

regardless of their initial placement and regardless of the target vertex, we can pebble target 

vertex is called the pebbling number of G.  

The concept of cover solvability was introduced in [2]. We call a configuration on a graph cover 

solvable if, starting with this configuration, it is possible through a sequence of pebbling moves, 

to simultaneously place one pebble on every vertex of the graph. The cover pebbling number of a 

graph,𝜇(G), is determined as the smallest number such that every configuration of this size is 

cover solvable. One application in [2]  for 𝜇 (G) is based on a military application troops must be 

distributed simultaneously. In [10] the concept of t-cover pebbling was introduced. The t-cover 

pebbling number ,𝜇𝑡 𝐺  of a connected graph G is the smallest positive integer such that from 

every placement of  𝜇𝑡 𝐺  pebbles, every vertex has t pebbles on it.,In [10], the t-cover pebbling 

number for paths, complete graphs, Wheel, Fan, Hypercube are determined. 

2    Star Graph 

In this section we will compute the t-cover pebbling number for the star graph. The vertices of 

the star graph 𝐾1,𝑛   is Y∪W where Y={𝑣0} and W = {𝑣1, 𝑣2 , 𝑣3 ………𝑣𝑛}, for a total of v=n+1 

vertices. 

Theorem 2.1 [11] 

 For the star graph , 𝜇 (𝐾1,𝑛) = 4n-1 

Theorem  2.2 

 For the star graph , 𝜇𝑡  (𝐾1,𝑛) = t(4n-1) 

Proof: 

 Let V(𝐾1,𝑛) = Y∪W where Y={𝑣0} and W = {𝑣1, 𝑣2 , 𝑣3 ………𝑣𝑛}. 

Suppose if 0 pebbles on 𝑣0 and if t(4n-1)-1 pebbles are placed on any one of 𝑣𝑖 , i= 1, 2, 

…………n-1 then we will use  2t pebbles to cover 𝑣0 with t pebbles and we will use 4t pebbles 

to cover each 𝑣𝑗  ,j≠{0,i} with t- pebbles then we have t-1 pebbles remaining on 𝑣𝑖 . Hence 𝜇𝑡  

(𝐾1,𝑛) ≥ t(4n-1). 

Next we prove 𝜇𝑡  (𝐾1,𝑛) ≤ t(4n-1). We prove this result by induction on t. For t= 1, the result is 

obvious by Theorem 2.1. For t>1, there are at least  2(4n-1) pebbles on 𝐾1,𝑛 . Using atmost 4n-1 

pebbles we can cover all the vertices with one pebbles on each. Then the remaining number of 

pebbles on 𝐾1,𝑛will be (t-1)(4n-1). By induction these pebbles would suffice to put t-1 additional 

pebbles on each vertices of 𝐾1,𝑛 . 
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Remarks 2.3 

The star graph on n vertices 𝐾1,𝑛−1 is 𝐹2(𝑛).Therefore   𝜇𝑡(𝐹2 𝑛 ) = t(4n-5). 

3 Fuses 

The vertices of  𝐹𝑙 𝑛  are (𝑙 ≥ 2,n≥ 3) are 𝑣1, 𝑣2 , 𝑣3 …………………… . 𝑣𝑛so that first 𝑙 vertices 

form a path from 𝑣1 to 𝑣𝑙  and the remaining vertices are independent and adjacent only to 𝑣𝑙  .  

Theorem 3.1 [2] 

For 𝐹l 𝑛 , the cover pebbling number is 𝜇(𝐹𝑙 𝑛 ) = (n- 𝑙 +1)2𝑙 − 1. 

Theorem 3. 𝟐  

 The t-cover pebbling number for fuses 𝐹𝑙 𝑛  is 𝜇𝑡 𝐹l 𝑛  = t[(n- 𝑙 +1)2𝑙 − 1]. 

Proof: 

 If  t[(n-𝑙+1)2𝑙 − 1] -1 pebbles are placed at vertex 𝑣1 then t2𝑙  pebbles will be used to 

cover each of the n- 𝑙 vertices {𝑣𝑛 , 𝑣n−1, …………………… . 𝑣𝑙+1} with t pebbles and 2t pebbles 

will be used to cover 𝑣2 with t- pebbles, t 22 pebbles will be used to cover 𝑣3 with t  pebbles 

…………. and t2𝑙−1 pebbles will be used to cover 𝑣𝑙  with t pebbles. Then only t-1 pebbles will 

remain to cover 𝑣1. Hence 𝜇𝑡 𝐹𝑙  𝑛  ≥ t[(n- 𝑙 +1)2𝑙 − 1] 

Next we prove 𝜇𝑡 𝐹𝑙  𝑛  ≤ t[(n- 𝑙 +1)2𝑙 − 1]. 

We prove this result by induction on t. For t= 1, the result is obvious by Theorem 2.1. For t>1, 

there are at least  2[(n- 𝑙 +1)2𝑙 − 1] pebbles on𝐹𝑙  𝑛 . Using atmost [(n- 𝑙 +1)2𝑙 − 1] pebbles we 

can cover all the vertices with one pebbles on each. Then the remaining number of pebbles on 

𝐹𝑙   𝑛  will be (t-1)( [(n- 𝑙 +1)2𝑙 − 1]. By induction these pebbles would suffice to put t-1 

additional pebbles on each vertices of 𝐹𝑙  𝑛 . 

4  Complete r-partite graph 

 Definition 4.1[5] 

 For 𝑠1 ≥ 𝑠2 ≥ ⋯……… . ≥ 𝑠𝑟 , 𝑠1 > 1 and if r=2, 𝑠2 > 1 . Let 𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟  be the 

complete r-partite graph with 𝑠1, 𝑠2, ………… . . 𝑠𝑟  vertices in vertex classes 

𝐶1, 𝐶2, ……………𝐶𝑟  respectively. Let n = 𝑠𝑖
𝑟
𝑖=1 . 
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Example:[5] 

 Fig 4.1.1 shows 𝐾5,3,𝟐 

 

Fig 4.1.1 

 

Definition 4. 2: [5] 

 For a complete r-partite graph G=𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟  , Let 𝜑(𝐺) = 4𝑠1 + 2𝑠2 +

2𝑠3 ………… . +2𝑠𝑟 − 3 

Theorem 4.3:[5] 

 𝜇(𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ) = 𝜑(𝐺) 

Theorem 4.4: 

 𝜇𝑡(𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ) = t 𝜑(𝐺) 

Proof: 

          First we will show that not every configuration of size   t (𝜑 𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ) − 1 

on 𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 is t-cover solvable. Consider the case where all 

𝑡𝜑 𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 − 1 pebbles are one vertex of 𝐶1 , call at x. There are k=𝑠2 + 𝑠3 +

⋯………… . +𝑠𝑟  vertices that are distance one from x and 𝑙 = 𝑠1-1 vertices that are distance 

two from x. for the k vertices a distance one from x , 2kt pebbles are required to cover these 

vertices and for the 𝑙 vertices at distance 2 from x, there are t(4𝑙) pebbles required to cover these 

vertices.we need one more t-pebbles to remain on x. For a total of 



International Journal of Advanced Scientific and Technical Research                  Issue 4 volume 2, March-April 2014 

Available online on   http://www.rspublication.com/ijst/index.html                                                     ISSN 2249-9954 

 

R S. Publication, rspublicationhouse@gmail.com Page 929 
 

t(2k + 4𝑙 + 1) =t(𝜑 𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ) pebbles required which is one more than we 

have.  

Hence 𝜇𝑡(𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ) ≥ t 𝜑(𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ). 

Next we will use induction on t to prove 𝑡𝜑(𝐾𝑠1,𝑠2,𝑠3,…………….𝑠𝑟) pebbles are sufficient to move 

t-pebbles to all the vertex. The claim is clear for t=1 by Theorem 4. 3. Suppose t>1 ,there are at 

least  2[𝜑(𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ) pebbles on𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 . Using atmost 

𝜑(𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 ) pebbles we can cover all the vertices with one pebbles on each. Then the 

remaining number of pebbles on 𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟  will be (t-1) 𝜑 𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 . By 

induction these pebbles would suffice to put t-1 additional pebbles on each vertices of 

𝐾𝑠1 ,𝑠2 ,𝑠3 ,…………….𝑠𝑟 . 

 

5  Cycles 

Theorem 5.1[10] 

 Let w be  a positive goal distribution. To determine the w-cover pebbling number of a 

connected graphs, it is sufficient to consider simple initial distribution. In fact, for any initial 

distribution that admits no cover pebbling all pebbles may be concentrated to one of the fat nodes 

with cover pebbling still not possible. 

Theorem 5. 2 [9] 

 The t cover pebbling number for the path of length n is  𝜇𝑡(𝑃𝑛) = t(2𝑛 −  1) 

Theorem 5.3 

         Let 𝐶𝑛  denote a simple cycle with n vertices where n≥ 3. Then  

𝜇𝑡 𝑃𝑛 =   
3𝑡 2

n
2 − 1            𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑡(2.2 𝑛 2  − 3)         𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
  

Proof: 

 Let 𝐶𝑛= {𝑣1, 𝑣2, ………………… . 𝑣𝑛} be a cycle of length n. 

By Theorem 5.1 Fix a vertex say 𝑣1 

Case (i) : when n is even  
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 The edges of 𝐶𝑛  can be partitioned into two disjoint paths say 𝑃1 and 𝑃2 each from 𝑣1 to 

𝑣𝑛
2 +1. Suppose if we place all the pebbles at 𝑣1. 

Conside the paths  𝑃1: 𝑣1, 𝑣2, …………… . . 𝑣𝑛
2 +1 and        

𝑃2: 𝑣1, 𝑣n , 𝑣n−1 …………… . . 𝑣𝑛
2 +1. So we need 2𝜇𝑡  𝑃𝑛

2 +1 . Also note that 𝑣1 and 

𝑣𝑛
2 +1   may be pebbled twice. To pebble 𝑣1 we may use t pebble and to pebble 𝑣𝑛

2 +1  we 

may use t2
𝑛

2  pebbles. Thus we need 2𝜇𝑡  𝑃𝑛
2 +1 − 𝑡 − t2

𝑛
2 = 3𝑡 2

n
2 − 1  pebbles to 

cover all the vertices of 𝐶𝑛  with t pebbles when n is even. 

 

  Case (ii) : when n is odd  

 In this case, Consider the paths  𝑃1: 𝑣1, 𝑣2, …………… . . 𝑣
 
𝑛

2
 +1

 and        

𝑃2: 𝑣1, 𝑣n , 𝑣n−1 …………… . . 𝑣
 
𝑛

2
 +1

. So we need 𝜇𝑡  𝑃 𝑛 2  +1  and 𝜇𝑡  𝑃 𝑛 2    . Also 

note that 𝑣1 and 𝑣 𝑛 2  +1   may be pebbled twice. To pebble 𝑣1 we may use t pebble and to 

pebble 𝑣𝑛
2 +1  we may use t2 𝑛 2  

  pebbles on 𝑃1 and t2 𝑛 2  −1
 pebbles on 𝑃2. Thus we need 

𝜇𝑡  𝑃 𝑛 2  +1 + 𝜇𝑡  𝑃 𝑛 2   − 𝑡 − t2 𝑛 2  = 𝑡(2.2 𝑛 2  − 3)  pebbles to cover all the 

vertices of 𝐶𝑛  with t pebbles when n is odd.   

  

 6  Jahangir graph 

 In this section we find cover pebbling and t cover pebbling for Jahangir graph. 

Definition 6.1[6] 

 Jahangir graph 𝐽𝑛 ,𝑚  for 𝑚 ≥ 3 is a graph on nm+1 vertices, that is a graph consisting of a 

cycle 𝐶𝑛𝑚  with one additional vertex which is adjacent to 𝐶𝑛𝑚 . 

Example 6. 𝟐 [6] 

 Fig 6. 2.1 shows Jahangir graph 𝐽2,8. 
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Remark 6.3[6] 

              Let 𝑣2m+1  be the label of the center vertex and 𝑣1, 𝑣𝟐, ………………𝑣𝟐𝐦  be the 

label of the vertices that are incident clockwise on cycle 𝐶2𝑚  so that deg(𝑣1) = 3. 

Stacking Theorem 6.4 [7] 

   Vuong and Wyckoff [7] proved a theorem known as the stacking theorem which essentially 

finds the cover pebbling number for any graph. It states the configuration of pebbles that requires 

the most pebbles to be cover solved happens when all pebbles are placed on a single vertex. 

From there they state: 

𝑠 𝑣 =   2𝑑 𝑢 ,𝑣 

𝑢∈𝑉 𝐺 

 

Do this for every vertex v in G. d(u,v) denotes the distance from u to v. then the cover pebbling 

is the largest 𝑠 𝑣  that results. 

Theorem 6.5 

 The cover pebbling number for Jahangir graph 𝐽2,𝑚   is 𝜇(𝐽2,𝑚   ) = 17+ (m- 2) 23+(m-

3)24. 

Proof: 

The stacking theorem produces three sums , when all the pebbles are place on the center vertex 

and when they are placed on any one of the vertices {𝑣1, 𝑣3, ……………… . 𝑣𝟐𝑚−1}  and 

when all the pebbles are placed on any one of the vertices  {𝑣𝟐, 𝑣4, ……………… . 𝑣𝟐𝑚 } . 

placing them on the center vertex yields a sum of 2m + 4m + 1 = 6m + 1. Placing them on any 

one of the vertices {𝑣1, 𝑣3, ……………… . 𝑣𝟐𝑚−1} will yield  2.3 + 22 m − 1 +

23 m − 2 +1.Placing them on any one of the vertices {𝑣𝟐, 𝑣4, ……………… . 𝑣𝟐𝑚 }  will 
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yield a sum of  2.2 + 3. 22 +  m − 2 23 +  m − 3 24 + 1. A configuration of  6m +

1 or  2.3 + 22 m − 1 + 23 m − 2 + 1 pebbles on any one of the vertices 

{𝑣𝟐, 𝑣4, ……………… . 𝑣𝟐𝑚 } will not allow for a cover pebbling solution. 

Theorem 6.6 

The cover pebbling number for Jahangir graph 𝐽2,𝑚   is 𝜇𝑡(𝐽2,𝑚   ) =t[17+ (m- 2) 23+(m-

3)24]. 

Proof: 

 Consider the following distribution such that p(𝑣2) = t[17+ (m- 2) 23+(m-3)24]-1 and 

p(x) = 0 where x∈V\{𝑣2}. Then we cannot move t-pebbles to any one of the vertices of 𝐽2,𝑚 . 

Thus 𝜇𝑡(𝐽2,𝑚   ) ≥t[17+ (m- 2) 23+(m-3)24]. 

Next we will prove the result 𝜇𝑡(𝐽2,𝑚   ) ≤t[17+ (m- 2) 23+(m-3)24] by induction on t. For 

t=1 , the result is obvious by Theorem 6.5.For t>1, 𝐽2,𝑚  contains at least 34+(m- 2) 24+(m-

3)25 pebbles. Using at most 17+ (m- 2) 23+(m-3)24 pebbles to put t-pebbles on all the 

vertices of  𝐽2,𝑚 . Then the remaining number of pebbles on 𝐽2,𝑚   is at least (t-1) [17+ (m- 2) 

23+(m-3)24]. By induction we can put additional (t-1) pebbles on all the vertices of  𝐽2,𝑚 . 

So the result is true for all t. Thus, 𝜇𝑡(𝐽2,𝑚   ) ≤t[17+ (m- 2) 23+(m-3)24]. Therefore, 

𝜇𝑡(𝐽2,𝑚   ) =t[17+ (m- 2) 23+(m-3)24]. 

 

7  Bounded t- Cover pebbling ratio 

 In this section we find the bounded t-cover pebbling ratios for star graphs, cycles, 

complete r-partite graphs and Jahangir graph.  

Definition 7.1 [9] 

          The t-cover pebbling ratios 𝜌𝑡 𝐺   is defined as 
𝜇 𝑡 𝐺 

𝜋𝑡 𝐺 
 

Theorem 7. 𝟐  𝟕  

  The t-pebbling number for star graph 𝐾1,𝑛 is 𝜋𝑡 𝐾1,𝑛 =  2t + n − 1. 
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Theorem 7.3 [5]  

  The t- pebbling number for complete r-partite graph is 𝜋𝑡 𝐾𝑠1 ,𝑠2 ,𝑠3…………..𝑠𝑟  = 

 
2t + n − 2   if 2t ≤ n − s1

4𝑡 + 𝑠1 − 2  if 2t ≥ n − s1

    

Theorem 7.4 [7] 

 The t-pebbling number for the cycle 𝐶𝑛  is 𝜋𝑡 𝐶𝑛  = 

 
𝑡2

𝑛

2                                                                         𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

1 +  𝑡 − 1 2
 
𝑛

2
 

+  2   
2

3
 (2

 
n

2
 
− 1)              when n is odd

     

Theorem 7.5 

  𝜌𝑡 𝐾1,𝑛 = 4𝑡 

Proof:     𝜌𝑡 𝐾1,𝑛 =   
𝜇 𝑡 𝐾1,𝑛  

𝜋𝑡 𝐾1,𝑛  
 

                             =  
𝑡(4𝑛−1)

2𝑡+𝑛−1
  

                    =  
4n−1

2+
n−1

t

 

                             The limit as n approaches infinity for this equation is 4t. 

Theorem 7.6 

  𝜌𝑡 𝐾𝑠1 ,𝑠2 ,𝑠3…………..𝑠𝑟 = 2t   as n→ ∞ or as s1 → ∞ 

Proof: 

If    2t ≤ n − s1  

𝜌𝑡 𝐾𝑠1 ,𝑠2 ,𝑠3…………..𝑠𝑟    =  
𝜇 𝑡 𝐾𝑠1,𝑠2,𝑠3…………..𝑠𝑟  

𝜋𝑡 𝐾𝑠1,𝑠2,𝑠3…………..𝑠𝑟  
           

                                =    
𝑡[4𝑠1+2 𝑛−𝑠1 −3

2t+n−2
 

                    The limit as n approaches infinity or   𝑠1 approaches infinity for this equation is  

2t. 

If    2t ≥ n − s1  
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𝜌𝑡 𝐾𝑠1 ,𝑠2 ,𝑠3…………..𝑠𝑟    =  
𝜇 𝑡 𝐾𝑠1,𝑠2,𝑠3…………..𝑠𝑟  

𝜋𝑡 𝐾𝑠1,𝑠2,𝑠3…………..𝑠𝑟  
           

                                =    
𝑡[4𝑠1+2 𝑛−𝑠1 −3]

4t+𝑠1−2
 

                 The limit as n approaches infinity or   𝑠1 approaches infini𝑡𝑦  for this equation is 2t 

Theorem 7.7 

  𝜌𝑡 𝐶𝑛 =   
3     𝑎𝑠   n → ∞   𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
4𝑡

2𝑡−1
      𝑎𝑠 n → ∞  𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑜𝑑𝑑

  

Proof: 

When n is even  

𝜌𝑡 𝐶𝑛     =  
𝜇 𝑡 𝐶𝑛  

𝜋𝑡 𝐶𝑛  
           

     =  
3𝑡(2

𝑛
2−1)

𝑡2
𝑛
2

 

The limit as n approaches infinity for this equation is 3. 

When n is odd 

𝜌𝑡 𝐶𝑛     =  
𝜇 𝑡 𝐶𝑛  

𝜋𝑡 𝐶𝑛  
           

     =  
𝑡(2.2 𝑛 2  −3)  )

1+ 𝑡−1 2
 
𝑛
2
 
+ 2  

2

3
 (2

 
n
2
 
−1) 

 

     = 
𝑡(2.2

𝑛
2 +1−3)  )

1+ 𝑡−1 2
𝑛
2
−1

+ 2  
2

3
 (2

𝑛
2
−1

−1) 
 

The limit as n approaches infinity for this equation is 
4𝑡

2𝑡−1
 

When n is odd 

Theorem 7.8 

𝜌𝑡(𝐽2,𝑚 )= 12t    , m≥ 8 
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Proof: 

𝜌𝑡(𝐽2,𝑚 )     =    
𝜇 𝑡 𝐽2,𝑚  

𝜋𝑡 𝐽2,𝑚  
      

                 =   
𝑡[17+ 𝑚−2 23+ m−3 24]

16 𝑡−1 +2𝑚+10
          , m≥ 8 

The limit as n approaches infinity for this equation is 12t. 
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