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Abstract. We introduce a new closed set called ℳ𝑋𝐺𝜁∗-closed set and a new class of mappings 

called ℳ𝑋𝐺𝜁∗-continuous functions and ℳ𝑋𝐺𝜁∗-irresolute functions which are defined on a 

family of sets satisfying some minimal conditions.  Further, we obtain some characterizations 

and some properties. 
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1. Introduction  

Topology has a tremendous application in computer graphics, image processing, digital 

image and digital pictures etc. T.Noiri [9] introduced the concepts of minimal structure on a 

nonempty set.  Also they introduced the notion of 𝑚𝑋-open set and 𝑚𝑋- closed set and 

characterize those sets using 𝑚𝑋-𝑐𝑙 and 𝑚𝑋-𝑖𝑛𝑡 operators respectively.  Further they introduced 

𝑀-continuous functions [11] and studied some of its basic properties.  They achieved many 

important results compatible by the general topology case.  Some other results about minimal 

spaces can be found in [1], [2], [3], [6], [7], [8] and [9]. For easy understanding of the material 

incorporated in this paper we recall some basic definitions.  For details on the following notions 

we refer [1], [5] and [11]. 

In this paper, we have a certain kind of investigation of 𝑔-closed set in minimal 

structure.  We have used a collection of sets satisfying some minimal conditions and introduce 

a new class of ℳ𝑋-structure set called minimally generalized 𝜁∗- closed set called ℳ𝑋𝐺𝜁∗-

closed set and also we introduce the functions called ℳ𝑋𝐺𝜁∗-continuous and ℳ𝑋𝐺𝜁∗-

irresolute.  Further, we obtain some characterizations and some properties. 

2. Preliminaries 

In this section, we introduce the ℳ-structure and define some important subsets 

associated to the ℳ-structure and the relation between them. 

Definition 2.1. [5] Let 𝑋 be a nonempty set and let 𝑚𝑋 ⊆ 𝑃(𝑋),where 𝑃(𝑋) denote the 

power set of 𝑋 where 𝑚𝑋 is an ℳ-structure (or a minimal structure) on 𝑋, if 𝜑 and 𝑋 belong 

to 𝑚𝑋.The members of the minimal structure 𝑚𝑋 are called 𝑚𝑋-open sets, and the pair 

(𝑋, 𝑚𝑋) is called an 𝑚-space.  The complement of 𝑚𝑋-open set is said to be 𝑚𝑋-closed. 
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Definition 2.2. [5] Let 𝑋 be a nonempty set and 𝑚𝑋 an ℳ-structure on 𝑋.  For a subset A of 

X, 𝑚𝑋-closure of A and 𝑚𝑋-interior of A are defined as follows: 

𝑚𝑋-𝑐𝑙(𝐴) = ⋂{𝐹: 𝐴 ⊆ 𝐹, 𝑋-𝐹 ∈ 𝑚𝑋} 

𝑚𝑋-𝑖𝑛𝑡(𝐴) = ⋃{𝐹: 𝑈 ⊆ 𝐴, 𝑈 ∈ 𝑚𝑋} 

Lemma 2.3. [5] Let 𝑋 be a nonempty set and  𝑚𝑋 an ℳ-structure on 𝑋.  For subsets 𝐴 and 𝐵 

of X, the following properties hold: 

(a) 𝑚𝑋- 𝑐𝑙(𝑋 − 𝐴) = 𝑋 − 𝑚𝑋-𝑖𝑛𝑡(𝐴) and 𝑚𝑋- 𝑖𝑛𝑡(𝑋 − 𝐴) = 𝑋 − 𝑚𝑋-𝑐𝑙(𝐴). 

(b) If 𝑋 − 𝐴 ∈ 𝑚𝑋, then 𝑚𝑋-𝑐𝑙(𝐴) = 𝐴 and if 𝐴 ∈ 𝑚𝑋 then 𝑚𝑋-𝑖𝑛𝑡(𝐴) = 𝐴. 

(c) 𝑚𝑋-𝑐𝑙(𝜑) = 𝜑, 𝑚𝑋-𝑐𝑙(𝑋) = 𝑋 𝑎𝑛𝑑 𝑚𝑋-𝑖𝑛𝑡(𝜑) = 𝜑, 𝑚𝑋-𝑖𝑛𝑡(𝑋) = 𝑋. 

(d) If 𝐴 ⊆ 𝐵 then 𝑚𝑋-𝑐𝑙(𝐴) ⊆  𝑚𝑋-𝑐𝑙(𝐵) and 𝑚𝑋-𝑖𝑛𝑡(𝐴) ⊆  𝑚𝑋-𝑖𝑛𝑡(𝐵). 

(e) 𝐴 ⊆ 𝑚𝑋-𝑐𝑙(𝐴) and 𝑚𝑋-𝑖𝑛𝑡(𝐴) ⊆ 𝐴. 

(f) 𝑚𝑋-𝑐𝑙(𝑚𝑋-𝑐𝑙(𝐴)) = 𝑚𝑋-𝑐𝑙(𝐴) and 𝑚𝑋-𝑖𝑛𝑡(𝑚𝑋-𝑖𝑛𝑡(𝐴)) = 𝑚𝑋-𝑖𝑛𝑡(𝐴). 

(g) 𝑚𝑋-𝑖𝑛𝑡(𝐴⋂𝐵) = (𝑚𝑋-𝑖𝑛𝑡(𝐴)) ⋂(𝑚𝑋-𝑖𝑛𝑡(𝐵)) and                                                                  

(𝑚𝑋-𝑖𝑛𝑡(𝐴)) ⋃ (𝑚𝑋-𝑖𝑛𝑡(𝐵)) ⊆ 𝑚𝑋-𝑖𝑛𝑡(𝐴⋃𝐵). 

(h) 𝑚𝑋-𝑐𝑙(𝐴⋃𝐵) ⊆ (𝑚𝑋-𝑐𝑙(𝐴))⋃( 𝑚𝑋-𝑐𝑙(𝐵)) and                                                                     

𝑚𝑋-𝑐𝑙(𝐴⋂𝐵) ⊆ (𝑚𝑋-𝑐𝑙(𝐴))⋂( 𝑚𝑋-𝑐𝑙(𝐵)). 

Lemma 2.4. [11] Let (𝑋, 𝑚𝑋) be an 𝑚-space and 𝐴 be a subset of 𝑋.  Then 𝑥 ∈ 𝑚𝑋-𝑐𝑙(𝐴) if 

and only if 𝑈⋂𝐴 ≠ 𝜑 for every 𝑈 ∈ 𝑚𝑋 containing 𝑥. 

Definition 2.5. [13]  Let 𝑋 be a nonempty set and 𝑚𝑋 an ℳ-structure on 𝑋.  For a subset A of 

X, 𝛼𝑚-closure of A and 𝛼𝑚-interior of A are defined as follows: 

𝛼𝑚𝑐𝑙(𝐴) = ⋂{𝐹: 𝐴 ⊆ 𝐹, 𝐹 𝑖𝑠 𝛼𝑚-𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝑋} 

𝛼𝑚𝑖𝑛𝑡(𝐴) = ⋃{𝐹: 𝑈 ⊆ 𝐴, 𝑈 𝑖𝑠 𝛼𝑚-𝑜𝑝𝑒𝑛 𝑖𝑛 𝑋}. 

Definition 2.6.  A subset 𝐴 of an 𝑚-space (𝑋, 𝑚𝑋) is called as 

(𝑖) 𝛼𝑚-open set [13] if 𝐴 ⊆ 𝑚𝑖𝑛𝑡(𝑚𝑐𝑙(𝑚𝑖𝑛𝑡(𝐴))).  The complement of an 𝛼𝑚-open set is       

     called 𝛼𝑚-closed set. 

(𝑖𝑖) 𝑚𝑔-closed set [12] if 𝑚𝑋-𝑐𝑙(𝐴) ⊆ 𝐺, whenever 𝐴 ⊆ 𝐺 and 𝐺 is 𝑚𝑋-open. 

(𝑖𝑖𝑖) 𝑚𝑋𝛼𝑔-closed set [4] if 𝑚𝑋𝛼𝑐𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝑚𝑋𝛼-open in (𝑋, 𝑚𝑋). 

Definition 2.7. [13] A function 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) is called as 𝛼𝑀-continuous if for each 𝑥 

and each 𝑚-open set 𝑉 containing 𝑓(𝑥), there exists an 𝛼𝑚-open set 𝑈 containing 𝑋 such that 

𝑓(𝑈) ⊆ 𝑉. 

Definition 2.8. [7] A minimal structure 𝑚𝑋 on a nonempty set 𝑋 is said to have the property 

ℬ if the union of any family of subsets belonging to 𝑚𝑋 belongs to 𝑚𝑋 . 

Remark 2.9. A minimal structure 𝑚𝑋 with the property ℬ coincides with a generalized 

topology on the sense of Lugojan. 
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Lemma 2.10. [2] Let X be a nonempty set and  𝑚𝑋 an ℳ-structure on 𝑋 satisfying the 

property ℬ.  For a subset 𝐴 of 𝑋, the following property hold: 

(a) 𝐴 ∈ 𝑚𝑋 iff 𝑚𝑋 − 𝑖𝑛𝑡(𝐴) = A.  

(b) 𝐴 ∈ 𝑚𝑋 iff 𝑚𝑋 − 𝑐𝑙(𝐴) = A. 

(c) 𝑚𝑋-𝑖𝑛𝑡(𝐴) ∈ 𝑚𝑋 and 𝑚𝑋-𝑐𝑙(𝐴) ∈ 𝑚𝑋.   

3. 𝓜𝑿𝑮𝜻∗- closed sets  

 We introduce the following definition. 

Definition 3.1.  A function 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) is called as  𝑚𝑋𝛼𝑔-continuous if  𝑓−1(𝑉) is 

𝛼𝑚-closed in (𝑋, 𝑚𝑋) for every 𝑚𝑋-closed set 𝑉 in (𝑌, 𝑚𝑌). 

Definition 3.2. A subset 𝐴 of an 𝑚-space (𝑋, 𝑚𝑋) is called as 𝑚𝑋𝑔#𝛼-closed if 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈 

whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝑚𝑔-open in 𝑋. 

Definition 3.3. A subset 𝐴 of an 𝑚-space (𝑋, 𝑚𝑋) is called as 𝑚𝑋
#𝑔𝛼-closed if 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈 

whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝑚𝑋𝑔#𝛼-open in 𝑋. 

Definition 3.4. A subset 𝐴 of an 𝑚-space (𝑋, 𝑚𝑋) is called as 𝓜𝑿𝑮𝜻∗-closed if 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈 

whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝑚𝑋
#𝑔𝛼-open in 𝑋. 

Theorem 3.5. Every 𝑚𝑋-closed set is ℳ𝑋𝐺𝜁∗-closed set but not conversely. 

Proof: Let 𝐴 be a 𝑚𝑋-closed set and 𝑈 be a 𝑚𝑋
#𝑔𝛼-open set containing 𝐴.  Since 𝐴 is 𝑚𝑋-

closed, we have 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑚𝑋𝑐𝑙(𝐴) = 𝐴 ⊆ 𝑈.  Therefore 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈 and hence 𝐴 is 

ℳ𝑋𝐺𝜁∗-closed set. 

Example 3.6. Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and Define ℳ-structure on 𝑋 as follows:  

𝑚𝑋 = {𝜑, 𝑋, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}}.Then 𝑚𝑋-𝑐𝑙𝑜𝑠𝑒𝑑 = {𝜑, 𝑋, {𝑑}, {𝑎, 𝑏}},  

ℳ𝑋𝐺𝜁∗-closed= {𝜑, 𝑋, {𝑎}, {𝑏}, {𝑑}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑑}}. The set {𝑎, 𝑏, 𝑑} is ℳ𝑋𝐺𝜁∗-closed but not 

𝑚𝑋-closed. 

Theorem 3.7. Every 𝛼𝑚-closed set is ℳ𝑋𝐺𝜁∗-closed set but not conversely. 

Proof: Let 𝐴 be a 𝛼𝑚-closed set and 𝑈 be a 𝑚𝑋
#𝑔𝛼-open set containing 𝐴.  Since 𝐴 is 𝛼𝑚-

closed, we have 𝛼𝑚𝑐𝑙(𝐴) = 𝐴 ⊆ 𝑈.  Therefore 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈 and hence 𝐴 is ℳ𝑋𝐺𝜁∗-closed 

set. 

Example 3.8. Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and Define ℳ-structure on 𝑋 as follows:                        𝑚𝑋 =

  {𝜑, 𝑋, {𝑎}, {𝑏}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}}. Then                            

𝛼𝑚-𝑐𝑙𝑜𝑠𝑒𝑑 = {𝜑, 𝑋, {𝑐}, {𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}} and   

ℳ𝑋𝐺𝜁∗-𝑐𝑙𝑜𝑠𝑒𝑑 = {𝜑, 𝑋, {𝑎}, {𝑏}, {𝑑}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑑}}.The set {𝑐, 𝑑} is ℳ𝑋𝐺𝜁∗-closed but not 

𝛼𝑚-closed. 

Theorem 3.9. Every ℳ𝑋𝐺𝜁∗-closed set is 𝑚𝑋𝛼𝑔-closed set but not conversely. 
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Proof: Let 𝐴 be a ℳ𝑋𝐺𝜁∗-closed set and 𝑈 be any open set containing 𝐴.  Since every  𝑚𝑋-

open set is 𝛼𝑚-open and every 𝛼𝑚-open set is 𝑚𝑋
#𝑔𝛼-open.  Therefore every 𝑚𝑋-open set is 

𝑚𝑋
#𝑔𝛼-open.  We have 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈.  Hence 𝐴 is 𝑚𝑋𝛼𝑔-closed set. 

Example 3.10. Let 𝑋 = {𝑎, 𝑏, 𝑐} and Define ℳ-structure on 𝑋 as follows:                               

𝑚𝑋   =   {𝜑, 𝑋, {𝑎}, {𝑏}}. Then 𝑚𝑋𝛼𝑔-𝑐𝑙𝑜𝑠𝑒𝑑 = {𝜑, 𝑋, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑏, 𝑐}} and                 

ℳ𝑋𝐺𝜁∗-𝑐𝑙𝑜𝑠𝑒𝑑 =  {𝜑, 𝑋, {𝑎, 𝑐}, {𝑏, 𝑐}} . The set {𝑎, 𝑏} is 𝑚𝑋𝛼𝑔-closed but not ℳ𝑋𝐺𝜁∗-closed.

  

                    𝒎𝑿-𝒄𝒍𝒐𝒔𝒆𝒅 

    

  𝜶𝒎-𝒄𝒍𝒐𝒔𝒆𝒅  𝓜𝑿𝑮𝜻∗-𝒄𝒍𝒐𝒔𝒆𝒅        𝒎𝑿𝜶𝒈-𝒄𝒍𝒐𝒔𝒆𝒅 

 

4. Basic properties of 𝓜𝑿𝑮𝜻∗- closed sets 

Theorem 4.1. For subsets 𝐴, 𝐵 of 𝑋, the following properties hold: 

       (𝑖) If 𝐴 is 𝑚𝑋-closed then 𝐴 is ℳ𝑋𝐺𝜁∗-closed. 

(𝑖𝑖)If 𝑚𝑋 has property ℬ and 𝐴 is ℳ𝑋𝐺𝜁∗-closed and 𝑚𝑋-open then 𝐴 is 𝑚𝑋-closed. 

(𝑖𝑖𝑖)If 𝐴 is ℳ𝑋𝐺𝜁∗-closed and 𝐴 ⊂ 𝐵 ⊂ 𝛼𝑚𝑐𝑙(𝐴), then 𝐵 is ℳ𝑋𝐺𝜁∗-closed.  

Proof: 

To prove (𝑖)  ⇒ (𝑖𝑖) 

Let 𝐴 be a 𝑚𝑋-closed set in (𝑋, 𝑚𝑋). 

To prove 𝐴 is ℳ𝑋𝐺𝜁∗-closed. 

Let 𝐴 ⊆ 𝑈 where 𝑈 is 𝑚𝑋-open. 

To prove 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈. 

𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑚𝑋𝑐𝑙(𝐴) ⊆ 𝑈 [Since 𝐴 is 𝑚𝑋-closed]. 

Therefore 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝑈. 

Therefore 𝐴 is ℳ𝑋𝐺𝜁∗-closed. 

To prove (𝑖𝑖)  ⇒ (𝑖𝑖𝑖) 

      To prove 𝐴 is 𝑚𝑋-closed.  That is to prove 𝑚𝑋𝑐𝑙(𝐴) = 𝐴.  It is obvious that                     

       𝐴 ⊆ 𝛼𝑚𝑐𝑙(𝐴). 

      To prove 𝑚𝑋𝑐𝑙(𝐴) ⊆ 𝐴: 𝐴 ⊆ 𝐴 and 𝐴 is ℳ𝑋𝐺𝜁∗-closed and 𝑚𝑋-open. 

       ⇒ 𝛼𝑚𝑐𝑙(𝐴) ⊆ 𝐴 ⇒ 𝑚𝑋𝑐𝑙(𝐴) ⊆ 𝐴 [Since 𝐴 is 𝑚𝑋-open, we have 𝑚𝑋𝑖𝑛𝑡(𝐴) = 𝐴] 

       𝑚𝑋𝑐𝑙(𝐴) = 𝐴 and hence 𝐴 is 𝑚𝑋-closed. 

To prove (𝑖𝑖𝑖)  ⇒ (𝑖) 

       [𝛼𝑚𝑐𝑙(𝐵)] − 𝐵 ⊆ [𝛼𝑚𝑐𝑙(𝐴)] − 𝐴. 
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      Since 𝛼𝑚𝑐𝑙(𝐴) − 𝐴 contains no nonempty ℳ𝑋𝐺𝜁∗-closed set neither does 𝛼𝑚𝑐𝑙(𝐵) −

       𝐵.  Therefore 𝐵 is ℳ𝑋𝐺𝜁∗-closed. 

Lemma 4.2. A subset 𝐴 of 𝑋 is ℳ𝑋𝐺𝜁∗-open iff 𝐹 ⊆ 𝛼𝑚𝑐𝑙(𝐴) whenever 𝐹 ⊂ 𝐴 and 𝐹 is 

ℳ𝑋𝐺𝜁∗-closed. 

Proof: Assume that 𝐴 is ℳ𝑋𝐺𝜁∗-open set in 𝑋.  Then 𝐴𝑐 is ℳ𝑋𝐺𝜁∗-closed set in 𝑋.  Let 𝐹 be 

ℳ𝑋𝐺𝜁∗-closed and 𝐹 ⊆ 𝐴.  Then 𝐹𝑐 is ℳ𝑋𝐺𝜁∗-open and 𝐴𝑐 ⊆ 𝐹𝑐 so[𝑚𝑋𝑐𝑙(𝐴𝑐)] ⊆

𝐹𝑐[𝑚𝑋𝑐𝑙(𝐴)]𝑐 ⊆ 𝐹𝑐.  Thus 𝐹 ⊆ 𝛼𝑚𝑐𝑙(𝐴). 

Conversely assume that 𝐹 ⊆ 𝛼𝑚𝑐𝑙(𝐴) whenever 𝐹 is ℳ𝑋𝐺𝜁∗-closed and 𝐹 ⊆ 𝐴. 

To prove that 𝐴𝑐 is ℳ𝑋𝐺𝜁∗-closed.  Let 𝐺 be a ℳ𝑋𝐺𝜁∗-open set and 𝐴𝑐 ⊆ 𝐺. Now 𝐺𝑐 is 

ℳ𝑋𝐺𝜁∗-closed.  𝐺𝑐 ⊆ (𝐴𝑐)𝑐 = 𝐴.  By hypothesis 𝐺 ⊆ [𝑚𝑋𝑖𝑛𝑡(𝐴)]𝑐, 𝐺 ⊇ [𝑚𝑋𝑐𝑙(𝐴)]𝑐 and 

hence 𝐴𝑐 is ℳ𝑋𝐺𝜁∗-closed.  Thus 𝐴 is ℳ𝑋𝐺𝜁∗-open. 

Theorem 4.3.  For each 𝑥 ∈ 𝑋 either {𝑥} is 𝑚𝑋-closed or {𝑥}𝑐 is ℳ𝑋𝐺𝜁∗-closed. 

Proof: If {𝑥} is not ℳ𝑋𝐺𝜁∗-closed then the only ℳ𝑋𝐺𝜁∗-open set containing {𝑥}𝑐 in 𝑋. 

Thus the 𝑚𝑋-𝑐𝑙{{𝑥}𝑐} is contained in 𝑋 and hence {𝑥}𝑐 is ℳ𝑋𝐺𝜁∗-closed. 

Corollary 4.4.  For subsets 𝐴, 𝐵 of 𝑋 the following properties hold: 

(𝑖) If 𝐴 is 𝑚𝑋-open then A is ℳ𝑋𝐺𝜁∗-open. 

(𝑖𝑖)If 𝑚𝑋 has property ℬ and 𝐴 is ℳ𝑋𝐺𝜁∗-open and 𝑚𝑋-closed then 𝐴 is 𝑚𝑋-open. 

(𝑖𝑖𝑖)If 𝐴 is ℳ𝑋𝐺𝜁∗-open and 𝛼𝑚-𝑖𝑛𝑡(𝐴) ⊂ 𝐵 ⊂ 𝐴 then 𝐵 is ℳ𝑋𝐺𝜁∗-open. 

Theorem 4.5.  Union of two ℳ𝑋𝐺𝜁∗-closed sets is ℳ𝑋𝐺𝜁∗-closed. 

Proof: Assume that 𝐴 and 𝐵 are ℳ𝑋𝐺𝜁∗-closed sets in 𝑋.  Let 𝐺 be an 𝑚𝑋
#𝑔𝛼-open set in 𝑋 

such that 𝐴⋃𝐵 ⊆ 𝐺. Then 𝐴 ⊆ 𝐺 and 𝐵 ⊆ 𝐺.Since A and B are ℳ𝑋𝐺𝜁∗-closed, 𝛼𝑚-𝑐𝑙(𝐴) ⊆

𝐺 and 𝛼𝑚-𝑐𝑙(𝐵) ⊆ 𝐺. Hence, 𝛼𝑚-𝑐𝑙(𝐴⋃𝐵) ⊆ 𝛼𝑚-𝑐𝑙(𝐴)⋃𝛼𝑚-𝑐𝑙(𝐵) ⊆ 𝐺. Therefore 𝐴⋃𝐵 is 

ℳ𝑋𝐺𝜁∗-closed. 

Theorem 4.6.  Let 𝑚𝑋 have the property ℬ. A subset 𝐴 of 𝑋 is ℳ𝑋𝐺𝜁∗-closed in (𝑋, 𝑚𝑋) iff 

𝛼𝑚-𝑐𝑙(𝐴) − 𝐴 contains no non-empty 𝑚𝑋
#𝑔𝛼-closed set in 𝑋. 

Proof:  Suppose that 𝐹 is a non-empty 𝑚𝑋
#𝑔𝛼-closed subset of 𝛼𝑚-𝑐𝑙(𝐴) − 𝐴. Now 𝐹 ⊆ 𝛼𝑚-

𝑐𝑙(𝐴) − 𝐴. Then 𝐹 ⊆ 𝛼𝑚-𝑐𝑙(𝐴) − 𝐴⋂𝐴𝑐 [since 𝐹 ⊆ 𝛼𝑚-𝑐𝑙(𝐴) − 𝐴 = 𝛼𝑚-𝑐𝑙(𝐴)⋂𝐴𝑐].  𝐹 ⊆

𝛼𝑚-𝑐𝑙(𝐴) and 𝐹 ⊆ 𝐴𝑐. Since 𝐹𝑐 is ℳ𝑋𝐺𝜁∗-open set.  𝐴 is ℳ𝑋𝐺𝜁∗-closed, 𝛼𝑚-𝑐𝑙(𝐴) ⊆ 𝐹𝑐.  

𝐹 ⊆ [(𝐴)]𝑐.  Hence 𝐹 ⊆ 𝛼𝑚-𝑐𝑙(𝐴)]⋂[𝛼𝑚 − 𝑐𝑙(𝐴)]𝑐 = 𝜑.  𝐹 = 𝜑. 

Thus 𝛼𝑚-𝑐𝑙(𝐴) − 𝐴 contains no non-empty ℳ𝑋𝐺𝜁∗-closed set. 

Conversely, assume that 𝛼𝑚-𝑐𝑙(𝐴) − 𝐴 contains no non-empty 𝑚𝑋-closed set. Let 

 𝐴 ⊆ 𝐺, 𝐺 is ℳ𝑋𝐺𝜁∗-open. Suppose that 𝛼𝑚-𝑐𝑙(𝐴) is not contained in 𝐺.  Then 𝛼𝑚-𝑐𝑙(𝐴)⋂𝐺𝑐 

is a non-empty ℳ𝑋𝐺𝜁∗-closed set of 𝛼𝑚-𝑐𝑙(𝐴) − 𝐴 which is contradiction.  𝐴 is ℳ𝑋𝐺𝜁∗-

closed. 
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5. 𝓜𝑿𝑮𝜻∗-continuous functions 

Definition 5.1.  A function 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) is said to be ℳ𝑋𝐺𝜁∗-continuous if 𝑓−1(𝑉) 

is a ℳ𝑋𝐺𝜁∗-closed set in (𝑋, 𝑚𝑋) for every 𝑚𝑋-closed set 𝑉 of (𝑌, 𝑚𝑌). 

Theorem 5.2.  Every 𝛼𝑀-continuous map is ℳ𝑋𝐺𝜁∗-continuous map. 

Proof:  Let 𝑉 be a 𝑚𝑋-closed set of (𝑌, 𝑚𝑌).  Since 𝑓 is a 𝛼𝑀-continuous map, 𝑓−1(𝑉) is 𝛼𝑚-

closed in (𝑋, 𝑚𝑋).  We know that every 𝛼𝑚-closed set is ℳ𝑋𝐺𝜁∗-closed set.  Therefore 𝑓−1(𝑉) 

is a ℳ𝑋𝐺𝜁∗-closed set of (𝑋, 𝑚𝑋).  Hence 𝑓 is a ℳ𝑋𝐺𝜁∗-continuous map. 

 The converse of the above theorem need not be true by the following example. 

Example 5.3.  Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑}.  Define ℳ-structure on 𝑋 as follows:  𝑚𝑋 =

{𝜑, 𝑋, {𝑎}, {𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}} and 𝑚𝑌 = {𝜑, 𝑌, {𝑐}, {𝑐, 𝑑}}   .  Let 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) be 

defined by 𝑓(𝑎) = 𝑎, 𝑓(𝑏) = 𝑏, 𝑓(𝑐) = 𝑐, 𝑓(𝑑) = 𝑑.  Then 𝑓 is ℳ𝑋𝐺𝜁∗-continuous.  But f is 

not 𝛼𝑀-continuous.  Since for the closed set 𝐺 = {𝑐, 𝑑} in (𝑌, 𝑚𝑌) but not 𝛼𝑀-closed in 

(𝑋, 𝑚𝑋).   

Theorem 5.3.  Every ℳ𝑋𝐺𝜁∗-continuous map is  𝑚𝑋𝛼𝑔-continuous map. 

Proof:  Let 𝑉 be a 𝑚𝑋-closed set of (𝑌, 𝑚𝑌).  Since 𝑓 is a ℳ𝑋𝐺𝜁∗-continuous map, 𝑓−1(𝑉) is 

ℳ𝑋𝐺𝜁∗-closed in (𝑋, 𝑚𝑋).  We know that every ℳ𝑋𝐺𝜁∗-closed set is 𝑚𝑋𝛼𝑔-closed set.  

Therefore 𝑓−1(𝑉) is a 𝑚𝑋𝛼𝑔-closed set of (𝑋, 𝑚𝑋).  Hence 𝑓 is a 𝑚𝑋𝛼𝑔-continuous map. 

 The converse of the above theorem need not be true by the following example. 

Example 5.4.  Let 𝑋 = {𝑎, 𝑏, 𝑐}.  Define ℳ-structure on 𝑋 as follows:  𝑚𝑋 = {𝜑, 𝑋, {𝑎}, {𝑏}} 

and 𝑚𝑌 = {𝜑, 𝑌, {𝑐}, {𝑎, 𝑏}, }.  Let 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) be defined by 𝑓(𝑎) = 𝑎, 𝑓(𝑏) =

𝑏, 𝑓(𝑐) = 𝑐. Then 𝑓 is 𝑚𝑋𝛼𝑔-continuous.  But 𝑓 is not ℳ𝑋𝐺𝜁∗-continuous. Since for the 

closed set 𝐺 = {𝑐} in (𝑌, 𝑚𝑌) but not ℳ𝑋𝐺𝜁∗-closed in (𝑋, 𝑚𝑋).   

 

                                                             𝒎𝑿-𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 

    

 

 𝜶𝑴-𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔                 𝓜𝑿𝑮𝜻∗-𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔                      𝒎𝑿𝜶𝒈-𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 

 

Theorem 5.5.  If 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) and 𝑔: (𝑌, 𝑚𝑌) → (𝑍, 𝑚𝑍) be any two functions.  Then 

𝑔 ∘ 𝑓 is ℳ𝑋𝐺𝜁∗-continuous, if 𝑔 is continuous and 𝑓 is ℳ𝑋𝐺𝜁∗-continuous. 

Proof: Let 𝑉 be a 𝑚𝑋-closed set in (𝑍, 𝑚𝑍).  Then 𝑔−1(𝑉) is 𝑚𝑋-closed set in (𝑌, 𝑚𝑌), since 

𝑔 is continuous.  ℳ𝑋𝐺𝜁∗-continuity of 𝑓 implies that 𝑓−1(𝑔−1(𝑉)) is ℳ𝑋𝐺𝜁∗-closed in 

(𝑋, 𝑚𝑋).  Hence 𝑔 ∘ 𝑓 is ℳ𝑋𝐺𝜁∗-continuous. 
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6. 𝓜𝑿𝑮𝜻∗-irresolute functions 

Definition 6.1. A function 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) is said to be ℳ𝑋𝐺𝜁∗-irresolute if 𝑓−1(𝑉) is 

a ℳ𝑋𝐺𝜁∗-closed set in (𝑋, 𝑚𝑋) for every ℳ𝑋𝐺𝜁∗-closed set 𝑉 of (𝑌, 𝑚𝑌). 

Theorem 6.2.  Every ℳ𝑋𝐺𝜁∗-irresolute map is ℳ𝑋𝐺𝜁∗-continuous map. 

Proof:  Let 𝑉 be a 𝑚𝑋-closed set of (𝑌, 𝑚𝑌) and hence it is ℳ𝑋𝐺𝜁∗-closed set.  Since 𝑓 is 

ℳ𝑋𝐺𝜁∗-irresolute, 𝑓−1(𝑉) is ℳ𝑋𝐺𝜁∗-closed in (𝑋, 𝑚𝑋).Hence 𝑓 is a ℳ𝑋𝐺𝜁∗-continuous map. 

 The converse of the above theorem need not be true by the following example. 

Example 6.3.  Let 𝑋 = {𝑎, 𝑏, 𝑐}.  Define ℳ-structure on 𝑋 as follows:  𝑚𝑋 = {𝜑, 𝑋, {𝑎}, {𝑏}} 

and 𝑚𝑌 = {𝜑, 𝑌, {𝑎}} .  Let 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) be defined by 𝑓(𝑎) = 𝑎, 𝑓(𝑏) = 𝑏, 𝑓(𝑐) =

𝑐. Then 𝑓 isℳ𝑋𝐺𝜁∗-continuous.  But 𝑓 is not ℳ𝑋𝐺𝜁∗-irresolute. Since for the ℳ𝑋𝐺𝜁∗- closed 

set 𝐺 = {𝑏} in (𝑌, 𝑚𝑌) but not ℳ𝑋𝐺𝜁∗-closed in (𝑋, 𝑚𝑋).   

Theorem 6.4.  If 𝑓: (𝑋, 𝑚𝑋) → (𝑌, 𝑚𝑌) and 𝑔: (𝑌, 𝑚𝑌) → (𝑍, 𝑚𝑍) are ℳ𝑋𝐺𝜁∗-irresolute, then 

the composition 𝑔 ∘ 𝑓: (𝑋, 𝑚𝑋) → (𝑍, 𝑚𝑍)  is ℳ𝑋𝐺𝜁∗-irresolute. 

 Proof: Let 𝑉 be a ℳ𝑋𝐺𝜁∗-closed set in (𝑍, 𝑚𝑍).  Then 𝑔−1(𝑉) is ℳ𝑋𝐺𝜁∗-closed set in 

(𝑌, 𝑚𝑌), since 𝑔 is ℳ𝑋𝐺𝜁∗-irresolute.  ℳ𝑋𝐺𝜁∗-irresoluteness of 𝑓 implies that 𝑓−1(𝑔−1(𝑉)) 

is ℳ𝑋𝐺𝜁∗-closed in (𝑋, 𝑚𝑋).  Hence 𝑔 ∘ 𝑓 is ℳ𝑋𝐺𝜁∗-irresolute. 

Theorem 6.5.  If 𝑓 is ℳ𝑋𝐺𝜁∗-irresolute and 𝑔 is ℳ𝑋𝐺𝜁∗-continuous then 𝑔 ∘ 𝑓 is ℳ𝑋𝐺𝜁∗-

continuous. 

 Proof: Let 𝑉 be a 𝑚𝑋-closed set in (𝑍, 𝑚𝑍).  Then 𝑔−1(𝑉) is ℳ𝑋𝐺𝜁∗-closed set in (𝑌, 𝑚𝑌), 

since 𝑔 is ℳ𝑋𝐺𝜁∗-continuous.  ℳ𝑋𝐺𝜁∗-irresoluteness of 𝑓 implies that 𝑓−1(𝑔−1(𝑉)) is 

ℳ𝑋𝐺𝜁∗-closed in (𝑋, 𝑚𝑋).  Hence 𝑔 ∘ 𝑓 is ℳ𝑋𝐺𝜁∗-continuous. 

REFERENCES 

[1] Alimohammady M, Roohi M, Linear minimal spaces, Chaos, Solitons and Fractals, 

33(4) (2007), 1348-1354. 

[2] Alimonammady M, Roohi M, Fixed Point in Minimal Spaces, Nonlinear Analysis: 

Modelling and Control, 2005, Vol. 10, No.4, 305 – 314. 

[3] Csaszar A, Generalized topology: generalized continuity, Acta. Math. Hunger., 96, pp. 

351 – 357, 2002.6.S.Lugojan. Generalized Topology, Stud. Cerc. Math., 34, pp.348 – 

360, 1982. 

[4] Kokilavani V, Basker P, On ℳ𝑋𝛼𝛿-closed sets in ℳ-structures, International Journal 

of Mathematical Archive, 3(3), 2012, pp. 822 - 825. 

[5] Maki H, Umehara J, Noiri T, Every topological space is pre T ½, Mem. Fac. Sci. Kochi 

Univ. Ser. Math., pp. 33 – 42. 

International Journal of Advanced Scientific and Technical Research         Issue 4 volume 1, Jan.-Feb. 2014             

Available online on   http://www.rspublication.com/ijst/index.html                                      ISSN 2249-9954_________________________

_________________________________
R S. Publication (http://rspublication.com), rspublicationhouse@gmail.com                                              Page 679



[6] Maki H, On generalizing semi-open sets and preopen sets, in: Meeting on Topological 

Spaces Theory and its Application, August 1996, pp. 13 – 18. 

[7] Maki H, Rao K C and Nagoor Gani A, On generalizing semi-open and preopen sets, 

Pure Appl. Math. Sci., 49(1999), 17–29. 

[8] Noiri T, On ⋀𝑚-sets and related spaces, in: Proceedings of the 8th Meetings on 

Topological Spaces Theory and its Applications, August 2003, pp. 31 – 41. 

[9] Noiri T, 11th meetings on topological spaces theory and its applications, Fukuoka 

University Seminar House, 2006, 1 – 9. 

[10] Ott E, Grebogi C, Jorke J A, Controlling Chaos, Phys. Rev. Lett., 64, pp. 1196 – 1199, 

1990. 

[11] Popa V, Noiri T, On M-continuous functions, Anal. Univ. “Dunarea Jos” – Galati, Ser, 

Mat. Fiz, Mec. Teor. Fasc.II, 18(23), pp. 31 – 41, 2000. 

[12] Pushpalatha A, Sudha E, Strongly generalized closed sets in Minimal structures, Int. 

Journal of Math. Analysis, Vol.3, 2009,no.26, 1259 – 1263. 

[13] Won Keun Min, 𝛼𝑚-open sets and 𝛼𝑚-continuous functions, Commun. Korean Math. 

Soc. 25 (2010), N0.2, pp. 251 – 256. 

******** 

International Journal of Advanced Scientific and Technical Research         Issue 4 volume 1, Jan.-Feb. 2014             

Available online on   http://www.rspublication.com/ijst/index.html                                      ISSN 2249-9954_________________________

_________________________________
R S. Publication (http://rspublication.com), rspublicationhouse@gmail.com                                              Page 680


