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DDeeppaarrttmmeenntt  ooff  MMaatthheemmaattiiccss,,  VV..HH..NN..SS..NN..CCoolllleeggee,,  VViirruuddhhuunnaaggaarr  ––  662266  000011,,  IInnddiiaa..  

22
DDeeppaarrttmmeenntt  ooff  MMaatthheemmaattiiccss,,  KKaatthhiirr  CCoolllleeggee  ooff  EEnnggiinneeeerriinngg,,  CCooiimmbbaattoorree  ––  664411  006622,,  IInnddiiaa..  

  

AABBSSTTRRAACCTT  

IInn  aa  ggrraapphh  GG,,  ffoorr  aannyy  eeddggee  ee  ==  xxyy,,  tthhee  ddiiffffeerreennccee  bbeettwweeeenn  tthhee  ddeeggrreeeess  ooff  xx  aanndd  yy  iiss  

ccaalllleedd  tthhee  iimmbbaallaannccee  ooff  ee  aanndd  iiss  ddeennootteedd  bbyy  iimmbb((ee))..  AA  ggrraapphh  iiss  ssaaiidd  ttoo  bbee  aa  nneeiigghhbboorrllyy  

iirrrreegguullaarr  ggrraapphh  ((oorr  ssiimmppllyy  aann  NNII  ggrraapphh))  iiff  iimmbb((ee))  ≥≥  11  ffoorr  aannyy  eeddggee  ee  iinn  GG..  IInn  tthhiiss  ppaappeerr,,  wwee  

iinnttrroodduuccee  aa  nneeww  ccoonncceepptt  ccaalllleedd  kk--ppeerrffeecctt  NNII  ggrraapphh  aanndd  oobbttaaiinn  ssoommee  rreessuullttss  oonn  kk--ppeerrffeecctt  NNII  

ggrraapphh..  AA  ccoonnnneecctteedd  ggrraapphh  GG  iiss  ssaaiidd  ttoo  bbee  aa  kk--ppeerrffeecctt  NNII  ggrraapphh  ffoorr  ssoommee  kk  >>  00  iiff  iimmbb((ee))  ==  kk  

ffoorr  aannyy  eeddggee  ee  iinn  GG..  

KKeeyy  wwoorrddss::  RReegguullaarr  ggrraapphh,,  iirrrreegguullaarr  ggrraapphh,,  nneeiigghhbboouurrllyy  iirrrreegguullaarr  ggrraapphh,,  iirrrreegguullaarriittyy  ooff  aa  

ggrraapphh  aanndd  kk--ppeerrffeecctt  NNII  ggrraapphh..  

  

CCoorrrreessppoonnddiinngg  AAuutthhoorr::  MM..  MMuutthhuucchheellvvaamm  

 

 

 

INTRODUCTION 

Throughout this paper, by a graph we mean only finite, simple, undirected and 

connected graphs. Notations and terminology that are not defined here can be found in [9]. 

Let n and m respectively denote the order and size of a graph G. The degree of a vertex v is 

denoted by d(v). The degree set D(G) is the set of degrees of the vertices of G. Let  and  

denote the minimum and maximum degree of G respectively. For any real number x, x 

denotes the greatest integer which does not exceed x and x denotes the least integer which 

exceeds x. 

The following binary operations on graphs are well known to all graph theorists. 

The join GH of the graphs G and H is the graph obtained from GH by joining 

every vertex of G to each vertex of H by means of an edge. 

The Cartesian product of G and H is a graph GH with vertex set V(G)V(H) in 

which two vertices (u1,v1) and (u2,v2) are adjacent if and only if either 

(i) u1 = u2 and v1 is adjacent with v2 in H, or  

(ii) v1 = v2 and u1 is adjacent with u2 in G. 

The Tensor product of G and H is a graph GH with vertex set V(G)V(H) in which 

two vertices (u1,v1) and (u2,v2) are adjacent if and only if u1 is adjacent with u2 in G and v1 is 

adjacent with v2 in H. 

The Lexicographic product (Composition) of G and H is a graph G[H] with vertex set 

V(G)V(H) in which two vertices (u1,v1) and (u2,v2) are adjacent if and only if either 
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(i) u1 is adjacent with u2 in G, or  

(ii) u1 = u2 and v1 is adjacent with v2 in H. 

The strong product of G and H is a graph GH with vertex set V(G)V(H) in which 

two vertices (u1,v1) and (u2,v2) are adjacent if and only if either  

(i) u1 = u2 and v1 is adjacent with v2 in H, or  

(ii) v1 = v2 and u1 is adjacent with u2 in G, or 

(iii) u1 is adjacent with u2 in G and v1 is adjacent with v2 in H. 

Let G be any graph of order n. For 0 ≤ i ≤ n-1, Vi(G) (or simply Vi) is defined as the 

set of all vertices having degree i in G. That is, Vi(G) = {vV(G) | d(v) = i}. Note that       

|Vi| ≤ n for each i, 0 ≤ i ≤ n-1. In a tree T, for any edge e = uv, Tv(e) denotes the component 

which contains v in T-e. The imbalance of an edge e = xy, denoted by imb(e), is defined to be 

|d(x)-d(y)|. The irregularity of a graph G, denoted by irr(G), is defined by irr(G) = 
e

eimb )( . 

The following results have been obtained in [4]. 

Result 1 For any edge e in G, imb(e) ≤ n-2. 

Result 2 If T is a tree, then irr(T) ≤ (n-1)(n-2). 

Result 3 For any graph G, irr(G) = O(nm) = O(n
3
). 

Result 4 For any graph G, irr(G) is even. 

Result 5 For any graph G, irr(G) ≤ (4/27)n
3
. 

It is well known that in any graph, all degrees cannot be distinct. That is, any non-

trivial graph has at least two vertices of the same degree. In [11], M.Behzad and G.Chatrand 

introduced the graphs containing exactly two vertices of the same degree and they called it as 

quasi perfect. They proved that, for any n ≥ 2, there are exactly two non-isomorphic quasi 

perfect graphs with n vertices. Furthermore, these two graphs are complement of each other 

and the equal degrees are  
𝑛

2
  in the connected graph and  

𝑛−1

2
  in the disconnected graph. 

For n ≥ 2, let In denote the connected quasi perfect graph of order n, which is constructed 

as follows. Clearly I2 is the path P2. For n ≥ 3, In is the complement of a graph obtained from 

In-1 by adding an isolated vertex, that is, In = (In-1{v})
c
. The vertices of the same degree are 

called exceptional vertices. Clearly In is the only connected quasi perfect graph on n vertices 

where as In
c
 is the only disconnected quasi perfect graph on n vertices. For example, the quasi 

perfect graphs on 4 vertices are shown in Figure 1. Clearly the set of connected 

(disconnected) quasi perfect graphs is equivalent to the set of positive integers. Note that In is 

a special type of irregular graph in which D(G) = {1, 2, …,  n-1} and |V(G)| = n. 

 

 

 

I4     I4
c
 

Figure 1 
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In [14], Nebesky investigated the following properties of In. 

1. In has  
𝑛

2
  

𝑛

2
  edges. 

2. Two vertices u and v are adjacent in In if and only if d(u) + d(v) ≥ n. 

3. For n ≥ 3, In \ u is isomorphic to In-1, for any exceptional vertex u in In. 

4. For any n ≥ 3, the graph G obtained from In by identifying its exceptional vertices is 

isomorphic to In-1. 

5. In is planar if and only if n ≤ 7. 

6. The chromatic number of In is  
𝑛+1

2
 . 

Recently Gnaana Bhragsam and Ayyaswamy [12] have introduced a new concept 

called neighbourly irregular graph. A connected graph G is said to be a neighbourly irregular 

graph (or simply an NI graph) if no two adjacent vertices of G have the same degree. For 

example, the graphs shown in Figure 2 are NI.  

 

 

 

 

         

T                                              G 

Figure 2 

It has been proved in [6] that In is NI if and only if n is odd. For more types of 

irregular graphs, one can refer [1, 2, 3, 8, 10, 13 and 15]. 

Another approach has been discussed in [6] to define NI graphs. A connected graph G 

is NI if and only if for each i, 1 ≤ i ≤ n-1, Vi(G) is either empty or independent in G. In other 

words, a graph G is not NI if and only if Vi is neither empty nor independent in G, for some i. 

As in an NI graph G, for 1 ≤ i ≤ n-1, |Vi(G)| ≤ n-i, we say that Vi(G) is tight in G if |Vi(G)| = 

n-i. 

The following Theorems have been proved in [7] 

Theorem A Let G and H be NI graphs. Then GH is also NI if and only if 𝑑𝐺 (u) ≠ 𝑑𝐻 (v), for 

all u in G and v in H. 

Theorem B G and H are NI graphs if and only if GH is NI. 

Theorem C Let G and H be NI graphs. Then GH is also NI if and only if for any two edges 

u1u2  E(G) and v1v2  E(H), dG(u1)dH(v1) ≠ dG(u2)dH(v2) for all u1, u2 in G and v1, v2 in H. 

Theorem D The graphs G and H are NI if and only if G[H] is NI. 
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Theorem E Tensor product of an NI graph with a regular graph is NI. That is, if G is NI and 

H is a regular graph, then GH is NI. 

In [12], it has been proved that, given a positive integer n and a partition {n1,n2,…,nk} 

of n such that all ni’s are distinct, there exists an NI graph of order n and size 
1

2
{𝑛2 − 𝑛1

2 +

𝑛2
2+ ⋯ + 𝑛𝑘

2}. The graph constructed in the proof of the above result is nothing 

but 𝐾𝑛1 ,𝑛2 ,…,𝑛𝑘  . In addition, it has been proved in [12] that the maximum size of such an NI 

graph 𝐾𝑛1 ,𝑛2 ,…,𝑛𝑘  of order n is 
1

2
{𝑛2 − 𝑛1

2 + 𝑛2
2+ ⋯ + 𝑛𝑘

2} where n1, n2, …, nk is the partition 

of n such that 𝑛1
2 + 𝑛2

2+ ⋯ + 𝑛𝑘
2  is minimum and all ni’s are distinct. But in [6], it has been 

proved that, the maximum size of any NI graph of order n is 
1

2
{𝑛2 − 𝑛1

2 + 𝑛2
2+ ⋯ + 𝑛𝑘

2} 

where n1, n2, …, nk is the partition of n such that all ni’s are distinct and 𝑛1
2 + 𝑛2

2+ ⋯ + 𝑛𝑘
2  is 

minimum. In addition, In [6], it has been proved that, G is an NI graph of order n, in which 

the subsets 𝑉𝑛1
, 𝑉𝑛2

, … , 𝑉𝑛𝑘
are tight and 𝑉𝑛1

∪  𝑉𝑛2
∪ …∪ 𝑉𝑛𝑘

= V if and only if all ni’s are 

distinct and G   𝐾𝑛1 ,𝑛2 ,…,𝑛𝑘  . 

In this paper, the concept of k-perfect NI graphs has been introduced and some 

properties of a k-perfect NI graph have been studied. The existence of a k-perfect NI graph 

with some conditions is discussed. Moreover, new families of k-perfect NI graphs are 

constructed using graph operations.  

A connected NI graph is said to be a maximal NI graph if G+e is not an NI graph for 

any edge e  E(G). For example, the graphs P3, K2, 3 and I5 are maximal NI graphs. Clearly G 

is an NI graph of order n, in which each Vi, 1 ≤ i ≤ n-1 is either empty or tight, then G is a 

maximal NI graph. That is, the graph 𝐾𝑛1 ,𝑛2 ,…,𝑛𝑘  of order n is a maximal NI graph if ni’s are 

all distinct. This means that for given positive integer, there is a maximal NI graph of order n, 

and every NI graph of maximum size is also a maximal NI graph. Moreover, the number of 

maximal NI graphs of order n is at least the number of partitions of n with distinct elements. 

This limit is not tight. For example, the number of partitions of 5 with distinct elements is 2, 

but the number of NI graphs of order 5 is 4 (The NI graphs of order 5 are K1, 4, K2, 3, I5 and 

the tree T shown in Figure 2) and all the 4 NI graphs are maximal NI graphs. 

 2 Perfect NI graphs 

The imbalance of an edge can be used to define NI graphs. A graph G is said to be 

Neighbourly irregular if imb(e) ≥ 1 for any edge e in G. This definition of NI graphs 

motivated us to introduce a class of NI graphs called k-Perfect NI graphs. A graph G is said 

to be a k-perfect NI graph for some k > 0 if imb(e) = k for any edge e in G. For example,   

Km, n is a k-perfect NI graph if |m-n| = k > 0. Note that, if imb(e) = 0 for any edge e in a graph 

G, then G is regular. 

The following facts on k-perfect NI can be verified easily: 

Fact 1 Let G be k-perfect NI graph. Then k ≤ n-2. 

Fact 2 Let G be a k-perfect NI graph. Then k = n-2 if and only if G  K1, n-1. 

It has been proved in [5] that if G is an NI graph of order n such that |d(u)-d(v)| = k,   

k > 0, for any edge uv in G, then (G) = 2. Thus, 
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Fact 3 Any k-perfect NI graph is bipartite. 

Fact 4 In any k-perfect NI graph G, irr(G) = km. 

Fact 5 Any 1-perfect NI graph is a maximal NI graph. 

The converse of Fact 6 is not true. For example, K1,2,3 is a maximal NI graph but it is 

not a 1-perfect NI graph. 

Fact 6 There are at least  vertices of degree +k in any k-perfect NI graph. 

Fact 7 There are at least  vertices of degree -k in any k-perfect NI graph. 

2 Main results 

Lemma 1 Let G be a k-perfect NI graph. Then a  b (mod k) for any a, b  D(G). 

Proof Let u  Va(G) and v  Vb(G) such that d(u,v) = s. Let u = u1,u2, …,us = v be a path of 

length s. Since u1 and u2 are adjacent in G, d(u2) = a ± k. Again since u3 is adjacent to u2, 

d(u3) = a or a ± 2k. In general, d(ui) = a ± jk for some j ≥ 0. This forces that, b = d(v) = a ± tk 

for some t ≥ 0. Hence the result follows.           

 The above Lemma force that 

Lemma 2 Let G be a k-perfect NI graph. Then for any vertex v in G, d(v) = +jk, for some    

j ≥ 0.               

By Lemma 2, it is clear that  = +tk for some t ≥ 0. Suppose +jk  D(G) for some  

1 ≤ j ≤ t-1. That is, V+jk(G) =  in G. In such a case there does not exist a path joining a 

vertex in 
1

0







j

i

ikV and a vertex in 
t

ji

ikV
1

 . This is a contradiction to the connectedness of G. 

Thus 

Theorem 1 In any k-perfect NI graph G, D(G) = {, +k, …, +tk}, for some t ≥ 0.    

Corollary 1.1 In any k-perfect NI tree T, D(T) = {1, 1+k, 1+2k, …, 1+tk}, for some t ≥ 0.  

Corollary 1.2 In any k-perfect NI graph G, Vi(G) is a vertex cut in G for each i, i  {+k, 

+2k, …, -k}.               

 The vertex set V(G) and V(G) are need not be a vertex cut in a k-perfect NI graph. 

For example, consider the 2-perfect NI graph shown in Figure 3. Clearly both V(G) and 

V(G) are not vertex cut in G.  

Corollary 1.3 In any k-perfect NI graph T, Vi(G) is a vertex cut in G for each i, i  {1+k, 

1+2k, …, }.              
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Figure3 

Corollary 1.4 Let T be a k-perfect NI tree. Then diam(T) ≥ 2(-1)/k. 

Proof Let T be a k-perfect NI tree. Then by Corollary 1.1, D(T) = {1, 1+k, 1+2k, …, 1+tk = 

}, for some t ≥ 0. Let v  V(T). By Corollary 1.3, for any u  V1(T), the u-v path must 

contain at least one vertex from Vi(T) for all i, i  {1+k, 1+2k, …, -k}. This implies that 

d(u,v) ≥ t = (-1)/k. Since v is a cut vertex in T, there are two vertices, say, u1 and u2 in V1(T) 

are connected by the path containing v. Clearly d(u1,v) ≥ t and d(u2,v) ≥ t. Thus d(u1,u2) ≥ 2t 

and hence from the definition of diameter of a graph, the result follows.      

 The above inequality is tight. For example, consider the tree T  K1,n, n ≥ 3. Clearly T 

is a (n-2)-perfect NI tree in which diam(T) = 2. 

Theorem 2 Let T be a k-perfect NI tree of order n. Then k and n should be of same parity. 

Proof Let T be a k-perfect NI tree of order n. Suppose k is odd. Clearly by Fact 4, irr(T) = 

k(n-1). But since irr(G) is even for any graph G, k(n-1) is even. Thus n-1 must be even and 

hence n is odd. 

Suppose k is even. Then by Corollary 1.1, D(T) = {1, 1+k, 1+2k, …, 1+tk = }, for 

some t ≥ 0. Since k is even, all the elements in D(T) must be odd. Thus for any vertex v in T, 

d(v) is odd and hence n is even. 

 Consider the case when n is even. This implies that n-1 is odd. But since (n-1)k is 

even, k is even. Now the remaining only one case n is odd. If n is odd, then by above 

discussion the only possibility is k is odd. This completes the proof.       

Lemma 3 If G is a k-perfect NI graph with bipartition (X, Y), then for each a  D(G), Va(G) 

must entirely contained in either X or Y. 

Proof Let u, v  Va(G) such that d(u,v) = s. Let u = u0, u1, …, us = v be a shortest u-v path of 

length s. Suppose u0  X. Clearly ui  X if and only if i is even. Now by Lemma 1, d(ui) = a 

± jk for some j ≥ 0. Note that, i and j should be of same parity. Clearly a vertex ui in the u-v 

path is of degree a if and only if i is even Thus s is even and hence v  X. Hence the result 

holds.                  

Theorem 3 Let G be a k-perfect NI graph with bipartition (X, Y) and D(G) = {, +k, …, 

+tk}. Then for all i, 0 ≤ i ≤ t, V+ik(G)  X if i is even and V+ik(G)  Y if i is odd.     
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 By Theorem 1, in any k-perfect NI graph, D(G) is a finite arithmetic sequence. We 

now prove that for any finite arithmetic sequence of positive integers there exists a k-perfect 

NI graph with the given finite arithmetic sequence as D(G). Before proving it we prove the 

existence of a k-perfect NI tree for any finite arithmetic sequence starting with 1 as D(T). 

Theorem 4 For any finite arithmetic sequence 1, 1+k, …, 1+tk such that t ≥ 0, k ≥ 1, there 

exists a k-perfect NI tree with D(T) = {1, 1+k, …, 1+tk}. 

Proof Let k ≥ 1 be given. Let us prove the result by induction on t. For t = 0, the result is 

obvious. For t = 1, consider the tree T  K1, 1+k. Clearly T is a k-perfect NI tree and D(T) = 

{1, 1+k}. Assume that the result is true for t = s-1. That is, there exists a k-perfect NI tree T 

with D(T) = {1, 1+k, …, 1+(s-1)k}. Now we claim that the result is true for t = s ≥ 2. Let T 

be an NI tree with D(T) = {1, 1+k, …, 1+(s-1)k}. Let v be a vertex in T such that d(v) =  

1+(s-1)k and let e be any edge incident with v. Clearly d(v) ≥ 2. Now take sk+1 copies of 

Tv(e) and join each v with a new vertex w. Clearly the resulting tree is a k-perfect NI tree 

with degree set {1, 1+k, …, 1+sk}. Hence the result is proved.          

For illustration, the trees with D(T) = {1,2}, {1, 2, 3}, {1, 2, 3, 4}, {1, 3} and {1, 3, 

5} are shown in Figure 4. 

 

 

 

 

 

 

 

 

 

 

 

Figure 4 

Theorem 5 For any finite arithmetic sequence of integers a, a+k, a+2k, …, a+tk such that     

a, k ≥ 1, t ≥ 0, there exists a k-perfect NI graph with D(G) = {a, a+k, a+2k, …, a+tk}. 

Proof Let a, k ≥ 1 be given. If a = 1, then the result is true by Theorem 3. Assume that a ≥ 2. 

Then t ≥ 1. Let T0  K1,a+tk. For i ≥ 1, construct Ti from Ti-1 by introducing the star K1,a+(t-i)k-1 

for each pendant vertex of Ti-1 and identify the vertex of degree a+(t-i)k-1 in K1,a+(t-i)k-1 with 

that corresponding pendant vertex in Ti-1. Consider the tree Tt-1, clearly D(Tt-1) = {1, a+k, 

a+2k, …, a+tk}. Let T = Tt-1. Take a isomorphic copies of T and construct a new graph G by 
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identifying each pendant vertex with its isomorphic copies. Clearly G is a k-perfect NI graph 

with D(G) = {a, a+k, a+2k, …, a+tk}.          

For illustration, the graph with D(G) = {2, 4, 6} is given in Figure 5. 

 

 

 

 

 

Figure 5 

Next we generate a family of k-perfect NI graphs from the given set of k-perfect NI 

graph using binary operations Cartesian product and tensor product of graphs. 

Theorem 6 G and H are k-perfect NI graphs if and only if GH is k-perfect NI. 

Proof Let G and H be k-perfect NI graphs. We claim that GH is k-perfect NI. First we note 

that for any vertex (u, v) in GH, dGH(u,v) = dG(u)+dH(v). Let (u1, v1) and (u2, v2) be any two 

adjacent vertices in GH. Then, either u1 = u2 and v1v2  E(H), or v1 = v2 and u1u2  E(G). 

Since G and H are k-perfect NI graphs. We have either dG(u1) = dG(u2) and |dH(v1)- dH(v2)| = 

k, or |dG(u1) - dG(u2)| = k and dH(v1) = dH(v2). In both the cases, |(dG(u1)+dH(v1)) – 

(dG(u2)+dH(v2))| = k and hence |dGH(u1,v1) - dGH(u2,v2)| = k. consequently, GH is k-perfect 

NI. 

Conversely, Suppose GH is k-perfect NI. We will now show that both G and H are      

k-perfect NI. Let u1 and u2 be any two adjacent vertices in G and v be any vertex in H. Now    

(u1, v) and (u2, v) are adjacent vertices in GH. Since GH is k-perfect NI, |dGH(u1,v) - 

dGH(u2,v)| = k, that is, |(dG(u1)+dH(v)) – (dG(u2)+dH(v))| = k. This forces that, |dG(u1) - dG(u2)| 

= k and hence G is k-perfect NI. 

Similarly, one can prove that H is also k-perfect NI and thus the proof follows.         

 Suppose G is k-perfect NI and H is s-perfect NI then GH is not a perfect NI graph. 

For, Let u1, u2 be any two adjacent vertices in G and v1, v2 be any two adjacent vertices in H. 

Now consider the vertices (u1, v1), (u1, v2) (u2, v1) in GH. Clearly, |dGH(u1,v1) - dGH(u1,v2)| 

= s and  |dGH(u1,v1) - dGH(u2,v1)| = k.  

Theorem 7 Tensor product of a k-perfect NI graph with an r-regular graph is kr-perfect NI. 

Proof Since GH = HG, without loss of generality, we can assume that G is k-perfect NI 

and H is r-regular. We have to prove that GH is kr-perfect NI. 

 Let (u1, v1) and (u2, v2) be any two adjacent vertices in GH. Then u1u2  E(G) and   

v1v2  E(H). Therefore, |dG(u1) - dG(u2)| = k and dH(v1) = dH(v2). Since dGH(u, v) = 
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dG(u)dH(v) for any vertex (u, v) in GH, we have |dGH(u1, v1) - dGH(u2, v2)| = |dG(u1)dH(v1) 

- dG(u2)dH(v2)| = kr. This forces that, GH is kr-perfect NI. Hence the proof is complete.     

For any two non-trivial graphs G and H, neither of the graphs GH, GH, G[H] and 

GH is not bipartite, and so they are not perfect NI graphs. 
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