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1.INTRODUCTION and PRELIMINARIES.  

Metric fixed point theory has many applications in functional analysis. The Banach 

contraction principle is a remarkable results in metric fixed point theory.In 2012, Samet et 

al.[3 ] introduced the concepts of α- contractive and α-admissible mappings and 

established various fixed point theorems for such mappings in complete metric spaces. 

Afterwards Karapinar and Samet[ 2 ] generalized these notions to obtain fixed point 

results.In2013,Salimi,P. Et al.[4 ] introduced the concepts of Modified α- contractive and 

α-admissible mappings and established various fixed point theorems for such mappings in 

complete metric spaces.In 2014,Bilgili,N.[ 1] et al. characterize α- contractive in setting of 

quasi-metric spaces. 

Definition 1.1. [ 3] Let T:X→X and α:X×X→[0,∞). We say that T is α-admissible                                                           

                             if x,y∈X, α(x, y) ≥ 1 implies α(Tx, Ty) ≥ 1.                                           (1) 

Denote with ψ the family of non decreasing function ᴪ:[0,+∞)→ [0,+∞) such that 

 ᴪ𝑛∞
𝑛=1 <+∞ for each t>0,where ᴪ𝑛  is the nth iterate of ᴪ. 

Definition 1.2. [ 1] Let (X,d) be a metric space and T be a self map on X. T is said to be α-ᴪ 

contractive mapping if there exist two functions α:X×X→[0,∞) and ᴪ∈ψ such that  
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    α(x,y)d(Tx,Ty)≤ᴪ(d(x, y))  for all x,y∈X.                                                    (2) 

Lemma 1.1. For every function ᴪ:[0,+∞)→ [0,+∞) the following holds: 

If ᴪ is non decreasing, then for each t>0,lim𝑡→∞ ᴪ𝑛(𝑡)=0 implies ᴪ(t)<t. 

 

Definition1.3. [ 1]Let X be a non-empty and let d:X×X0,∞) be a functions which satisfies: 

(d1)  d(x,y)=0 if and only if x=y, 

(d2)  d(x,y)≤d(x,z)+d(z,y). Then d called a quasi –metric and the pair (X,d) is called a quasi-

metric space. 

Remark1.Any metric space is a quasi-metric space , but the converse is not true in general. 

Now, we give convergence and completeness on quasi –metric spaces. 

Definition1.4[ 1] Let (X,d) be quasi –metric space,{xn} be a sequence in X, and xϵX.The 

sequence{xn} converges to x if and only if lim𝑛∞ 𝑑(𝑥n,x)= lim𝑛∞ 𝑑(𝑥 , 𝑥n)=0.                  (4) 

Definition1.5[ 1]Let (X,d) be quasi-metric space and {xn} be a sequence in X .We say that {xn} 

is left-Cauchy if and only if for every ε0 there exists a positive  integer N =N(ϵ) such that 

d(xn,xm)ε for allnmN. 

Definition1.6[ 1]Let (X,d) be quasi-metric space and {xn} be a sequence in X .We say that {xn} 

is right-Cauchy if and only if for every ε0 there exists a positive  integer N =N(ϵ) such that 

d(xn,xm)ε for allmnN. 

Definition1.7[ 1]Let (X,d) be quasi-metric space and {xn} be a sequence in X .We say that {xn} 

is right-Cauchy if and only if for every ε0 there exists a positive  integer N =N(ϵ) such that 

d(xn,xm)ε for allm,nN. 

Remark2.A sequence {xn} in a quasi –metric space is Cauchy if and only if it is left- Cauchy 

and Right- Cauchy. 

Definition1.8[ 1] Let (X,d) be a quasi-metric space.We say that  

(1)  (X,d) is left-complete if and only if each left-Cauchy sequence in X is convergent. 

(2)  (X,d) is right-complete if and only if each right-Cauchy sequence in X is convergent.  

(3)   (X,d) is complete if and only if each Cauchy sequence in X is convergent. 

Definition1.9[ 1] Let (X,d) be a quasi-metric space andT:XX be a given mapping.We say 

that T is an α- contractive mapping if there exist two functions α:X×X0,∞) and ψϵ 

such that 
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α(x,y)d(Tx,Ty)≤(d(x,y)), for all x,y ϵ X.                                                                                     (5) 

2.Main results. 

Now we prove our main results for Generalized Modified α-ᴪ contractive type mapping in 

quasi-metric spaces.    

Definition2.1 In quasi metric space (X,d) let T:XX and α:X×X0,∞).We say that T is α-

admissible if for all x,yϵX we have  α(x,y)  1  ⇨   α(Tx,Ty)1.                                        (6)                                                                                           

Definition2.2  Let (X,d) be a quasi-metric space and T:XX be a given mapping. We say that 

T is an Generalized Modified α- contractive mapping if there exist two functions 

α:X×X0,∞) and ψϵ such that 

α(x,y)ƞ(x,y)   ⇨   d(Tx,Ty)≤(d(x,y)), for all x,y ϵ X.                                                                     (7) 

Theorem2.1 Let (X,d) be a quasi-metric space and suppose that T:XX is an Generalized 

Modified α- contractive mapping which satisfies 

(i) T is α admissible w.r.t. ƞ; 

(ii) there exists x0ϵX such that α(Tx0, x0)ƞ(Tx0, x0)and α(x0,Tx0)ƞ(x0,Tx0); 

(iii) T is continuous. 

Then T has a fixed point. 

Proof. By(ii), there exists x0ϵX such that α(Tx0, x0)ƞ(Tx0, x0)and α(x0,Tx0)ƞ(x0,Tx0).Let us 

define a sequence {xn}  in X by xn+1=Txn for all nϵN.If xn= xn+1 for some n, then it is evident 

that xn is fixed point of T. By assumption(i), we derive 

α(x1,x0)=α(Tx0,x0)ƞ(Tx0,x0)=ƞ(x1,x0)  ⇨ α(Tx1,Tx0)=α(x2,x1)ƞ(Tx1,Tx0) = ƞ(x2,x1).                     (8) 

Recursively, we get 

                     α(xn+1,xn)ƞ(xn+1,xn) for all nϵN.                                                                                     (9) 

Taking(  )and(  ) into account, we find that 

d(Txn+1,Txn)≤ψ(d(xn+1,xn)) 

d(xn+2,xn+1)≤ ψ(d(xn+1,xn)) 

for all n1.Inductively,we obtain 

d(xn+2,xn+1) ≤ ψn(d(x2,x1))                                                                                                           (10)  

By the triangular inequality and (10), for all k  2,we get 

d(xn+k,xn)≤d (xn+k,xn+k-1)+.......+d(xn+1,xn) 

                ≤ 𝜓𝑛+𝑘−2
𝑝=𝑛

n(d(x2,x1)) 

             ≤ 𝜓∞
𝑝=𝑛

n(d(x2,x1))                                                                                                       (11) 

Letting n  ∞ in the above inequality, we derive  𝜓𝑛+𝑘−2
𝑝=𝑛

n(d(x2,x1))  0. Hence, d(xn+k,xn) 

 0 as n  ∞.Therefore, {xn} is left – Cauchy sequence in (X,d). 

Analogously, we deduce that {xn} is a right – Cauchy sequence in (X,d). By assumption (i) , we 

obtain  

 α(x0 , x1) = α(x0, Tx0)  ƞ(x0 , x1) ⇨ α(Tx0, Tx1) = α(x1 , x2)  ƞ(x1 , x2).                       (12) 
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Recursively, we find that α(xn,xn+1)  ƞ(xn,xn+1) for all n ϵ N.                                                  (13) 

By combining (7) with (13), we find  

d(Txn, Txn+1) ≤ ψd(xn,xn+1)  

d(xn+1,xn+2) ≤ ψd(xn,xn+1) for all n  1, 

By induction, d(xn+1,xn+2) ≤ ψn d(x1,x2) for all n  1.                                                                  (14) 

By the triangular inequality and (14), for all k  2,we get 

d(xn,xn+k) ≤ d (xn,xn+1)+.......+d(xn+k-1,xn+k) 

                ≤ 𝜓𝑛+𝑘−2
𝑝=𝑛

n(d(x1,x2)) 

             ≤ 𝜓∞
𝑝=𝑛

n(d(x1,x2))  0 as n  ∞. 

Consequently {xn}is a right – Cauchy sequence in (X,d). By Remark 2, we deduce that {xn} is a 

Cauchy sequence in complete quasi metric space(X,d). It implies that there exist u ϵ X such 

that 

 lim𝑛∞ 𝑑(𝑥n,u)= lim𝑛∞ 𝑑(𝑢 , 𝑥n)=0.                                                                            (15) 

Then by using property (d1) together with continuity of T, we obtain 

 lim𝑛∞ 𝑑(𝑥n,Tu)= lim𝑛∞ 𝑑(𝑇xn-1,Tu) = 0.                                                                    (16) 

Thus we have  

lim𝑛∞ 𝑑(𝑥n,Tu)= lim𝑛∞ 𝑑(𝑇xn-1,Tu) = 0.                                                                                 (17) 

Keeping (15) and (17) in mind together with the uniqueness of limit we conclude that u = Tu, 

that is, u is fixed point of T. 

Theorem 2.2 Let (X,d) be a complete quasi – metric space. Suppose that T: X  X is an α – ψ 

contractive mapping which satisfies : 

(i) T is α admissible w.r.t. ƞ; 

(ii) there exists x0ϵX such that α(Tx0, x0)ƞ(Tx0, x0)and α(x0,Tx0)ƞ(x0,Tx0); 

(iii) If {xn} is a sequence in X such that α(xn+1,xn)  ƞ(xn+1, xn) for all n and xn  x ε X as n  ∞, 

then there exist a subsequence {xn(k)} of {xn} such that α(x,xn(k))  ƞ(x, xn(k)) for all k. 

Then T has a fixed point. 

Proof: Following lines of the proof of theorem2.1, we know that the sequence {xn} defined 

by xn+1 = Txn for all n  0, converges for some u ε X. From (9) and condition (iii), there exists a 

subsequence {xn(k)} of {xn} such that α(u, xn(k))  ƞ(u, xn(k)) for all k. Applying (7), for all k , we 

get 

d(Tu, xn(k)+1) = d(Tu,Txn(k)) ≤ ψ(d(u,xn(k))).                                                                        (18)  

Letting  k  ∞ in the above equality, we obtain 

d(Tu,u) =0. 
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Thus, we have d(Tu,u) = 0, that is, Tu = u. 

Definition 2.3 Let(X,d) be a quasi – metric space and  T: X  X be given mapping . We say 

that T is generalized Modified  α – ψ contractive mapping  of type A if there exist two 

functions α:X×X0,∞) and ψϵ such that for all x,y ε X and we have 

      α(x,y)ƞ(x,y)   ⇨   d(Tx,Ty)≤(M(x,y)),                                                                                (19) 

where        M(x,y)=max{ d(x,y),d(Tx,x), d(Ty,y),1/2[ d(Tx,y)+ d(Ty,x)]}.                                 (20) 

Definition 2.4 Let(X,d) be a quasi – metric space and  T: X  X be given mapping . Wesay 

that T is generalized  Modified  α – ψ contractive mapping  of type B if there exist two 

functions α:X×X0,∞) and ψϵ such that for all x,y ε X and we have 

      α(x,y)ƞ(x,y)   ⇨   d(Tx,Ty)≤(N(x,y))                (21) 

where        N(x,y)=max{ d(x,y),1/2[d(Tx,x)+ d(Ty,y)],1/2[ d(Tx,y)+ d(Ty,x)]}.            (22) 

Theorem 2.3. Let (X,d) be a complete quasi – metric space. Suppose that T: X  X is an 

Generalized Modified α – ψ contractive mapping of type A which satisfies : 

(i) T is α admissible w.r.t. ƞ; 

(ii) there exists x0ϵX such that α(Tx0, x0)ƞ(Tx0, x0)and α(x0,Tx0)ƞ(x0,Tx0); 

(iii) Tis continous.  

Then T has a fixed point. 

Proof. By(ii), there exists x0ϵX such that α(Tx0, x0)ƞ(Tx0, x0)and α(x0,Tx0)ƞ(x0,Tx0).Let us 

define a sequence {xn}  in X by xn+1=Txn for all nϵN.If xn= xn+1 for some n, then it is evident 

that xn is fixed point of T. By assumption(i), we derive 

α(x1,x0)=α(Tx0,x0)ƞ(Tx0,x0)=ƞ(x1,x0)  ⇨ α(Tx1,Tx0)=α(x2,x1)ƞ(Tx1,Tx0) = ƞ(x2,x1).                (23) 

Recursively, we get 

                     α(xn+1,xn)ƞ(xn+1,xn) for all nϵN.                                                                               (24) 

Taking(19)and(24) into account, we find that 

     d(xn+2,xn+1)=d(Txn+1,Txn)≤ψ(M(xn+1,xn)),                                                                                 (25) 

where         M(xn+1,xn)=max{ d(xn+1,xn),d(Txn+1,xn+1),d(Txn,xn),1/2[d(Txn+1,xn)+d(Txn,xn+1)]} 

                                      =max{ d(xn+1,xn),d(xn+2,xn+1),d(xn+1,xn),1/2[d(xn+2,xn)+d(xn+1,xn+1)]} 

                                      ≤max{d(xn+1,xn),d(xn+2,xn+1)} for all n1.                                                    (26) 

We have two cases. Suppose that d(xn+2,xn+1)d(xn+1,xn).Since d(xn+2,xn+1)0, we obtain 

      d(xn+2,xn+1)≤ψ(d(xn+2,xn+1)) d(xn+2,xn+1),                                                                                   (27) 
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 a contradiction. Therefore, we find that max{d(xn+1,xn),d(xn+2,xn+1)}=d(xn+1,xn).Since ψϵ,(26) 

gives d(xn+2,xn+1)≤ψ(d(xn+1,xn))d(xn+1,xn) for all n1 Recursively, we derive 

         d(xn+2,xn+1)≤ψn(d(x2,x1)), for all n1.                                                                                       (28)     

By the triangular inequality and (28), for all k  2,we get 

d(xn+k,xn) ≤ d (xn+k,xn+k-1)+.......+d(xn+1,xn) 

                ≤ 𝜓𝑛+𝑘−2
𝑝=𝑛

n(d(x2,x1)) 

             ≤ 𝜓∞
𝑝=𝑛

n(d(x2,x1))  0 as n  ∞.                                                                                (29) 

Consequently {xn}is a left – Cauchy sequence in (X,d). 

Analogously, we shall prove that {xn}is a right – Cauchy sequence in (X,d).Again by the 

assumption(i), we find that 

  α(x0,x1)=α(x0,Tx0)ƞ(x0,Tx0)=ƞ(x0,x1)  ⇨ α(Tx0,Tx1)=α(x1,x2)ƞ(Tx0,Tx1) = ƞ(x1,x2).                  (30) 

Recursively, we get 

                     α(xn,xn+1)ƞ(xn,xn+1) for all nϵN.                                                                                 (31) 

     Taking(19)and(31) into account, we find that 

     d(xn+1,xn+2)=d(Txn,Txn+1)≤ψ(M(xn,xn+1)),                                                                                   (32) 

where         M(xn,xn+1)=max{ d(xn,xn+1),d(Txn,xn),d(Txn+1,xn+1),1/2[d(Txn,xn+1)+d(Txn+1,xn)]} 

                                     = max{ d(xn,xn+1),d(xn+1,xn),d(xn+2,xn+1),1/2[d(xn+1,xn+1)+d(xn+2,xn)]} 

                                      ≤max{ d(xn,xn+1),d(xn+1,xn),d(xn+2,xn+1)} for all n1.               (33) We have    

 Since ψ is non decreasing function, inequality( 32) turns into  

d(xn+1,xn+2) ≤ψ(max{ d(xn,xn+1),d(xn+1,xn),d(xn+2,xn+1)}),                                                                 (33) 

for all n1.         We examine three cases. 

Case1. Assume that max{ d(xn,xn+1),d(xn+1,xn),d(xn+2,xn+1)}=d(xn+2,xn+1).Since d(xn+2,xn+1)0 we 

get 

      d(xn+2,xn+1) ≤ψ(d(xn+2,xn+1))d(xn+2,xn+1),                                                                                (34) 

a contradiction. 

Case2. Assume that max{ d(xn,xn+1),d(xn+1,xn),d(xn+2,xn+1)}=d(xn,xn+1).Since ψϵ , from(33) we 

find that   

            d(xn+1,xn+2)≤ψ(d(xn,xn+1)) d(xn,xn+1)                                                                                    (35) 

for alln1. By induction, we get 

                                d(xn+1,xn+2) ≤ψn(d(x1,x2)) for all n1.                                                               (36) 
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By the triangular inequality and (36), for all k  2,we get 

d(xn,xn+k) ≤ d (xn,xn+1)+.......+d(xn+k-1,xn+k) 

                ≤ 𝜓𝑛+𝑘−2
𝑝=𝑛

n(d(x1,x2)) 

             ≤ 𝜓∞
𝑝=𝑛

n(d(x1,x2))  0 as n  ∞.                                                                              (37) 

Case3. Assume that max{ d(xn,xn+1),d(xn+1,xn),d(xn+2,xn+1)}=d(xn+1,xn). Regarding ψϵ and  (33), 

we obtain  

      d(xn+1,xn+2) ≤ψ(d(xn+1,xn)) d(xn+1,xn )                                                                                         (38) 

for all n1. From(19) and(24), for all n1, we obtain 

                        d(xn+1,xn+2)= d(Txn,Txn-1) ≤ψ(M(xn,xn-1)),                                                         (39) 

where M(xn,xn-1)= max{d(xn,xn-1),d(Txn,xn), d(Txn-1,xn-1),1/2[d(Txn,xn-1)+ d(Txn-1,xn)]} 

                            = max{d(xn,xn-1),d(xn+1,xn), d(xn,xn-1),1/2[d(xn+1,xn-1)+ d(xn,xn)]} 

                           ≤ max{d(xn,xn-1),d(xn+1,xn)}.                                                                             (40) 

 Since ψ is non decreasing function, inequality(25) turns into 

d(xn+1,xn) ≤ψ(max{d(xn,xn-1),d(xn+1,xn)}for all n1. We examine two cases. Suppose that 

d(xn+1,xn) d(xn,xn-1).   Since d(xn+1,xn) 0,we obtain  

                                             d(xn+1,xn) ≤ψ(d(xn+1,xn) d(xn+1,xn),                                           (41) 

a contradiction. Therafore, we find that max{d(xn,xn-1),d(xn+1,xn)=d(xn,xn-1).Since ψϵ ,(40)                 

gives  d(xn+1,xn) ≤ψ(d(xn,xn-1)) d(xn,xn-1)                                                                                      (42) 

for all n1.Recursively, we derive 

                    d(xn+1,xn) ≤ψn(d(x1,x0)), for all n1.                                                                           (43) 

If we combine the inequalities(38 ) with(40) , we obtain 

     d(xn+1,xn+2) ≤ψ(d(xn+1,xn)) d(xn+1,xn) ≤ψn(d(x1,x0)), for all n1.                                         (44) 

Together with(44) and the triangular inequality , for all k  2,we get 

       d(xn,xn+k) ≤ d (xn,xn+1)+.......+d(xn+k-1,xn+k) 

                          ≤ 𝜓𝑛+𝑘−2
𝑝=𝑛

n(d(x1,x0)) 

                       ≤ 𝜓∞
𝑝=𝑛

n(d(x1,x0))  0 as n  ∞.                                                                      (45) 

Consequently {xn}is a right – Cauchy sequence in (X,d). By Remark2, we deduce that {xn} is a 

Cauchy sequence in complete quasi metric space(X,d). It implies that there exist u ϵ X such 

that 

 lim𝑛∞ 𝑑(𝑥n,u)= lim𝑛∞ 𝑑(𝑢 , 𝑥n)=0.                                                                             (46) 

Then by using property (d1) together with continuity of T, we obtain 
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 lim𝑛∞ 𝑑(𝑥n,Tu)= lim𝑛∞ 𝑑(𝑇xn-1,Tu) = 0.                                                                (47)                                                                                     

and 

              lim𝑛∞ 𝑑(𝑇𝑢,xn)= lim𝑛∞ 𝑑(𝑇xn-1,Tu) = 0.                                                                (48) 

Thus, we have 

   lim𝑛∞ 𝑑(𝑥n,Tu)= lim𝑛∞ 𝑑(𝑇u,xn) = 0.                                                                               (49) 

Keeping (46) and (49) in mind together with the uniqueness of limit we conclude that u = Tu, 

that is, u is fixed point of T. 

Corollory2.1 Let (X,d) be a complete quasi – metric space. Suppose that T: X  X is an 

generalized Modified α –ψ contractive mapping of type A which satisfies : 

(i) T is α admissible w.r.t. ƞ; 

(ii) there exists x0ϵX such that α(Tx0, x0)ƞ(Tx0, x0)and α(x0,Tx0)ƞ(x0,Tx0); 

(iii) Tis continous.  

Then T has a fixed point. 

The proof is evident due to Theorem2.3. Indeed, ψ is non decreasing and hence, 

       α(x,y)ƞ(x,y)   ⇨   d(Tx,Ty)≤(N(x,y))≤ (M(x,y)) for all x,y ϵ X. 

Where   M(x,y) and N(x,y) are defined as in Definition2.2 and Definition2.3. The rest follows 

from Theorem2.3. 

In next Theorem we omit continuity condition for generalized  Modified  α – ψ contractive 

mapping  of type B  

 Theorem 2.4. Let (X,d) be a complete quasi – metric space. Suppose that T: X  X is an 

generalized Modified α – ψ contractive mapping of typeB which satisfies : 

(i) T is α admissible w.r.t. ƞ; 

(ii) there exists x0ϵX such that α(Tx0, x0)ƞ(Tx0, x0) 

(iii) If {xn} is a sequence in X such that α(xn+1,xn)  ƞ(xn+1, xn) for all n and xn  x ε X as n  ∞, 

then there exist a subsequence {xn(k)} of {xn} such that α(x,xn(k))  ƞ(x, xn(k)) for all k. 

Then T has a fixed point. 

Proof: Following lines of the proof of theorem 2.3, we know that the sequence {xn} defined 

by xn+1 = Txn for all n  0, converges for some u ε X. From (19) and condition (iii), there exists 

a subsequence {xn(k)} of {xn} such that α(u, xn(k))  ƞ(u, xn(k)) for all k. Appling (21), for all k, we 

get 

d(Tu, xn(k)+1) = d(Tu,Txn(k)) ≤ ψ(N(u,xn(k))).                                                                         (50) 

Also, using (22) we get 
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N(u, xn(k))= max{d(u,),1/2[d(Tu,u)+ d(Txn(k),xn(k))],1/2[d(Tu,xn(k))+ d(Txn(k),u)]}.                       (51) 

Taking the limit as k  ∞ in above equality, we obtain              

   Lim𝑘∞ 𝑁(𝑢, xn(k))= 
𝑑 𝑇𝑢 ,𝑢 

2
.                                                                                                          (52) 

Assume that d(Tu,u)0. From (), for large enough, we have N(u, xn(k))0,which implies that 

ψ(N(u,xn(k))) N(u,xn(k)).Then , from(50), we get d(Tu,xn(k)+1) N(u, xn(k)).                                (53) 

Taking the limit as k  ∞ in the above equality, we get  

d(Tu,u)≤
d(Tu ,u)

2
,                                                                                                                                   (54)                                                                                                                                        

which is contradiction. Therefore, we find d(Tu,u)=0, that is, Tu=u. 
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