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Abstract
This article deals with the determination of optimum allocation of sample sizes using fuzzy goal
programming approach in tertiary objective stratified sampling design. In this paper, the degree
of satisfaction for each goal is also determined at both integer and non integer optimum solution.
Keywords: stratification, optimal allocation, goal programming, Fuzzy goal programming,
Taylors first order approximation, Branch and Bound method.

Introduction
One of the areas of statistics that is most commonly used in all fields of scientific investigation is
that of stratified sampling. In stratified sampling the most important consideration is the
allocation of sample sizes in each stratum either to minimize the variance subject to cost or
minimize cost subject to variance. In stratified sampling the population is divided into certain
number of groups called strata and then selecting a simple random sample from each stratum
independently. The population characteristics can be inferred with samples from each stratum,
exploiting the gain in precision in the estimates, administrative convenience and the flexibility in
this design is that different sampling procedure can be used in different sub- populations. The
problem of optimally choosing the sample sizes is known as the optimal allocation problem. The
problem of optimal allocation in multivariate stratified sampling designs discussed by several
authors (see, for example, Gosh (1958), Yates (1960), Hartley (1965), Folks and Antle (1965),
Aoyama (1963), Gren (1966), Kokan and Khan(1967), Chatterjee (1972), Bethel (1989),
kreienbrock (1993), Khan et al. (1997). Ahsan et al. (2005), Kozak (2006), Ansari et al. (2009),
etc). The first mathematical formulation of fuzziness was pioneered by Zadeh (1965). Orlovsky
(1980) made a numerous attempts to explore the ability of fuzzy set theory to become a useful
tool for adequate mathematical analysis of real world problems. Fuzzy methods have been
developed in virtually all branches of decision making problems can be found in Tamiz (1996),
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Zimmermann (1991) and Ross (1995). Goal programming approach in fuzzy environment has
been first introduced by Narashimann(1980).Fuzzy goal programming has been discussed by
several authors (see Pal B.B. et al(2003), Biwas et al (2005), Parra et al(2001) etc). In this paper,
tertiary objective stratified sampling design is solved using fuzzy goal programming (FGP)
approach through LINGO. For practical purpose if the solution is non integer then the FGP is
solved using Branch and Bound method instead of rounding the non integer sample sizes to the
nearest integral values. However in some situation for small samples the rounded off allocation
may become infeasible and non optimal.
Problem formulation
Sometimes it is desirable to divide the population into several sub populations or strata in order
to estimate the population parameter. In stratified random sampling, the population of size N
L
divided into L strata of sizes N1, N2, . . . NL. Where  N i  N . If N1, N2, . . . NL are not known
i 1
in advance then the strata weights remains unknown. Stratified sampling is useful if the strata
weights are known for each stratum. Also, we assume that ni samples are drawn independently
from each stratum. Let y denote an unbiased estimate of population mean ( Y ), where Y is the
characteristic under study. Let y i is an unbiased estimate of the stratum mean Y i such that

yi 

L
1 ni
1 L
 yih for all  i 1,2,3,...L  .Then, y given by y 
 Ni yi   W i yi
N i 1
ni h 1
i 1

is an unbiased estimate of population mean Y . The precision of this estimate is measured by the
variance of the sample estimate of the population characteristics.
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Where Wi 

N
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ni Ni
Also, coefficient of variation is given by
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Y

The problem of optimum allocation involves determining the sample sizes that minimize
the total variance subjected to sampling cost. Let ci be the cost per sample in the i th stratum. The
L
sampling cost function is of the form C  co  
ci ni
i 1

Where, c o = Overhead cost and C is the total budget available in the survey. Let C  co  C* .
The tertiary objective allocation problem is given below

L
Minimize c**   ci ni
i 1
L
Minimize n*  ni
i 1

Minimize

1/ 2
L a 
i

(CV )   
i 1 ni 

(1.1)

Y

Subject to

L a
V ( y )   i v*
i 1 ni
2  ni  N i

ni , integer i  1,2,3,..., L

Where v* is prefixed variance of the estimate of the population mean. In this tertiary objective
problem, the objective is to minimize the cost function, sample sizes and CV subjected to set of
constraints variance and non negative restrictions.
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Fuzzy goal programming
Fuzzy programming requires no weightings or rankings and generates only a single (efficient)
solution. Thus we deal with aspiration intervals rather than single values (such as fuzzy and
interval goal programming) have their own attraction. Zimmermann (1983) presented a fuzzy
approach to multi-objective linear programming problems. Now, we formulate the fuzzy
programming model of problem (1.1) by transforming the objective functions into fuzzy goals by
assigning aspiration level to each of them using Zimmermann Max-min approach (1978). The
membership function must be described for each fuzzy goal .If Ft (n)  gt then

1
if Ft (n)  g t

 u  Ft (n)
 t ( n)   t
if
g t  Ft (n)  ut
u

g
t
 t
0
if Ft (n)  ut

(1.2)

If Ft (n)  gt then

1

 F ( n)  l t
 t ( n)   t
 g t  lt
0

if
if

f t ( n)  g t
lt  Ft (n)  g t

(1.3)

if Ft (n)  lt

Where gt is the aspiration level of the tth objective Ft (n) and ut and lt (t= 1, 2 . . . m) are the upper
tolerance limit and lower tolerance limit, respectively, for the tth fuzzy goal. Here t=3 the we can write
problem (1.1) as

1/ 2
L a 
L
L
Minimize [ F (n)   ci ni , F (n)   ni , F (n)    i 
1
2
3
i 1 ni 
i 1
i 1
Subject to

Y ]

(1.4)

L a
V ( y)   i  V *
i 1 ni
2  ni  N i

ni , integer i  1,2,3,..., L
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Now, we transform non linear membership functions t (n) into an equivalent linear membership
functions at individual best solution point by using first order Taylor’s series as fallows:

t (n) = t (nt* )  [( n1  nt*1 )

d t (nt* )
d (n* )
d (n* ) •
 (n2  nt*2 ) t t  . . .  (nL  ntL* ) t t
]
dn1
dn2
dnL

(1.5)

Where nt* is the individual best solution.
Thus the NLGPP (1.4) reduces to the following problem as

Minimize t (n)
Subject to

L a
V ( y)   i  V *
i 1 ni
2  ni  N i

(1.6)

ni , integer i  1,2,3,..., L

The membership function defined in(1.6) has a maximum value one . Thus the aspiration level of
defined membership function is unity as given below

t (n)   t  1 , Where  t is the over deviational variable.
Now, Fuzzy goal programming problem (FGP) can be presented as
Minimize  t
Subjected to

L a
V ( y)   i  V *
i 1 ni

(1.7)

t (n)   t  1
2  ni  N i

ni , integer i  1,2,3,..., L
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Numerical illustration
The given data has been taken from Arthanari and Dodge (1993).The population contains 64units, the
stratum weights and stratum variance of a population which has been divided into three strata with one
characteristic under study is given below in the table 1.
Table 1

i

Ni

1
2
3

16
20
28

Wi 

Si2

Ni
N

0.2500
0.3125
0.4375

Yi 2

ai

540.0625 62.9375 33.7539
14.6737 27.6000 1.4330
7.2540 14.0714 1.3885

Ci
4
1.5
1

Assume that C (available budget) =100 units including c o and c o = 30 units (overhead
cost).Therefore the total amount available for the survey is C* = 70 units. Also we assume that
the cost of measurement Ci in various strata are c1  4 , c2 1.5 and c3  1 for the cost function
C  co

L
  ci ni
i 1

After substituting the values of the parameters given in the table (1) above the NLGPP (1.1) is
written as when t=3:

Min F1 (n)  4n1  1.5n2  n3
Min F2 (n)  4n1  1.5n2  n3
 33.7539 1.4330 1.3885
Min F3 (n)  



n2
n3 
 n1
subject to
33.7539 1.4330 1.3885


 2.90
n1
n2
n3
2  n1  16, 2  n2  20, 2  n1  2

1/ 2

/ 30.52
(1.8)

In order to find n to satisfy the following fuzzy goals with fuzzy aspiration levels are 70, 23.15 and 0.036
such that F1 (n)  70, F2 (n)  23.15 and F3 (n)  0.036.thus 122, 64, and 0.05 are tolerance limits
respectively for the above three goals.
We define the membership functions for the three fuzzy goals as:

RSPUBLICATION, rspublicationhouse@gmail.com

Page 177

International Journal of Advanced Scientific and Technical Research
Available online on http://www.rspublication.com/ijst/index.html

Issue 5 volume 4, July-August 2015
ISSN 2249-9954

if Ft (n)  70
1
122  F (n)

t
1 (n)  
if
70  Ft (n)  12
122

70

if Ft (n)  122
0
if Ft (n)  23.15
1
 64  F (n)

t
 2 (n)  
if
23.15  Ft (n)  64.
64

23
.15

if Ft (n)  64
0
if Ft (n)  0.036
1
 0.05  F (n)

t
t (n)  
if 0.036t  Ft (n)  0.05
0
.
05

0
.
036

if Ft (n)  0.05
0

(1.9)

(2.0)

(2.1)

Transform membership function by using first order Taylor’s series about points n1* = (14.29, 4.80, 5.80),

n2* = (16, 3.60, 3.54) and n3* = (16,20,28) for 1 (n) , 2 (n) and 3 (n) respectively.

1 (n)  1 (n1* )  0.08n1  0.03n2  0.02n3  2.4
 2 (n)  1 (n2* )  0.02n1  0.02n2  0.02n3  1.463

(2.2)

3 (n)  1 (n3* )  0.104n1  0.0028n2  0.0014n3  0.7589
Using (2.2) Fuzzy goal programming problem (FGP) can be presented as
Minimize 1   2   3
Subject to

 0.08n1  0.03n2  0.02n3  2.4   1  1
 0.02n1  0.02n2  0.02n3  1.463   2  1
0.104n1  0.0028n2  0.0014n3  0.7589   3  1
33.7539 1.4330 1.3885


 2.90
n1
n2
n3
2  n1  16, 2  n2  20, 2  n1  2

(2.3)

After solving FGPP (2.3) through LINGO software, we get
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n1 16, n2  3.43 , n3  3.73, 1  0.058, ,  2  0,.033and  3  0 .08 . Thus the obtained solution is
non integer. In order to get the integer values NLGPP (2.3) is solved using Branch and Bound
method. Various nodes of branch and Bound Method for NLGPP (2.3) are presented below in figure (a).
P1

Z=0.17112

n1=16, n2=3.43, n3=3.73
P2

n1= 4, n2=3.24, n3= 16
Z=0.723

n1= 16, n2=4.39, n3= 3

n3  4

n3  3

P3

Z=0.18799

n2  3
n2  4 P4 (fathomed)

P5 n1=16, n2=3, n3=4.46
Z=0.1785

Z=0.2081

n3  5

n1=16, n2=4, n3= 4

n3  4

n1=16, n2=2.80, n3=5 P7

P6
Infeasible
solution

Z=0.190
P8

n2  3 P9

(fathomed)
Z=0.2365
N1=16, n2=2, n3=19.11

Z=0.1995
n1=16, n2=3, n3=5(Fathomed)

Figure (a): Various nodes of branch and Bound Method for NLGPP (2.3)

Since n 1 , n2  3 and n3 are required to be integers, we branch problem P1into two sub problems
P2 and P3 by introducing the constraints n3  4 and n3  3 respectively indicated by the value

n3  3.73 which lies between 3 and 4. This process of replacing a problem by two sub problems
is called branching. The solution of these two sub problems can be obtained using LINGO
software a shown in figure (a) above. We could branch from either one. Thus we choose P2 because it
has the more nearly optimal value of the objective function. Again P2 is divided into two branches P4 and
P5.Node P4 is fathomed with integer value and we are left with P5, thus P5 is divided into two branches P6
and P7. P6 is infeasible and finally we branch P7 into two sub problems P8 and P9 respectively. Thus P9 is
fathomed with integer value and P8 is fathomed.

Thus the integer optimal solution using Branch and Bound method is given by
n1 16, n2  3, and n3  5 . At non integer solution (n1 16, n2  3.43 , n3  3.73) the membership
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function values of 1 (n), 2 (n) and 3 (n) indicates that goals F1 (n) , F2 (n) and F3 (n) are satisfied
94%, 99% and 92% respectively for the obtained solution. Now the membership function value at integer
solution indicates that goals are satisfied 93%, 98% and 92% respectively for the obtained solution.
Conclusion

This paper concludes that when a non integer solution exists after solving the FGPP then Branch
and Bound method is used to obtain the integer solution of the FGPP. It can be easily seen from
the non integer solution obtained above if we rounding off allocations as n3 approaches to 4. But
using Branch and Bound method n3  5 . Also the satisfaction percentage can be easily seen for
each objective at both integer and non integer optimum allocation.
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