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Abstract:  

Problem Statement: Let R be a commutative ring with identity and M be a left R-module. In 

this research we introduce the concepts of semimaximal ideals and semimaximal submodules. 

We study ideals and submodules that satisfy semimaximality property. On the other hand we 

investigate about sufficient and (or) necessary conditions for ideals and submodules to be 

semimaximal. Approach: The concept of semi-Jacobson radical of a module is introduced and 

studied. Results: Let M be a non-trivial R-module. Then the following statements are 

equivalent: 

1- J'(M) = 0. 

2- If x  M and x  0, then there exists a semisimple R-module V and a homomorphism                  

f: M  V such that f(x)  0. 

3- Let {M} denotes the set of semimaximal submodules of M. Then the (direct) product 

mapping M  (M/ M )

  is a monomorphism. 

4- M can be embedded in a product of semisimple R-modules. 

Conclusion/Recommendation: This study is interesting as a generalization of maximal ideals 

and maximal submodules. 

Key words: Semimaximal ideal, semimaximal submodule, semijacobson radical.  

 

 

1. INTRODUCTION 

        The concept of semimaximal one sided ideal was appeared in [1], in establishing a number of 

properties of idealizer and subidealizer of right ideals. 

        In this research the concepts of semimaximal ideals and semimaximal submodules are introduced 

and studied as a generalization of maximal ideals and maximal submodules. 

        The research contains four sections. We study in the second section semimaximal ideals where an 

ideal I of a ring R (commutative with identity) is called semimaximal if I is an intersection of finitely 

many maximal ideals of R. Equivalentely, I is semimaximal if and only if R/I is a semisimple ring. We 

show that the class of semimaximal ideals is closed under; direct sum, finite intersection (see remarks 

2.3.8 and 2.6). While it is not closed under : direct summand and infinite intersection (see remarks 2.5 and 

2.7). In remark 2.4, we show that the semimaximality property of ideals is not hereditary.  

        The third section of this research is particularized to the main concept, which is semimaximal 

submodule. We call a submodule N of an R-module M semimaximal if and only if M/N is a semisimple 

R-module, def. 3.1. We give sufficient and (or) necessary conditions for submodules to be semimaximal, 

see propositions 3.3, 3.5, 3.6, 3.8, 3.9, 3.13, 3.14, 3.17 and theorems 3.23, 3.25. 

        In section four, we concerned with the relation of semimaximal submodules and the Jacobson 

radicals of rings and modules. 

___________________ 

This paper represents a part of ph.D. Thesis written by the third author under the supervision of the first and the 

second authors and was submitted to the Faculty of education Ibn-Al-Haitham University of Baghdad. 

 

  

 



International Journal of Advanced Scientific and Technical Research                      Issue 5 volume 3, May-June 2015 

Available online on   http://www.rspublication.com/ijst/index.html                                                     ISSN 2249-9954 

R S. Publication, rspublicationhouse@gmail.com Page 505 
 

The main result of this section states that: If J(R) is a semimaximal ideal of R and M is any R-module, 

then J(M)=J(R)M and J(M) is a semimaximal submodule of M, see propositions 4.5, 4.8 and 4.9. 

        The last section is devoted to define and study the notion of semi-Jacobson radical of modules as a 

generalization of the concept of Jacobson radical of modules. We give characterization and structure of 

such radical, see propositions: 5.2 – 5.16. 

        Finally, we remark that R stands for a commutative ring with identity and all modules are unitary. 

 

2. SEMIMAXIMAL IDEALS 
        We introduce in this section the concept of semimaximal ideals as a generalization of maximal 

ideals. We give some characterization and establish some basic properties of this concept. 

 

Definition 2.1: [1] 

        An ideal I of a ring R is called semimaximal if I is an intersection of finitely many maximal ideals of 

R. 

 

Proposition 2.2: [1] 
        An ideal I of a ring R is semimaximal if and only if R/I is a semisimple ring. 

 

Examples and Remarks 2.3: 
1- The semimaximal ideals of the ring Z are exactly the ideals generated by square-free integers. 

2- Every maximal ideal is semimaximal but the converse is not true in general. 

    For the converse, 6Z is a semimaximal ideal of Z which is not maximal. 

3- If R is a semisimple (or a Boolean) ring, then every proper ideal of R is semimaximal. 

4- Let I and J be two idals of a ring R and IJ. Then J is semimaximal in R if and only if J/I is 

semimaximal in R/I. 

5- If I is a semimaximal ideal of R and J is an ideal of R containing I, then J is semimaximal in R. 

6- If I is a semimaximal ideal of R, then [I:J] is also a semimaximal ideal of R for each ideal J of R. 

7- If I is a semimaximal ideal of R and J is any ideal of R, then I+J is a semimaximal ideal of R. 

8- The direct sum of any collection of semimaximal ideals of a ring R is also semimaximal in R. 

Proof 
Is obvious and hence is omitted. 

 

Remark 2.4: 
        A subideal of a semimaximal ideal need not be semimaximal. 

For example, let R=Z24, I= 2   and J= 8  . It is clear that I is semimaximal in R while J is not 

semimaximal in I. 

 

Remark 2.5: 
        The class of semimaximal ideals is not closed under direct summand. 

For example, let R=Z24, I= 2  . I is semimaximal in R and I= 6 8   . But 8   is not 

semimaximal in I. 

 

Proposition 2.6: 
        The intersection of a finite collection of semimaximal ideals of R is also smimaximal ideal of R. 

Proof 

Let n
k k 1{I }   be a finite collection of semimaximal ideals of R. Then R/Ik is a semisimple ring  

k=1,2,…,n (by prop. 2.2). Therefore 
n

k
k 1

(R / I )

  is a semisimple ring, [2]. 
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It can be easily checked that 
n

k
k 1

R / I

  can be embedded in 

n

k
k 1

(R / I )

  which implies that 

n

k
k 1

R / I

  is a 

semisimple ring and hence 
n

k
k 1

I

  is a semimaximal ideal of R (by prop. 2.2). 

 

Remark 2.7: 
        The intersection of an infinite collection of semimaximal ideals of R need not be semimaximal in R. 

For example, for each prime no. p, pZ is a semimaximal ideal of Z. But 
pisprime
 pZ={0} is not a 

semimaximal ideal of Z. 

        Recall that an ideal I of a ring R is called semiprime if and only if I= I , [3]. 

 

Proposition 2.8: 
        Every semimaximal ideal is semiprime and the converse is not true in general. 

Proof 

Let I be a semimaximal ideal of R. Then I=
n

i 1
 Ii where Ii is a maximal ideal of R for each i=1,2,…,n (by 

def. 2.1). We have to show that I =I. Clearly, I I . Let x I . Then x
n n

i i
i 1 i 1

I I
 
   , and hence 

x iI                    i=1,2,…,n. Therefore x
n

i 1
 Ii = I, which is what we wanted. 

For the converse, {0} is a semiprime ideal of Z which is not semimaximal. 

 

 

       Recall that an R-module M is called regular, if R/annR(x) is a regular ring for each non-zero element 

x of M, [4]. 

 

Proposition 2.9: 
        Let M be an R-module. If annR(M) is a semimaximal ideal of R, then M is a regular R-module. 

Proof 

We have R/annR(M) is a semisimple ring and hence a regular ring, [5]. Let 0xM and define 

f:R/annR(M)  R/ann(x) such that                     f(r + annR(M)=r+annR(x) rR. 

It can be easily checked that f is a well-defined epimorphism. Therefore R/annR(x) is a regular ring 

xM, x0, [4]. Hence M is regular, [4]. 

 

Corollary 2.10: 
        If N is a submodule of an R-module M such that [N:M] is a semimaximal ideal of R, then M/N is a 

regular R-module. 

 

 

3. SEMIMAXIMAL SUBMODULES 
        The main concern of this section is to generalize the concept of semimaximal ideals into 

semimaximal submodules and to give some sufficient and (or) necessary conditions for submodules to be 

semimaximal. Also, we investigate some properties of such submodules. 

 

Definition 3.1: 
        A submodule N of an R-module M is called semimaximal if and only if M/N is a semisimple R-

module. 
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Examples and Remarks 3.2: 

1- For each positive integer n>1, nZ is a semimaximal submodule of the Z-module Z if and only if n is 

square-free. 

2- Every maximal submodule is semimaximal and the converse is not true in general. 

For the converse, 6Z is a semimaximal submodule of the Z-module Z which is not maximal. 

3- Not every module has a semimaximal submodule. 

    For example, let M=
p

Z  as a Z-module and N be a submodule of M. If N is semimaximal in 
p

Z  , 

then 
p

Z  /N is a semisimple Z-module. But 
p

Z  /N  
p

Z   which is not semisimple. Therefore a 

contradiction. Hence 
p

Z   has no semimaximal submodules. 

4- A submodule of semimaximal submodule need not be semimaximal. 

    For example, let M=Z24 as a Z-module, N= 2   and K= 8  . Then M/N = Z24/ 2   Z2 is a 

semisimple Z-module while N/K= 2  / 8   Z4 is not semisimple Z-module. So K is not 

semimaximal in N. 

5- If M is an R-module, I is an ideal of R contained in annR(M) and N is a submodule of M, then N is 

semimaximal R-submodule of M if and only if N is semimaximal R/I-submodule of M. 

6- Every submodule of a semisimple R-module is semiaximal. 

7- If M is a module over a semisimple ring, then every submodule of M is semimaximal. 

8- The intersection of two semimaximal submodules is also semimaximal. 

9- Let NK be submodules of an R-module M. If N is semimaximal in K and K is semimaximal in M, 

then it is not necessary that N is semimaximal in M. 

    Consider the following example. 

    Let M=Z36 as a Z-module, N= 9   and K= 3  . Then M/N = Z36/ 9   Z9 is not semisimple Z-

module. That is N is not semimaximal in M. 

    On the other hand, M/K=Z36/ 3   Z3 and K/N= 3  / 9   Z3 is a semisimple Z-module, hence K 

is semimaximal in M and N is semimaximal in K. 

10- If M is an R-module such that for each xM, annR(x) is a semimaximal ideal of R, then every cyclic 

submodule of M is semisimple. 

11- If N1 is a semimaximal submodule of M1 and N2 is a semimaximal submodule of M2 then N1N2 is 

semimaximal submodule of M1M2. 

Proof 
Is obvious and hence is omitted. 

 

Proposition 3.3: 
        Let N be a submodule of an R-module M such that N is the intersection of a finite number of 

maximal submodules of M. Then N is semimaximal in M. 

Proof 

Let N=N1N2…Nk for suitable maximal submodules Ni of M i=1,2,…,k. M/N=M/
k

i 1
 Ni is 

isomorphic to a submodule of 
k

i 1
 M/Ni (can be proved easily). Therefore M/N is a direct sum of simple 

R-modules and hence M/N is a semisimple R-module, which completes the proof. 

 

        The following example shows that the condition on N, in the previous proposition, is not necessary, 

while it is sufficient. 
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Example 3.4: 

        Let M=
pisprime
 Zp as a Z-module and N=Z2 is a submodule of M. M/N= 

pisprime
 Zp/Z2

p 2
 Zp is a 

semisimple Z-module. Hence N is semimaximal in M, but N is not the intersection of maximal 

submodules of M. 

 

Proposition 3.5: 
        Let N be a submodule of an R-module M such that [N:M] is a semimaximal ideal of R. Then N is a 

semimaximal submodule of M. 

Proof 
We have R/[N;M] is a semisimple ring (by prop.2.2), M/N is an R-module and annR(M/N)=[N:M], 

implies that M/N is an R/[N:M]-module. Hence M/N is a semisimple R/[N:M]-module, so M/N is a 

semisimple R-module and therefore N is a semimaximal submodule of M. 

 

Proposition 3.6: 
        If M is a f.g.R-module and N is a semimaximal submodule of M, then [N:M] is a semimaximal ideal 

of R. 

Proof 
M is f.g. and N is semimaximal implies that M/N is a f.g. semisimple R-module. Therefore 

M/N=S1S2…Sn where Si is a simple R-module for each i=1,2,…,n. Hence M/N
R/I1R/I2…R/In for some maximal ideals I1,I2,…,In of R. On the other hand [N:M] = annR(M/N)= 

I1I2…In and according to the def. (2.1), [N;M] is semimaximal ideal of R. 

 

Corollary 3.7: 
        Let M be a f.g. R-module and N be a submodule of M.Then N is semimaximal submodule of M if 

and only if [N:M] is a semimaximal ideal of R. 

 

Proposition 3.8: 
        Let N be a submodule of an R-module M. If N is a finite intersection of maximal submodules of M, 

then [N:M] is a semimaximal ideal of R. 

Proof 

Suppose that N=K1K2…Kn where Ki is a maximal submodule of M for each i=1,2,…,n. It can be 

easily shown that [N:M]=
n

i 1
 [Ki:M]. Hence R/[N:M] = R/

n

i 1
 [Ki:M] is isomorphic to a submodule of 

n

i 1


R/[Ki:M] which is a direct sum of simple R-modules (since [Ki:M] is a maximal ideal of R for each 

i=1,2,…,n). Therefore R/[N:M] is a semisimple R-module, which completes the proof. 

 

Proposition 3.9: 

        Let NK be submodules of an R-module M and N is semimaximal in M. Then K is semimaximal in 

M and N is semimaximal in K. 

Proof 
M/N is a semisimple R-module and M/N / K/N is also a semisimple R-module.  

But M/N / K/N   M/K, so M/K is a semisimple R-module and hence K is semimaximal in M. The 

second part follows easily. 

 

Corollary 3.10 

        If N is a semimaximal submodule of an R-module M and I is an ideal of R, then [N
M
: I] is a 

semimaximal submodule of M. 
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Remark 3.11: 

        The converse of cor. (3.10) is not true in general. For example: Let M=Z12 as a Z-module, N= 4   

and I=2Z. Then: 

M/N=Z12/ 4   Z4 is not a semisimple Z-module and hence N is not a semimaximal submodule of Z12. 

However [N
12Z
: I]= 2   is a semimaximal submodule of Z12. 

 

Corollary 3.12: 

        The sum of any collection of semimaximal submodules is also semimaximal. 

 

Proposition 3.13: 

        Let NK be submodules of an R-module M. Then K is semimaximal in M if and only if K/N is 

semimaximal in M/N. 

Proof 

Follows easily. 

 

Proposition 3.14: 

        If I is a semimaximal ideal of R and M is an R-module, then IM is a semimaximal submodule of M. 

Proof 

For each rI, rMIM and hence I[IM:M]=annR(M/IM). Therefore M/IM is an R/I-module and since R/I 

is a semisimple ring, then M/IM is a semisimple R/I-module. Hence IM is a semimaximal R/I-submodule 

of M. Whence IM is a semimaximal R-submodule of M (by remark 3.2,(5)). 

 

Remark 3.15: 

        The converse of prop.(3.14) is  not true in general. 

For example, take M=Z6 as a Z-module and I=4Z. I is not a semimaximal ideal of Z, but IM= 2   is a 

semimaximal submodule of Z6. 

 

        Recall that an R-module M is called multiplication, if for each submodule N of M, there exists an 

ideal I of R such that N=IM, [6]. 

 

Corollary 3.16: 

        If M is a multiplication module over a Boolean ring, then every submodule of M is semimaximal. 

 

Proposition 3.17: 

        Let M be a f.g. R-module such that annR(x) is a semimaximal ideal of R for each non-zero element x 

of M. Then every submodule of M is semimaximal. 

Proof 

Assume that M=(m1,m2,…,mn) where miM for each i=1,2,…,n. Let N be a submodule of M. [N:M] = 

annR(M/N) = 
n

i 1
 annR i(m )  and R/[N:M]=R/

n

i 1
 annR i(m )  which is isomorphic to a submodule of R/

n

i 1


annR i(m )  and annR(mi) is a semimaximal ideal of R for each i=1,2,…,n. Therefore annR i(m )  is a 

semimaximal ideal of R for each i=1,2,…,n (by remark 2.3,(5)), and hence R/ annR i(m )  is a semisimple 

ring for each i=1,2,…,n, which implies that R/
n

i 1
 annR i(m )  is a semisimple ring. Therefore R/[N:M] is a 

semisimple ring. Whence [N:M] is a semimaximal ideal of R and hence N is a semimaximal submodule 

of M (by prop.3.5). 
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Proposition 3.18: 

        Every multiplication (f.g.) R-module contains a semimaximal submodule. 

Proof 

According to the fact that such modules contains maximal submodules. 

 

Remark 3.19: 

        A semimaximal submodule need not be a prime submodule. 

For example, 6Z is a semimaximal submodule of the Z-module Z which is not prime. 

 

        Recall that an R-module M is called prime if annR(M)=annR(N) for every non-zero submodule N of 

M, [7]. 

        The following lemma is needed here: 

 

Lemma 3.20 

        If M0 is a prime and semisimple R-module, then M is simple. 

Proof 

If M is not simple, then M is a direct sum of simple R-modules, so there exists distinct simple R-modules 

S1 R/A and S2 R/B are direct summands of M where A and B are maximal ideals of R. But M being 

prime implies that ann(S1)=A= ann(M) and ann(S2)=B=ann(M). Therefore A = B and hence S1=S2 which 

is a contradiction. 

 

Proposition 3.21: 

        Let N be a semimaximal submodule of an R-module M. If P is a prime submodule of M containing 

N, then P is a maximal submodule of M. 

Proof 

By prop.(3.9), P is a semimaximal submodule of M and hence M/P is a semisimple R-module. 

On the other hand P is prime in M. Therefore M/P is a prime R-module, [8]. And according to lemma 

(2.20), M/P is a simple R-module, therefore P is maximal in M. 

 

Corollary 3.22: 

        If N is a prime and semimaximal submodule of an R-module M, then N is a maximal submodule of 

M. 

 

Theorem 3.23: 

        Let N be a proper submodule of an R-module M. Then N is semimaximal if and only if for every 

submodule A of M there exists a submodule B of M such that A+B = M and ABN. 

Proof 

Assume that N is semimaximal submodule of M and A is a submodule of M. Then (A+N)/N is a 

submodule of M/N and since M/N is a semisimple R-module, therefore (A+N)/N is a direct summand of 

M/N. Hence M/N=(A+N)/NB/N for some submodule B of M containing N. Therefore 

M/N=(A+B)/NB/N from which one can show that M=A+B. 

Next, if xAB, then x+N(A+N)/N B/N which implies easily that x+N=N and so xN. Therefore A 

 B  N. 

Conversely, let A/N be a submodule of M/N. Then A is a submodule of M and hence there exists a 

submodule B of M such that A+B=M and ABN. One can show easily that M/N=A/N(B+N)/N. 

Hence M/N is a semisimple R-module which is what we wanted. 

 

        Recall that a submodule A of an R-module M is called a weak supplement submodule in M, if there 

exists a submodule B of M such that A+B=M and AB is small in M. And M is called weakly 



International Journal of Advanced Scientific and Technical Research                      Issue 5 volume 3, May-June 2015 

Available online on   http://www.rspublication.com/ijst/index.html                                                     ISSN 2249-9954 

R S. Publication, rspublicationhouse@gmail.com Page 511 
 

supplemented R-module if every submodule of M is a weak supplement, [9]. Where a submodule N of M 

is called small in M if N+KM for all proper submodules K of M, [5]. 

 

Corollary 3.24: 

        If M is weakly supplemented R-module and J(M)M, then J(M) is a semimaximal submodule of M. 

J(M) is the Jacobson radical of M). 

Proof 

Let A be a submodule of M. Then there exists a submodule B of M such that A+B=M and AB is small 

in M. Hence ABJ(M), [5]. Therefore J(M) is semimaximal in M by Th. (3.23). 

 

Theorem 3.25: 

        Let N be a proper submodule of an  R-module M. Then N is semimaximal in M if and only if there 

exists submodules A and B of M such that M=AB with A simisimple, N is essential and semimaximal 

in B. 

Proof 

Assume that N is semimaximal in M and A is a complement of N in M. Then AN is an essential 

submodule of M, [1]. A (AN)/N is a submodule of M/N which is semisimple. Therefore (AN)/N is a 

direct summand of M/N. So, M/N=(AN)/NB/N for some submodule B of M containing N. 

We claim that M=AB. It can be easily show that M=A+B. Let xAB. Then xA and xB implies 

that xA+N and xB. x+N(AN)/N and x+NB/N, implies that x+N(AN)/NB/N. Thus x+N=N. 

So xN. Therefore ABN, implies that AN0 a contradiction. Hence AB=0. So M=AB. 

Now, let C be a non-trivial submodule of B such that CN=0. Then CA and hence CAB=0 which is 

a contradiction. Therefore N is an essential submodule of B. Moreover B/N is semisimple R-module since 

M/N is a semisimple R-module, and hence N is semimaximal in B. 

Conversely, let N be a submodule of M. By hypothesis, M=AB with A is semisimple and N is 

semimaximal in B. Therefore M/N=(AB)/N is a semisimple R-module and hence N is semimaximal in 

M. 

 

4. SEMIMAXIMAL SUBMODULES AND RADICALS 
        The purpose of this section is to introduce the fundamental notions of the semimaximal submodules 

related to the Jacobson radicals of the ring and module. 

        First, let us point that:J(R) means the Jacobson radical of R which is the intersection of all maximal 

ideals of R. 

J(M) means the Jacobson radical of M which is the intersection of all maximal submodules of M (if 

exists) and J(M)=M in case M has no maximal submodules. 

 

        We begin with the following results: 

Proposition 4.1: 

        Let N be a semimaximal submodule of an R-module M. Then J(R)(M/N)=0. 

 

Proof 

M/N being a semisimple R-module, so M/N=

 S where S is a simple submodule of M/N for each 

. But J(R)={aR:aS=0 for all simple R-modules S} ([2], cor.15.5,p.167). Therfore J(R)(M/N)=J(R)(


 S)=


 J(R)S=0. 

 

Proposition 4.2: 

        If J(R) is a semimaximal ideal of R and N is a submodule of an R-module M such that J(R)(M/N)=0, 

then N is semimaximal. 
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Proof 

By hyp. J(R)(M/N)=0 implies that J(R)annR(M/N) and hence M/N is an R/J(R)-module. But R/J(R) is a 

semisimple ring, therefore M/N is a semisimple R/J(R)-module and hence M/N is a semisimple R-module 

which completes the proof. 

 

Corollary 4.3: 

        Let R be a ring such that J(R) is a semimaximal ideal of R and let N be a submodule of an R-module 

M. Then N is semimaximal if and only if J(R)(M/N)=0. 

 

Proposition 4.4: 

        Let R be an Artinian ring and let N be a submodule of an R-module M. If J(R)(M/N)=0, then N is 

semimaximal. 

 

Proof 

R/J(R) is an Artinian ring and hence J(R/J(R))=0 ([2], prop.15.16,p.170) which implies that R/J(R) is a 

semisimple ring ([2],prop.15.16, p.170). Hence J(R) is a semimaximal ideal of R and according 

prop.(4.2), N is semimaximal. 

 

Proposition 4.5: 

        If J(R) is a semimaximal ideal of R and M is an R-module, then J(M) is a semimaximal submdoule 

of M and J(M)=J(R)M. 

Proof 

Clearly M/J(M) is cogenerated by simple R-modules and since J(R) annihilates every simple R-module, 

we get that J(R)(M/J(M))=0. Therefore J(M) is a semimaximal submodule of M (by prop.4.2). Now, 

J(M/J(M))=J(M)=0 ([4],prop.3.9,p.46) which implies that J(M)J(R)M. Hence J(R)M=J(M). 

 

Proposition 4.6: 

        Let M be an R-module. If annR(M) is a semimaximal ideal of R, then J(N)=J(M)N for any 

submodule N of M. 

Proof 

By prop. 2.9, M is a regular R-module and according to ([4], prop.3.9,p.46), J(M)=0 and hence 

J(N)=J(M)N for any submodule N of M, [10]. 

 

Remark 4.7: 

        The condition ann(M) is semimaximal ideal of R in prop. (4.6) can not be dropped. 

For example, if M=Z24 as a Z-module and N= 2  , then J(M)= 6   and J(N)= 0 . Thus J(N) = 0   

6    2   = 6 = J(M)N. 

 

Proposition 4.8: 

        If J(R) is a semimaximal ideal of R, then every finitely generated semisimple R-module is 

isomorphic to a direct summand of R/J(R). 

Proof 

Let M be a finitely generated semisimple R-module. Then M=
n

i 1
 Si where Si is a simple R-module  

i=1,2,…,n. Hence M=
n

i 1
 R/Ai where Ai is a maximal ideal of R  i=1,2,…,n. Let K=

n

i 1
 Ai. Then M

R/K. But J(R)K, therefore K/J(R) is a submodule of R/J(R) and R/J(R) is a semisimple R-module, hence 

K/J(R) is a direct summand of R/J(R). That is R/J(R)=K/J(R)C for some submodule C of R/J(R). 

Therefore R/J(R)/K/J(R)  R/K C. Hence M C is a direct summand of R/J(R). 
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Proposition 4.9: 

        Let R be a ring and rR. Then rJ(R) if and only if (r)=0 for all homomorphisms  from R into a 

semisimple R-module. 

Proof 

Let M be a semisimple R-module and :RM be a non-trivial R-homomorphism. Then R/ker 
(R) is a semisimple R-module, and hence ker  is a semimaximal ideal of R. 

On the other hand, if I is a semimaximal ideal of R and :RR/I is the natural homomorphism then  

is an R-homomorphism from R onto a semisimple R-module and ker =I. Thus (r)=0 for all 

homomorphisms from R into a semisimple R-module if and only if r belongs to all semimaximal ideals I 

of R. 

 

5. SEMI-JACOBSON RADICALS OF MODULES 
 

        We introduce in this section the concept of semi-Jacobson radical of modules as a generalization of 

the concept of Jacobson radical of modules, where we define this concept and we study its structure and 

give some properties of it. 

 

Definition 5.1: 

        Let M be an R-module. The semi-Jacobson radical of M is defined to be the intersection of all 

semimaximal submodules of M. 

We shall use J'(M) to denote the semi-Jacobson radical of M. In case M has no semimaximal submodule, 

we put J'(M)=M. It is clear that J'(M) is submodule of M and J'(M)J(M). 

 

Proposition 5.2: 

        Let M be an R-module. Then J'(M) is the intersection of the kernels of all epimorphisms f:MV 

such that V=Imf is a semisimple R-module. 

Proof 

Let N be a semimaximal submodule of M and let :MM/N be the natural homomorphism. Then  is 

an epimorphism, ker =N and M/N Im is a semisimple R-module. Therefore J'(M)K where K={ker 

f f:MV is an epimorphism and V is a semisimple R-module}.  

Now, let f: MV be an epimorphism with V is a semisimple R-module. Then M/ker f V. Thus ker f 

is a semimaximal submodule of M. Therefore KJ'(M). Hence K=J'(M). 

 

Theorem 5.3: 

        Let M be a non-trivial R-module. Then the following statements are equivalent. 

1. J'(M) = 0. 

2. If xM and x0, then there exists a semisimple R-module V and a homomorphism f:MV such 

that f(x)0. 

3. Let {M} denotes the set of semimaximal submodules of M. Then the (direct) product mapping 

M

 (M/M) is a monomorphism. 

4. M can be embedded in a product of semisimple R-modules. 

Proof 

(1)(2): Let xM and x0. Thus xJ'(M) (by(1)). This means, there exists a semimaximal submodule N 

of M such that xN. Then M/N is a semisimple R-module. Let :MM/N be the natural 

homomorphism. Therefore f(x)= x+N0  which proves (2). 

(2)(1): suppose that J'(M)0. Let 0xJ'(M). But J'(M)=ker f where f:MV is a homomorphism 

and V=Im f is a semisimple R-module (by prop.5.2). Therefore x  ker f  f:MV is a 
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homomorphism and V = Imf is a semisimple R-module. Hence f(x)=0 for each such f, which contradicts 

part (2). Therefore J'(M)=0. 

(2)(3): Let h:M

 (M/M) be the direct product map. If xM and x0, then by (2), implies that 

xM for each , whence (h(x))=x + M0 and h(x) 0, where :

 MM be the projection 

map. Thus h is a monomorphism. 

(3)(4): Is trivial. 

(4)(2): If we say M
J

 W where W is a semisimple  J, and if xM, x0, then there exists J 

such that (x)0, where :

 W  W is the projection map. If f=

M , then f:MW and f0. 

 

Proposition 5.4: 

        Let M be a finitely generated R-module. Then J'(M)={IM:I is a semimaximal ideal of R}. 

Proof 

Let K={IM:I is a semimaximal ideal of R}. If J'(M)=M, it is clear that KJ'(M). Suppose that J'(M)M. 

Let N be a semimaximal submodule of M. Then [N:M] is a semimaximal ideal of R (by prop. 3.6). 

Therefore K[N:M]MN. Hence KJ'(M). 

Now, let I be a semimaximal ideal of R. Then IM is a semimaximal submodule of M (by prop. 3.14). 

Therefore J'(M)IM for every semimaximal ideal I of R. Hence J'(M)K which completes the proof. 

 

Corollary 5.5: 

        If R is a Noetherian ring and M is an R-module, then J'(M)={IM:I is a semimaximal ideal of R}. 

 

 

Corollary 5.6: 

        If R is an integral domain and M is a finitely generated divisible R-module, then J'(M)=M. 

 

Corollary 5.7: 

        Let M be a finitely generated R-module. Then J'(M)J(R)M. 

Proof 

Let I be a semimaximal ideal of R. Then IJ(R). Therefore IMJ(R)M and by prop. 5.4, we get 

J'(M)J(R)M. 

 

Proposition 5.8: 

        If J(R) is a semimaximal ideal of R and M is an R-module, then J'(M)J(R)M. 

Proof 

Since (M/J(R)M)J(R)=0 implies that M/J(R)M can be considered as an R/J(R)-module. 

On the other hand, R/J(R) is a semisimple ring. Therefore M/J(R)M is a semisimple R/J(R)-module and 

hence a semisimple R-module. Hence J(R)M is a semimaximal submodule of M which implies that 

J'(M)J(R)M. 

 

        We can give another proof for proposition 5.8. 

Proof 

Since J(R) is a semimaximal ideal of R, then J(R)M is a semimaximal submodule of M (by prop. 3.14). 

Therefore J'(M)J(R)M. 

 

Corollary 5.9: 

        If M is a finitely generated R-module and J(R) is a semimaximal ideal of R, then J'(M)=J(R)M. 
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Proposition 5.10: 

        Let M be a finitely generated R-module. Then J'(M)={IM:I is a semimaximal ideal of R containing 

annR(M)}. 

 

Proof 

Let K={IM:I is a semimaximal ideal of R containing annR(M)}. If J'(M)=M, then it is clear that 

KJ'(M). Suppose that J'(M)M. Let N be a semimaximal submodule of M. Then [N:M] is a 

semimaximal ideal of R (by prop. 3.6), moreover annR(M)[N:M]. Therefore IM[N:M]MN where I 

is a semimaximal ideal of R containing annR(M). Hence KN for each semimaximal submodule of M, 

that is KJ'(M). Clearly, J'(M)K, so J'(M)=K. 

 

Proposition 5.11: 

        Let M be an R-module. Then the following statements are equivalent: 

1. Every submodule N of M with NM is contained in a semimaximal submodule of M. 

2. J'(M/N)M/N for every submodule NM. 

 

Proof 

(1)(2): Let N be a submodule of M and NM. By (1), there exists a semimaximal submodule K of M 

such that KN. Therefore K/N is semimaximal submodule of M/N (by prop. 3.13). But J'(M/N)K/N and 

K/NM/N. Thus J'(M/N)M/N. 

(2)(1): J'(M/N)M/N by (2), so M/N has a semimaximal submodule say K/N. Hence M/N / K/N  M/K 

is a semisimple R-module, therefore K is a semimaximal submodule of M and KN. 

 

Proposition 5.12: 

        Let M be a finitely generated R-module such that every submodule NM is contained in a 

semimaximal submodule of M. Then MJ(R)=M if and only if M=0. 

Proof 

If MJ(R)=M, then J'(M)M (by cor.5.7). But MJ'(M). Therefore J'(M)=M which is a contradiction 

according to prop. 5.11. Hence M=0. 

Conversely: Is obvious. 

 

Proposition 5.13: 

        Let M be a finitely generated R-module. If J(R) is a semimaximal ideal of R, then J'(M)=MJ(R). 

 

Proof 

Since J(R) is a semimaximal ideal of R then MJ(R) is a semimaximal submodule of M (by prop. 3.14). 

Hence J'(M)MJ(R). But J'(M)MJ(R) (by cor. 5.7). Therefore J'(M)=MJ(R). 

 

Proposition 5.14: 

        Let N be a submodule of an R-module M. If J'(M/N)= 0 , then J'(M)N. 

Proof 

We have J'(M/N)={K/N:K/N is a semimaximal submodule of M/N}. Let K/N be a semimaximal 

submodule of M/N. Then K is a semimaximal submodule of M (by prop. 3.13). Suppose that J'(M)  N. 

Then there exists xJ'(M) and xN, implies that xK for each semimaximal submodule K of M. Hence 

x+NK/N for each semimaximal submodule K/N of M/N and x+NN. Therefore J'(M/N)0  which is a 

contradiction. Hence J'(M)N. 
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Definition 5.15: 

        Let N be a submodule of an R-module M. Then semi-Jacobson radical of N denoted by J'(N) is 

defined as J'(N)={K:K is a semimaximal submodule of M containing N}. 

 

Proposition 5.16: 

        Let N and L be two submodules of an R-module M and I be an ideal of R. Then  

(1) J'(N) is a submodule of M containing N. 

(2) J'(J'(N))=J'(N). 

(3) J'(NL)J'(N)J'(L). 

(4) J'(N+L)J'(J'(N)+J'(L)). 

(5) J'([N:M])[J'(N):M]. 

(6) J'(IM)=J'(J(I)M). 

(7) If M is a semisimple R-module, then J'(N)=N. 

Proof 

Is straight forward. 

 

 

CONCLUSIONS AND RECOMMENDATIONS 
        The fundamental notions of the semimaximal submodules related to the Jacobson radicals of ring 

and module are obtained, in particular, the semimaximality of the Jacobson radical of the ring is a 

sufficient condition for the semimaximality of the Jacobson radical of the module. Furthermore the 

structure of the semi-Jacobson radical of the module is given. 

        As a recommendation, it is possible to use the concept of semi-Jacobson radical for certain types of 

modules. Also, we suggest to generalize the concept of small submodule into semismall submodule to get 

that the semi-Jacobson radical of a module is the sum of all its semismall submodules, in fact we are 

going to study this problem in order to get more knowledge about the semi-Jacobson radical. 
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