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ABSTRACT 

In this study, a non-linear regression model is evaluated with denoised non-linear regression 

estimators when the effect of varying parameter values is considered. The methodology is based 

on simulated data and smoothing is carried out using the Epanechnikov Kernel. The model 

parameters are estimated using three denoised non-linear estimators under three cases in which 

the parameter values are varied. To detect the sensitivity of the varied parameter values on the 

performance of the denoised estimators, various Monte Carlo simulations are performed and 

compared based on the mean squared error criterion. The results show that the denoised non-

linear least squared estimator outperforms both the denoised non-linear least absolute deviation 

estimator and the denoised non-linear M-estimator in all the three cases under different 

parameter settings. The studies therefore reveal that the parameters of a non-linear Keynesian 

consumption model have no effect on the performance of denoised non-linear estimators. 

Keywords: Consumption model, Denoising, Epanechnikov Kernel, Measurement error, Monte-

Carlo simulation, Nonlinear regression. 
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INTRODUCTION 

Estimation of non-linear regression models finds application in the field of engineering and 

science. One of the advantages of non-linear regression over many other techniques is that it can 

fit a broad range of functions. However, it has been a challenging problem in statistics and 

econometrics to construct consistent estimators of the parameters in a non-linear regression 

model when the regressors are subject to measurement errors. Measurement errors in economic 

data are pervasive and non-trivial in size. The presence of measurement errors in regression 

model causes biased and inconsistent parameter estimates and leads to erroneous conclusion to 

various degrees in economic analysis. Since the least squares estimator is not consistent in the 
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presence of measurement errors, other alternatives proposed are the adjusted least squares (ALS), 

instrumental variable (IV) method, simulation extrapolation (SIMEX) method and the denoising 

approach. There are several methods available in literature which can be used to denoise, but the 

Epanechnikov Kernel has been used. Denoising appears often in applied fields such as Image 

Processing (Prasad and Lyengar (1997)), Medicine and Biology (Aldoubi and Unser (1996)) and 

Marketing (Blattberg and Neslin (1990)). Although, work has been done on denoising. 

Denoising approach has been used in non-linear regression setting; however, it is known that 

usually there is no explicit form of non-linear regression estimators. So far, denoising has been 

extended to least squares estimator, least absolute-deviation estimator and Huber M-estimator. 

Cui and Hu (2011) proposed a specific procedure of denoised non-linear regression and 

constructed the denoised variables under some smoothness condition using a kernel-type 

smoothing. The least squares estimator, least absolute deviation estimator and Huber M-

estimator applied to these denoised variables yield consistent estimators called denoised non-

linear least squares (DNLS), denoised non-linear least absolute deviation (DNLAD) and 

denoised non-linear M- estimator (DNM) estimators respectively. Cui and Hu (2011) carried out 

a simulation showing comparison among DNLS, DNLAD, and DNM estimators. The result 

showed that DNLS performed best. However, no analysis has been carried out to study the 

performance of denoised non-linear estimators under several different smoothers. For this 

reason, Fasoranbaku and Soyombo (in press) in a related study, considered four different 

smoothers. They carried out Monte Carlo simulations and compared DNLS, DNLAD and DNM. 

The results indicated that DNLS performed best, followed by DNM and lastly DNLAD under 

each of the smoothers considered. 

To detect the sensitivity of the parameters of non-linear regression models, the present paper 

focuses on studying the effect of varying the parameter values of a non-linear regression model 

on the performance of denoised non-linear estimators. The motivation of a denoised non-linear 

regression estimation study comes from investigating the well-known Keynesian consumption 

model in economics. Fasoranbaku and Soyombo (in press) considered a more general 

consumption function: 

𝐶 = 𝛼 + 𝛽𝑌𝛾 + 𝜖  (1) 

Where 𝐶 = total consumption, 𝛼 = autonomous consumption (𝛼 > 0),  𝛽 = the marginal 

propensity to consume (MPC) i.e. the induced consumption (0< 𝛽<1), 𝑌= disposable income,  𝛾 

determines the functional form of the model and  𝜖 = error term. 

The major cost of moving to denoised non-linear regression from denoised linear regression is 

the need to use iterative numerical approximation approach to compute the parameter estimates. 

The least squares estimates of a linear model can always be obtained analytically, while that is 

generally not the case with non-linear models. In this paper, a specific procedure of denoised 

non-linear regression is employed using an Epanechnikov Kernel smoothing followed by least 

squares estimator, least absolute deviation estimator and Huber M-estimator. The programming 

involved in this denoised non-linear regression estimation is from existing programs such as the 

standard R functions nls (in the R library stats), nlrq (in the R library quantreg) and nlrob (in the 

R library robustbase) for non-linear regression estimation. The article is organized as follows. In 

first section, we consider a specific denoising kernel-type smoothing procedure; definitions of 

DNLS, DNLAD and DNM are given concretely. Also, we present the simulation studies. The 
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third section reports the Monte Carlo comparison among the DNLS, DNLAD and DNM 

estimators. 

MATERIALS AND METHODS 

The basic idea behind smoothing data set is the creation of an approximating function that 

attempts to capture important patterns in the data while leaving out the noise, which is also 

referred to as “denoising”. There are various methods to help restore a data set from 

measurement noise.  

Kernel Denoising 

First, we denoise only the 𝑥 variable. We now specify the kernel-type smoothing procedure for 

the 𝑥𝑖  using a weight function: 

𝑤 𝑥,  =  
1

𝑛
 𝐾𝑛

𝑖=1  
𝑥−𝑋𝑖


       (2) 

To this end, let 𝐾 .  ≥ 0 be a symmetric kernel supported on [-1, 1] with  𝐾 𝑥 𝑑𝑥 = 1
1

−1
 for 

some smoothing parameter . Where 𝑥 is the value of the scalar variable for which one seeks an 

estimate while 𝑋𝑖  are the values of that variable in the data. 𝐾 is a function of a single variable 

called the kernel. The kernel determines the shape of the function. The parameter h is called the 

bandwidth or smoothing constant. It controls the degree of smoothing and adjusts the size and 

form of the function. Also,  

𝑢 =  
𝑥−𝑋𝑖


   (3) 

For the purpose of this study, we make use of the Epanechnikov Kernel. 

Epanechnikov Kernel: 𝐾 𝑢 = 0.75 1 − 𝑢2 𝐼  𝑢 ≤1  on 𝑢 𝜖  −1,1     (4) 

Denoised Nonlinear Estimators 

Now we consider the nonlinear regression model  

𝐶𝑖 =  𝑓 𝑌𝑖 ,𝛼,𝛽, 𝛾 + ∈𝑖 ,               𝑖 = 1,…  ,𝑛  (5) 

Where 𝑓 . ,𝛼,𝛽, 𝛾  is a nonlinear function. Since the true values of  𝑌𝑖  are unknown, we shall use 

the denoised variables 𝑌𝑖  to replace 𝑌𝑖  and then get a denoised nonlinear estimator. The random 

errors  ∈𝑖  are assumed to be uncorrelated and have mean 0 and unknown variance 𝜎2. 

The denoised least squares estimator (DNLS) of   𝛼,𝛽, 𝛾   minimizes: 

𝐷𝑛 𝛼,𝛽, 𝛾 =   𝐶𝑖 − 𝑓 𝑌𝑖 ,𝛼,𝛽, 𝛾  
2

.𝑛
𝑖=1    (6) 

Least squares can be severely distorted by outlying observations which has led to the proposal of 

“robust” estimators that are unaffected by outlying observations. The least absolute deviation or 

𝐿1 method is a widely known alternative to the classical least squares or 𝐿2  method for statistical 

analysis of linear regression models. Instead of minimizing the sum of squared errors, it 

minimizes the sum of absolute values of errors.  
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The denoised least absolute deviation estimator (DNLAD) of   𝛼,𝛽, 𝛾   is  

𝐿𝑛 = arg  𝑚𝑖𝑛𝑏0
  𝐶𝑖 − 𝑓 𝑌𝑖 , 𝑏0  

𝑛
𝑖=1    (7) 

where  𝑏0 is the solution of the parameters.  

The least squares estimators of regression are known to be sensitive to outliers in the data. 

Robust estimators can be more efficient when the error distributions are non-Gaussian and can 

protect us from gross errors in the data. M-estimators are a broad class of estimators, which are 

obtained as the minima of sums of functions of the data. M-estimators are arguably the most 

popular robust methods. To be more specific, we consider an M-estimator  𝑀𝑛   as 

𝑀𝑛 = 𝑎𝑟𝑔 min
𝑏0

 𝜌[𝐶𝑖 − 𝑓 𝑌𝑖 , 𝑏0 ].𝑛
𝑖=1    (8) 

Where 𝜌  is a loss function. The function  𝜌 can be chosen in such a way to provide the estimator 

desirable properties (in terms of bias and efficiency) when the data are truly from the assumed 

distribution. Least-squares estimators are special M-estimators with  𝜌 𝑥 = 𝑥2,  where           

𝑥 =  𝐶𝑖 − 𝑓 𝑌𝑖 ,𝛼,𝛽, 𝛾  . 

Simulation Studies 

In this section, we conduct extensive Monte Carlo simulations in order to examine the effect of 

varying parameter values of a non-linear model on the performance of denoised estimators. 

We consider the non-linear Keynesian model in equation (1): 

𝐶 = 𝛼 + 𝛽𝑌𝛾 + 𝜖  (9) 

Where 𝛼, 𝛽 and 𝛾 are the parameters to be estimated. To achieve our goal, in table (1) below, we 

consider three cases, with each case having three events, in which, a parameter value is varied 

i.e. 𝛼, 𝛽 and 𝛾 are varied in case 1, case 2 and case 3 respectively. 

Table 1. Cases of events of varying parameters 

EVENTS CASE 1 CASE 2 CASE 3 

1 𝛼 = 1.0,𝛽 = 0.2, 𝛾 = 1.5 𝛼 = 1,𝛽 = 0.4, 𝛾 = 1.5 𝛼 = 1,𝛽 = 0.2, 𝛾 = 0.5 

2 𝛼 = 1.5,𝛽 = 0.2, 𝛾 = 1.5 𝛼 = 1,𝛽 = 0.6, 𝛾 = 1.5 𝛼 = 1,𝛽 = 0.2, 𝛾 = 1.5 

3 𝛼 = 2.0,𝛽 = 0.2, 𝛾 = 1.5 𝛼 = 1,𝛽 = 0.8, 𝛾 = 1.5 𝛼 = 1,𝛽 = 0.2, 𝛾 = 2.5 

 

The choice of the parameter values is influenced by the assumptions of the model. The 

comparison is performed empirically. We generate random samples of size 𝑛 = 1000 from 

`   𝑦𝑖 = 𝑓 𝑌𝑖 +  𝜖𝑖 ,  and  𝑥𝑖 = 𝑌𝑖 + 𝛿𝑖 ,   (10) 

where  𝑌𝑖~𝑈(10,100) ,  𝜖𝑖~𝑁 0,0.25 , 𝛿𝑖~𝑁(0,0.16),    𝑓 𝑌𝑖 = 𝛼𝑖 + 𝛽𝑌𝑖
𝛾

+ 휀𝑖 .      

http://en.wikipedia.org/wiki/Estimator
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We choose the Epanechnikov Kernel 𝐾 𝑢 = 0.75 1 − 𝑢2 𝐼  𝑢 ≤1  on 𝑢 𝜖  −1,1  similar to Cui 

et al. (2002). The choice of smoothing parameter for the denoising procedure is selected by the 

plug-in method. Next, we fit the regression model to the denoised data and then apply the 

estimator’s. Sample size 𝑛 = 1000 is drawn repeatedly from the model. In each case, we 

compute the MSE of the denoised estimators to compare their performance. i.e. the MSE of the 

denoised nonlinear least squares estimator (DNLS), denoised nonlinear least deviation estimator 

(DNLAD) and denoised nonlinear M- estimator (DNM) are computed from 1,000 Monte Carlo 

samples. The analysis is carried out using R statistical package.  

RESULTS AND DISCUSSION 

Tables (2)-(4) present the estimated mean squared error (MSE) of the denoised nonlinear 

estimators (DNLS, DNLAD and DNM) based on 1,000 Monte Carlo samples under the three 

cases considered. Comparing the performance of the denoised non-linear estimator’s i.e.  

(DNLS, DNLAD and DNM) under each of the three cases, it is observed that the denoised non-

linear least squares (DNLS) performed best, followed by DNM and lastly DNLAD using the 

mean squared error criterion (MSE). This result agrees with the conclusion of Fasoranbaku and 

Soyombo (in press) that the DNLS outperforms the DNLAD and DNM when compared under 

different smoothers. Insights into the performance of these estimators are obtained from the 

numerical tables below.  

Table 2. Estimated mean squared error of the denoised nonlinear estimators under Case 1 

EVENT 1 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.00635 0.06146 0.00842 

𝜷 0.0000023 0.0025237 0.0000033 

𝜸 0.0000026 0.0000048 0.0000036 

EVENT 2 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.00635 0.03296 0.0084 

𝜷 0.0000023 0.0011664 0.0000033 

𝜸 0.0000026 0.0000045 0.0000036 

EVENT 3 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.00635 0.03536 0.00842 

𝜷 0.0000023 0.0013432 0.0000033 

𝜸 0.0000026 0.0000046 0.0000036 
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Table 3: Estimated mean squared error of the denoised nonlinear estimators under Case 2 

EVENT 1 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.01946 0.18754 0.02407 

𝜷 0.0000074 0.0079841 0.0000092 

𝜸 0.000002 0.0000036 0.0000026 

EVENT 2 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.04098 1.05586 0.05033 

𝜷 0.0000155 0.0471075 0.0000195 

𝜸 0.0000020 0.0000037 0.0000026 

EVENT 3 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.07124 0.83083 0.08677 

𝜷 0.0000264 0.0342945 0.0000328 

𝜸 0.000002 0.0000031 0.0000023 

 

Table 4: Estimated mean squared error of the denoised nonlinear estimators under Case 3 

EVENT 1 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.10867 0.55891 0.1777 

𝜷 0.0298654 0.299281 0.0535716 

𝜸 0.0118384 0.0201724 0.0167294 

EVENT 2 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.00636 0.02774 0.00848 

𝜷 0.0000023 0.00094 0.0000033 

𝜸 0.0000026 0.0000049 0.0000036 

EVENT 3 

PARAMETERS DNLS DNLAD DNM 

𝜶 0.10057 0.49819 0.19831 

𝜷 0.0388878 0.0696503 0.0398402 

𝜸 0.0123884 0.0254172 0.0157449 
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CONCLUSION 

A natural class of denoised nonlinear regression estimators has been used for the estimation of a 

nonlinear measurement error model. The known Epanechnikov Kernel smoother has also been 

used to perform the denoising procedures. Simulation studies are carried out under some settings 

to determine the performance of the denoised non-linear estimators when the parameter values 

are varied. The results show that the DNLS outperforms both the DNLAD and DNM.  Therefore, 

parameters of non-linear model are not sensitive and thus have no effect on the performance of 

denoised non-linear estimators. 
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