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Abstract 

In the study of time series, new technique for smoothing the data is very important and 

evolving. This study presents a new technique for smoothing time series data. It is based on 

average and works in the time domain. It is aimed at creating a new series by redistributing the 

average of the reduced (halved) series of the variable of interest; it has the potential of reducing 

large peak. In this work, simulated stock data (S&P 500 quarterly stock value for 2005:1 – 

2014:4)) will be smoothed and residual analysis carried out to determined the performance of the 

technique.  From the application of the technique, amongst other findings, the residual ɛt from 

the technique was found to be white noise, which is the building block for time series models.  

 

 

 

1. Introduction 

There are so many definitions of time series by different authors and what is common in 

all the definitions is that the observations are made sequentially over time. The orderly collection 

of the data in time is most important.  For instance the definition by Chatfield, C., he defined 

time series as a collection of observations made sequentially in time (Chatfield, C., 1995).  
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So many works have been done in this area and the most prominent work is that of Box-

Jenkins (1970) which was revised in 1976 and has been the building block for other works. 

The analysis of Time series relies majorly on adequate statistical modelling procedures. 

The statistical models should possess certain characteristics such as interpretability, simplicity, 

and feasibility. It should reasonably reflect the physical law that governs the data. Everything 

else being equal, a simple model is usually preferable. (Jianqing, F. and Qiwei, Y., 2003). 

Contemporary and ubiquitous class of linear time series models consists of autoregressive 

moving average (ARMA) models, which comprises purely autoregressive (AR) and purely 

moving-average (MA) models as special cases. ARMA models are frequently used to model 

linear dynamic structures, to depict linear relationships among lagged variables, and to serve as 

vehicles for linear forecasting. A particularly useful class of models contains the so-called 

autoregressive integrated moving average (ARIMA) models, which includes stationary ARMA - 

processes as a subclass (Jianqing, F. and Qiwei, Y., 2003, ch. 1. 10). ARIMA processes are 

mathematical models used for forecasting (Rob, J. Hyndman, 2002). 

According to Box-Jenkins’ methodology, (which can only be applied to time series data 

on the assumption that the data is stationary) the process is as follows;  

i. identification of model (choosing tentative p,d,q)  

ii. estimation of the parameters of the choosing model and  

iii. diagnostic checking (i.e. are the estimated residuals white noise?). 

However, in the work of Makridakis, Wheelwright and Hyndman (1998), they often add a 

preliminary stage of data preparation and a final stage of model application (or forecasting).  

From this methodology, it is evident that Box-Jenkins approach is iterative. 

One thing that attracts from the foregoing is that for a model to be useful and term 

adequate for a particular time series data, the residual must be White Noise among other 

qualities that the model should possess. A stochastic process {Xt} is called white noise, denoted 

as {Xt}~ WN(0,σ
2
), if 

(1) EXt = 0, 
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(2)  Var(Xt) = σ
2
, and  

(3) Cor (Xi,Xj) = 0, for all i≠ j.  

White noise is defined by the properties of its first two moments only. It serves as a 

building block in defining more complex linear time series processes and reflects information 

that is not directly observable. For this reason, it is often called an innovation process in the time 

series literature. It is easy to see that a sequence of independent and identically distributed (i.i.d.) 

random variables with mean 0 and finite variance σ
2
 is a special white noise process. We use the 

notation IID(0, σ
2
) to denote such a sequence. (Jianqing, F. and Qiwei, Y., 2003, ch. 1. 10). 

 

Smoothing  

Smoothing techniques are useful graphic tools for estimating slowly-varying time trends, 

resulting in time domain smoothing (Jianqing, F. and Qiwei, Y., 2003). Smoothing is the use of 

an algorithm to remove noise from a data set, allowing important patterns to stand out. Data 

smoothing can be done in a variety of different ways, including random, random walk, moving 

average, simple exponential, linear exponential and seasonal exponential smoothing. Data 

smoothing can be used to help predict trends, such as trends in securities prices. 

In Statistics and Data Analysis, Smoothing is used to reduce experimental noise or small-

scale information while keeping the most important imprints of a dataset. Consider the following 

model for the one-dimensional noisy signal: y = 𝑦 +  ɛ, where ɛ represents a Gaussian noise with 

mean zero and unknown variance, and 𝑦  is supposed to be smooth, that is, it has continuous 

derivatives up to some order (typically ≥ 2) over the whole domain. Smoothing y relies upon 

finding the best estimate of 𝑦  (Garcia, 2010). All measurement processes cause certain amount of 

random variations in the signal; this phenomenon is called noise. The procedure to reduce or 

smooth the noise of a measured signal is commonly known as filtering. There are many different 

filter designs, but the most common ones are based on averaging (José Luis Guiñón, Emma 

Ortega, José García-Antón, and Valentín Pérez-Herranz, 2007). Shumwat and Stoffer (2011) 

introduced the concept of smoothing a time series in their work and discussed using a moving 
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average to smooth white noise. This method they said is useful in discovering certain traits in a 

time series, such as long-term trend and seasonal components. 

In numerical terms, data smoothing is a form of low pass filtering, which means that it 

blocks out the high frequency components (short wiggles) in order to emphasis the low 

frequency ones (longer trends). There are two popular forms; (a) the running mean (or moving 

average) and (b) the exponentially weighted average. The running mean is what is known 

technically as a linear phase filter, which means that, though all the frequency components are 

treated with different gains, they are all delayed by the same length of time. Technically, analysts 

have been using moving averages now for several decades.  They are so ubiquitous (common) in 

our work that most of us do not know where they came from. 

Volker Blobel (2005) devised a smoother that fits a smooth curve using some simulated 

data set.  The fit is called the smooth (the signal), and the residuals or the rough: Data = Smooth 

+ Rough. The Signal is assumed to vary smoothly most of the time, perhaps with a few abrupt 

shifts. The Rough can be considered as the sum of Additive noise from a symmetric distribution 

with mean zero and a certain variance, and Impulsive, spiky noise: outliers. 

There are countless literatures on smoothing/smoothers with various classifications such 

as Time and Frequency domain; averaging, spline, Semi-Parametric models. Garcia (2010) in his 

work made it known that data smoothing is generally carried out by means of parametric and non 

parametric regression. The majority of observed values, however, cannot be parameterized in 

terms of predetermined analytical functions, so nonparametric regression is usually the best 

option for smoothing of data (Takezawa, 2005). To cite a few instances, some of the most 

common approaches to nonparametric regression used in data processing include kernel 

regression (Hastie and Loader, 1993) like moving average filtering, local polynomial regression 

(Watson, 1964) and the Savitzky & Golay filter (Savitzky and Golay, 1964) and penalized least 

squares regression (Whittaker, 1923). 

Raudy’s et al (2013) compared 19 most popular moving average using smoothness and 

lag factors. Their empirical study showed that Exponential Hull Moving Average (EHMA) and 
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Triple Exponential Moving Average were the two best moving averages. This comparison was 

done using the simple moving average as the benchmark. 

Toporowski and Marzena (2013) also did a comparison of 2 MA, 3 MA and Exponential 

Smoothing with α = 0.1 and 0.2 using MSE criterion. They concluded that since the three periods 

moving average technique (MA3) provides to lowest MSE value, this is the best smoothing 

technique to use for forecasting these Sales data collected in weeks. 

In a similar vein, Zakaria, R., Muda, Z. T., and Ismail, S. (2011) did a comparison of 

Time series regression, Simple exponential smoothing, Double exponential smoothing, Holt’s 

exponential smoothing, Moving average, Double moving average and Non seasonal ARIMA 

{(0,0,1), (1,0,0), (0,1,1), (1,1,0)} using error measures such as MSE, RMSE GRMSE and 

MAPE. From their analysis, it was shown the 3 period Moving average had the minimum MSE, 

RMSE, GRMSE, and MAPE values. This goes to show that the moving average is still relevant 

in smoothing noise despite the numerous smoothing techniques that have since evolved.  

The motivation for this work came to bear having empirically observed that most of the 

widely used smoothers (moving average, exponential smoothers and the kernel family) in the 

time domain relies heavily on the appropriate choice of orders (as in ARIMA), weighting scheme 

and bandwidth (usually denoted as h), which makes them iterative in nature even when the series 

is judged stationary along with other qualities like normality. These smoothers therefore need the 

help of an expert, to yield maximum results. We believe that there is the need for a smoother that 

is easy to apply, reliable, adequate, interpretable, and feasible. 

The objectives of this research are to develop a technique that smoothes data that is 

stationary and normally distributed, with the hope that the residual component ɛt will be white 

noise, stationary and can be further analyzed by using linear and nonlinear time series 

techniques. 

This research is confined only to the smoothing aspect of time series analysis and it is 

aimed at developing a new smoothing technique that is linear, based on the principle of 

averaging and which shall operate in the time domain.  
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It shall deal only on eliminating the random fluctuation in time series economic data and 

carryout a diagnostic check on the model based on the residual. We shall also measure the 

forecast accuracy (using different error measures) of the technique.  

They are many forms or variety of filters, over the years filters or smoothers have been 

developed based on various criteria and José et al, (2007), Jianqing and Yao (2003) made it 

known in their work that the most common ones are based on averaging in which family our 

proposed smoother is developed. 

At this level, we shall concentrate on fitting simulated Time Series (Stock) Data and 

show proofs of some properties of the proposed smoother. 

 

2. Methods 

The smoothing method we propose is an entirely new method that we believe will be 

useful in denoising with ease and reliability for effective and efficient decision making. The 

technique spreads the variation equally amongst the data sets i.e it redistribute events that occur 

briefly over a wider period of time and this will reduce large peaks, variability and valleys from 

time-series data. This method is relatively simple to apply and it is centered on averages.  

 

The Proposed Smoothing Technique 

Let y1, y2, . . . , yp be a set of time series data, and p the time series length. The method 

entails splitting yt into equal half corresponding to each t, the halves are denoted as ft. The ft’s are 

then summed and averaged. The average is then redistributed to each ft to obtain 𝑦   (estimated). 

Therefore, 

𝑦𝑡 =  𝑦 𝑡  +𝜀𝑡        (1) 

  and  

  𝑦 𝑡 = 𝑓𝑡 + 𝑓        (2) 

Where 𝑓𝑡= 
𝑦𝑡

2
,  

  𝑓 =
 𝑓𝑡

𝑝
,                 t = 1,2,…, p 
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  yt =  actual value at time t to be smoothed, 

 𝑦   = estimated value,  

 ft = halved actual value at time t and 

 𝑓 = mean of the halved actual value 

Properties of the Model 

(a) 𝐸 𝑦 𝑡 = 𝐸 𝑦𝑡 =  𝑦  

(b) 𝐸 𝑒𝑡 = 0 

(c) 𝑣𝑎𝑟 𝑒𝑡 =  𝜎𝑒
2 

(d) 𝑐𝑜𝑟  𝑒𝑡 , 𝑒𝑡−1 = 0 

With these properties, it suffices to say that the proposed model yields a white noise 

process and that it is covariance stationary. The proof of some of these properties will be shown 

empirically in the next section. 

Proofs   

(i) To show that the mean of the estimated values is the same as the mean of the observed 

values, i.e 𝐸 𝑦 𝑡 = 𝐸 𝑦𝑡 ,  we proceed as follows; 

𝐸 𝑦 𝑡 = 𝐸 𝑓𝑡 + 𝑓   from (2) 

= 𝐸  
𝑦𝑡
2

+
 𝑓𝑡
𝑛
  

= 𝐸  
𝑦𝑡
2

+
 
𝑦𝑡
2
𝑛
  

= 𝐸  
𝑦𝑡
2

+
 𝑦𝑡
2𝑛

  

= 𝐸  
𝑛𝑦𝑡 +  𝑦𝑡

2𝑛
  

=
𝑛𝐸(𝑦𝑡) +  𝐸(𝑦𝑡)

2𝑛
                                                      (3) 

=
𝑛𝑦 + 𝑛𝑦 

2𝑛
=

2𝑛𝑦 

2𝑛
 =  𝑦  
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𝐸 𝑦 𝑡  =  𝑦            (4) 

 

(ii) To show that the mean of the error term is zero, i.e 𝐸 𝑒𝑡 = 0, recall from (2) that 

𝐸 𝑦 𝑡  =  𝑦  similarly, 𝐸 𝑦𝑡  =  𝑦  

The original data consist of the smooth and the rough i.e 

 𝑦𝑡 = 𝑦 𝑡 + 𝑒𝑡       (5) 

Where  𝑦 𝑡  is the smooth and 𝑒𝑡  is the rough 

  Rearranging (4) gives 

  𝑒𝑡 = 𝑦𝑡 − 𝑦 𝑡         (6) 

  Taking expectation of both sides, we have 

  𝐸 𝑒𝑡 =  𝐸 𝑦𝑡 − 𝐸 𝑦 𝑡     (7) 

  𝐸 𝑒𝑡 =   𝑦 −  𝑦  

  :. 𝐸 𝑒𝑡 = 0                                                               (8) 

Given a series y1,…,yP, this smoothing procedure is best carried out in two stages which 

entails splitting yt into equal half corresponding to each t, the halves are denoted as ft. The ft’s are 

then summed and averaged. The average is then redistributed to each ft to obtain 𝑦   (estimated) 

Observations Stage I Stage II 

𝑦1 
𝑦1

2 =  𝑓1 𝑓1 +  𝑓  

𝑦2 
𝑦2

2 =  𝑓2 𝑓2 +  𝑓  

. . . 

. . . 

. . . 

Total  

 (
𝑦𝑝

2 )𝑃
𝑡=1 =   𝑓𝑡   

 

Average 

              𝑓 =   
𝑦𝑝

2  
𝑝
𝑡=1

𝑃
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The real life data which was then simulated was from S&P 500 from 2005:1 – 2014:4. 

Stock data has been known for their stochastic behavior and this made them suitable for analysis. 

The data was simulated under the normal distribution with the mean and variance computed from 

the S&P 500 data and seeded with 500 for n = 500 and 1000. 

The data were analysed by employing both descriptive and inferential statistical 

techniques. Descriptive approach is used to present the line graphs for both data sets. This is to 

allow for proper examination of the behavior of the series and then smooth the data sets using the 

smoothing techniques.  

To achieve the desired results with minimal computational error, Microsoft Excel for the 

new smoother. 

 

3. Results and Discussions 

Graphical Analysis and Empirical Analysis of the data   

The first step in the analysis of time series is the graphical examination of the sequence as 

it tells the behavior of the series. We shall examine the time plot of both series and then carry out 

diagnostic check on the data. 

The time plot in figures 1(a) and (b) show the behavior of the data. The series show 

evidence of stationarity and this is confirmed by the Augmented Dickey-Fuller test for the data 

including one lag and without constant. The unit-root null hypothesis: a = 1, was rejected for 

both samples. (Though the series for n= 1000 is almost non stationary). Also, the series under 

consideration is normally distributed as confirmed by the Q-Q plot in figures 2(a) and (b) with 

the Jarque-Bera test = 1.545 and 5.230, with p-values 0.462 and 0.073 respectively. 

Having determine the salient properties of the data, we shall now smooth it using the 

proposed technique and carry out the residual analysis to see how well we are able to smooth the 

data in the situation where the data is normally distributed and stationary. 
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Fig. 1a: Time Plot of Simulated data for n =500.  

 

   

Fig. 1b: Time Plot of Simulated data for n =1000 

 

 

Fig. 2a: Q-Q Plot for the simulated data (n = 500) 

 

 

 20000

 40000

 60000

 80000

 100000

 120000

 140000

 0  100  200  300  400  500

SIM
DA

TA

 20000

 40000

 60000

 80000

 100000

 120000

 140000

 0  200  400  600  800  1000

SI
MD

AT
A

 20000

 40000

 60000

 80000

 100000

 120000

 140000

 20000  40000  60000  80000  100000  120000  140000

Normal quantiles

Q-Q plot for SIMDATA

y = x



International journal of advanced scientific and technical research               Issue 5 volume 1, January-February 2015          

Available online on   http://www.rspublication.com/ijst/index.html                                                     ISSN 2249-9954 

R S. Publication, rspublicationhouse@gmail.com Page 172 
 

Fig. 2b: Q-Q Plot for the simulated data (n = 1000) 

 

Data Smoothing using the Proposed Smoothing Technique 

 Figures 3(a) and (b) below show the time plot of the simulated data versus the smoothed 

data for both sample sizes respectively, at this point we have shown graphically, how far the 

technique have been able to denoise the data sets ensuring that the amount of variability in the 

data sets are reduced by half thereby rendering the model adequacy for prediction, this can be 

observed in the summary statistics of both data set. 

 

Fig. 3a: Time Plot showing Simulated data vs Smoothed data (n = 500) 

 

 Fig. 3a: Time Plot showing Simulated data vs Smoothed data (n = 1000) 
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Residual Analysis 

Here we shall examine the properties of the amount of random fluctuation smoothed out 

of the original data having known that the error tells us the behavior of the original series. 

Residual analysis will help us determine the quality in terms of performance of the proposed 

smoothing technique in the presence of a normal and stationary series. Therefore, we shall 

compute the mean of the error series, the MSE [var(et)], RMSE, MAPE and the MAD. We shall 

also find the cor (et, et-1), Tracking Signal (TS), examine the Q-Q plot, plot of the error series 

against time, ACF and Partial ACF 

Table 1: Some Statistics computed based on the error term  

s/no. Statistic Results for n =500 

Results for n 

=1000 

1 𝑬(𝒀 − 𝒀 ) = E(et) 0.004 -0.002 

2 Var (et) 1988835 78294604 

3 RMSE 8919.272 8843.998 

4 MAPE 9.510 9.460 

5 MAD 7206.619 7169.373 

6 Cor (et,et-1) 0.079 -0.002 

7 TS 0.0003 -0.0003 

  

From the results displayed in the table above, we have been able to show empirically that 

the mean of the error term (mean forecast error) is approximately zero for both samples. The 
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results obtained from the mean of the error term, confirmed the result of the proof (ii) above. The 

implication here is that for this series, our proposed smoother under-predicted (since 0.004 > 0) 

for n =500 and over-predicted (since -0.002 < 0) for n = 1000 with an insignificant amount for 

both series. In units, with the values of MAD obtained, our proposed smoother tends to slightly 

under-predict and over-predict the true situation with an average absolute error of 7206.619 and 

7169.373 units respectively. 

On the variance, the plot in figures 5(a) and (b) below with a horizontal-band pattern 

implies that the variances of the errors is constant for both series. This also signifies that the 

process is without drift since the errors are randomly distributed around zero.  

The amount of closeness our predicted values is to the actual values is measured using 

the MAPE. From our result, we can say that on the average our predicted values are about 

9.510% and 9.460% respectively away from the actual values. Therefore, we have been able to 

model the true situation with over 90.490% and 90.540% accuracy using the proposed smoother 

for both data.  

With the sum of the errors and the value of MAD, we can determine if our proposed 

smoothing technique needs to be adjusted and the process is known as Tracking Signal (TS) 

(Cecil Bozarth, 2011). Tracking Signal is used to pinpoint models that need adjustment. In this 

study, the  TS = 0.002 (-4 ≤ TS ≤ 4) for n = 500. Similarly, the TS calculated for the model with n 

= 1000 is -0.004 (-4 ≤ TS ≤ 4). With these values, our proposed smoothing technique will work 

correctly for series that is stationary and normally distributed. 

On white noise, the error term in (1) as we have shown has mean 0, constant variance and 

it is normally distributed as shown below in figure 4 (a) and (b) (Q-Q plot for error for n = 500 

and n = 1000), as almost all the points lie along the straight line for both cases.  Similarly, Cor 

(et,et-1) = 0.079 and -0.002, which implies the et and et-1 are independent and can be said to be 

from an identical distribution from the graph of the histogram. The ACF result confirmed that 

error is white noise and independent (the estimation was done up to lag 480 and 950), the plots 

are displayed below in figure 6(a) and (b). 
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The results from the application of the proposed smoothing technique to both data 

revealed that with an increase in sample size, there is a reduction in the variability in the 

smoothed data (see the values of Var(et), RMSE, and MAD), thereby resulting in high forecast 

accuracy (see the value of MAPE, i.e 100%-MAPE). Also, the degree of independence increases 

(see the values of cor(et,et-1)), and the performance of the smoother increases as well. 

Fig. 4(a): Q-Q Plot for the error series (n = 500) 

 

Fig. 4(b): Q-Q Plot for the error series (n = 1000) 

 

Fig. 5 (a): Scatter plot of Error term against Time (n = 500) 
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Fig. 5 (b): Scatter plot of Error term against Time (n = 1000) 

 

Fig. 6 (a): Autocorrelation function (ACF) of the Error term (n = 500) 

 

Fig. 6 (b): Autocorrelation function (ACF) of the Error term (n = 1000) 

 

 

4. Conclusion  

In this study, we have introduced a new method of smoothing data that is stationary and normally 

distributed using stock data. When applied, the Proposed Smoothing Technique produced 
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residuals that are white noise which we can refer to as Guassian White Noise since it was tested 

to be normally distributed. From the results, our proposed smoothing technique has shown to 

possess the strength to smooth data with very high accuracy while satisfying the key property of 

a good smoother. 

The use of this technique over a wide range of data and under different distributions needs to be 

explored. There is also need to compare it with other smoothing technique within the same 

family and domain; and the computerization of the technique. These we are working on at the 

present. 
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APPENDIX 

n= 500 

Test for normality of SIMDATA: 

 Doornik-Hansen test = 1.2639, with p-value 0.531555 

 Shapiro-Wilk W = 0.997197, with p-value 0.556356 

 Lilliefors test = 0.0206931, with p-value ~= 0.87 

 Jarque-Bera test = 1.60324, with p-value 0.448601 

 

Test for Stationarity for SIMDATA 

Dickey-Fuller test for SIMDATA 

sample size 499 

unit-root null hypothesis: a = 1 

 

   test without constant  

   model: (1-L)y = (a-1)*y(-1) + e 

   1st-order autocorrelation coeff. for e: -0.456 

   estimated value of (a - 1): -0.0393715 

   test statistic: tau_nc(1) = -3.14362 

   p-value 0.001692 
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Test for normality of ERROR: 

 Doornik-Hansen test = 1.2639, with p-value 0.531555 

 Shapiro-Wilk W = 0.997197, with p-value 0.556325 

 Lilliefors test = 0.0206931, with p-value ~= 0.87 

 Jarque-Bera test = 1.60324, with p-value 0.448601 

 

Test for Stationarity for ERROR 

Dickey-Fuller test for ERROR 

sample size 499 

unit-root null hypothesis: a = 1 

 

   test without constant  

   model: (1-L)y = (a-1)*y(-1) + e 

   1st-order autocorrelation coeff. for e: -0.005 

   estimated value of (a - 1): -0.920815 

   test statistic: tau_nc(1) = -20.6616 

   p-value 2.8e-039 

  n = 1000 

 

Test for Stationarity 

Dickey-Fuller test for SIMDATA 

sample size 999 

unit-root null hypothesis: a = 1 

 

   test without constant  

   model: (1-L)y = (a-1)*y(-1) + e 

   1st-order autocorrelation coeff. for e: -0.473 



International journal of advanced scientific and technical research               Issue 5 volume 1, January-February 2015          

Available online on   http://www.rspublication.com/ijst/index.html                                                     ISSN 2249-9954 

R S. Publication, rspublicationhouse@gmail.com Page 181 
 

   estimated value of (a - 1): -0.0417069 

   test statistic: tau_nc(1) = -4.5687 

   p-value 5.985e-006 

 

Test for normality of ERR: 

 Doornik-Hansen test = 5.6233, with p-value 0.0601057 

 Shapiro-Wilk W = 0.997505, with p-value 0.130784 

 Lilliefors test = 0.0193745, with p-value ~= 0.47 

 Jarque-Bera test = 5.23041, with p-value 0.0731529 

 

Test for Stationarity of ERR 

Dickey-Fuller test for ERR 

sample size 999 

unit-root null hypothesis: a = 1 

 

   test without constant  

   model: (1-L)y = (a-1)*y(-1) + e 

   1st-order autocorrelation coeff. for e: -0.001 

   estimated value of (a - 1): -1.00219 

   test statistic: tau_nc(1) = -31.6358 

   p-value 2.325e-030 

 

 

 


