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1. INTRODUCTION 

 

Throughout, 𝑅 represent an associative ring with identity and all R-modules are unitary right 

modules. 

Let 𝑀 be an 𝑅-module.The 

set𝑍 𝑀 = {𝑥 ∈ 𝑀  𝑥𝐼 = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑒𝑠𝑠𝑒𝑛𝑡𝑖𝑎𝑙 𝑟𝑖𝑔𝑡  𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅} is a submodule of M, 

called singularsubmoduleof 𝑀. Then𝑀 is called singular moduleif 𝑍 𝑀 = 𝑀, while M is  a 

nonsingular if 𝑍 𝑀 = 0  [8],[10].  A ring  𝑅 is called a quasi-Frobenius ring, if it is a right self 

injective and right Noetherian ring [9]. Also a ring 𝑅 is called right hereditary, if each right 

ideal is projective [7]. A ring 𝑅 is said to be a Von-Neumann regular if for any 𝑥 ∈ 𝑅 there is 

an element 𝑟 ∈ 𝑅 with 𝑥𝑟𝑥 = 𝑥[9]. Following [13] a ring R is said to be Pri-ring, if each right 

ideal of R is principal right ideal. A ring 𝑅 is called right pp-ring if every principal right ideal of 

𝑅 is projective [10]. A ring 𝑅 is called 𝑆𝐼-ring, if every singular 𝑅-module is injective [6]. 

 

Let 𝑀 and 𝑁 be two R-modules, 𝑁 is called pseudo –𝑀- injective if for every submodule 𝑋of 

𝑀, any R-monomorphism: 𝑋 → 𝑁 can be extended to an R-homomorphism 𝑔: 𝑀 → 𝑁. An R-

module 𝑀 is called pseudo–injective, if it is pseudo M-injective. A ring R is said to be pseudo-

injective ring, if 𝑅𝑅  is pseudo-injective module [5]. 
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A submodule𝐾 of an 𝑅-module 𝑀 is called rationally closed in 𝑀 (denoted by K ≤𝑟𝑐 𝑀)  if 𝑁 

has no proper rational extension in 𝑀 [2]. Clearly, every closed submodule is rationally closed 

submodule, but the converse may not be true in general (see [2],[8],[10]). 

M. S. Abbas and M. S. Nayef in [3] introduce the concept of pseudo-rc-injective module which 

is a proper generalization of pseudo-injective modules. Let 𝑀 and 𝑁 be two 𝑅-modules .Then 

𝑁 is pseudo 𝑀-rc-injective,  if for every rationally closed submodule 𝐻 of 𝑀 , any 𝑅-

monomorphism 𝜑: 𝐻 → 𝑁 can be extended to an 𝑅–homomorphism  𝛽: 𝑀 → 𝑁 . An 𝑅- module 

𝑁 is called pseudo-rc-injective, if 𝑁 is pseudo 𝑁-rc-injective. 𝐴ring𝑅 is called self pseudo- rc-

injective if it is a pseudo-𝑅𝑅  –rc-injective. 

 

2. PSEUDO-RC-INJECTIVITY 

 

In the next result, we characterize pseudo M-rc-injective 𝑅-modules. First, we introduce the 

following definition. 

 

Definition 2.1:Let  𝑀 and 𝑁 be two an 𝑅-modules. Any 𝑅-monomorphism 𝛼: 𝑀 → 𝑁     is called 

rationally closed 𝑅-monomorphism if   𝐼𝑚(𝛼) ≤𝑟𝑐 𝑁 .  

 

Proposition 2.2:Let  𝑀 and 𝑁 be two an 𝑅-modules, then the following statements are 

equivalent:  

(i) 𝑁is pseudo 𝑀–rc-injective.  

(ii) For any 𝑅-module 𝐵, any rationally closed 𝑅-monomorphism  𝜑: 𝐵 → 𝑀 and 𝑅-

monomorphism  𝛼: 𝐵 → 𝑁, there exists an R-homomorphism 𝑓: 𝑀 → 𝑁 such that  

𝛼 = 𝑓𝜑.  

 

Proof:(i) ⟹  (ii) Let  𝐵be an R-module, 𝛼: 𝐵 → 𝑁 be an 𝑅-monomorphism and let  𝜑: 𝐵 → 𝑀 

be a rationally closed 𝑅-monomorphism, then we get 𝜑(𝐵) is rationally closed submoduleof M. 

Define  𝛼′: 𝜑(𝐵) → 𝑁 such that 𝛼′ 𝜑 𝑏  = 𝛼(𝑏) for all 𝑏 ∈ 𝐵. It is obvious that 𝛼′ is an R-

monomorphism. Thus by pseudo 𝑀-rc-injectivity of 𝑁, there exists an 𝑅-homomorphism 

𝑓: 𝑀 → 𝑁 such that 𝑓|𝜑(𝐵) = 𝛼′ . Hence we obtain  𝑓𝜑 𝑏 = 𝑓 𝜑 𝑏  =  𝛼′ 𝜑 𝑏  = 𝛼(𝑏). 

Therefore,  𝛼 = 𝑓𝜑. 

(ii) ⟹  (i) it is clear.      □  

It is clear that Z as Z-module is pseudo-rc-injective module but it is not pseudo-injective. For 

more examples and details ( see[3]). 

 

Proposition 2.3:If 𝑀 is pseudo 𝐵-rc-injective then any rationally closed R-monomorphism 

𝛼: 𝑀 → 𝐵 split. In particular if M is pseudo-rc-injective R-module, then any rationally closed R-

monomorphism 𝛼: 𝑀 → 𝑀 split.   

 

Proof: Let 𝛼: 𝑀 → 𝐵 be rationally R-monomorphism, then by (2.1),  𝛼(𝑀) is rationally closed 

submoduleof 𝐵. Let, 𝛼−1:𝛼 𝑀 → 𝑀 be inverse of 𝛼. Since 𝑀 is pseudo-B-rc- injective module, 

there exists an R-homomorphism 𝛽: 𝐵 → 𝑀  that extends 𝛼−1. This shows that 𝛽 ∘ 𝛼 = 𝐼𝑀  . For 

𝑏 ∈  𝐵then 𝛽(𝑏)  ∈ 𝑀, there exists 𝛼(𝑦) ∈ 𝛼 𝑀  such that 𝛼−1 𝛼 𝑦  = 𝛽 𝑏 = 𝛽(𝛼 𝑦 )  this 

lead to 𝑏 − 𝛼(𝑦)  ∈ 𝑘𝑒𝑟(𝛽 ). It follows that 𝑏 = 𝛼 𝑦 +  𝑏 − 𝛼 𝑦  ∈ 𝛼 𝑀 + 𝑘𝑒𝑟(𝛽 ). 

Moreover  𝛼(M)∩ 𝑘𝑒𝑟 𝛽  = 0 . Hence, B= 𝛼 𝑀 ⨁ ker 𝛽  .Therefore, 𝛼 split.   □ 
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Recall that in [3], an R-module M is said to be CRC module, if each submodule of M is rationally 

closed in M. In [5], was proved that 𝑀 is injective 𝑅-module if and only if it is pseudo-𝑁-

injective for each R-module 𝑁. Analogous, in the next proposition, we characterize the injective 

modules in terms of pseudo-rc-injectivity. 

Proposition 2.4:For an 𝑅-module  𝑀. The following statements are equivalent: 

(i) 𝑀is injective. 

(ii) 𝑀is pseudo 𝑁 − 𝑟𝑐-injective for all CRC module 𝑁. 

Proof: (i) ⟹  (ii) Clear. 

(ii)⟹  (i) Suppose that, 𝑀 is pseudo 𝑁-rc-injective for all CRC module 𝑁. Since N is CRC 

module then every 𝑅-monomorphism  𝑓: 𝑀 → 𝑁 is rationally closed monomorphism, and hence 

by (2.3), 𝑓 is splits. This shows that 𝑀 is injective.                                                □ 

In [1], a submodule𝐻 of an 𝑅-module 𝑀 is called pseudo-stable, if 𝑓(𝐻) ⊆ 𝐻 for each 𝑅-

monomorphism 𝑓: 𝐻 → 𝑀. An 𝑅-module 𝑀 is called fully pseudo-stable if, every submodule of 

𝑀 is pseudo-stable. 

In the following, we introduce fully rc-pseudo-stable module as a proper generalization of fully 

pseudo –stable. 

 

Definition 2.5:An 𝑅-module 𝑀 is called fully rc-pseudo stable, if every rationally closed 

submodule of 𝑀 is pseudo stable. 

It is clear that, every pseudo stable submodule is rc- pseudo stable submodule and hence every 

fully pseudo stable 𝑅- module is fully rc-pseudo stable. But the converse is not true, for example 

𝑍 as 𝑍-module is fully rc-pseudo stable, since it is contains only trivial rationally closed 

submodule. But, according to [1, Examples and remarks (1.2)], 𝑍 is not fully pseudo stable. 

The following result gives a characterization of fully rc-pseudo stable module.  

 

Proposition 2.6:The following statements are equivalent for an 𝑅- module 𝑀 . 

(1) 𝑀 is fully rc-pseudo stable .  

(2) Distinct rationally closed submodules of 𝑀 are not 𝑅-isomorphic. 

 

Proof: (1) ⟹(2) suppose that condition (1) hold and let 𝑀 has two distinct rationally closed 

submodules 𝐾1 and𝐾2  such 𝐾1 ≅ 𝐾2 .No loss of generality if it is assumed that 𝐾1 ⊄ 𝐾2 . Then 

there exists a non-zero element 𝑥 in 𝐾1 not in 𝐾2 . Let 𝑓: 𝐾1 → 𝐾2  be an 𝑅-isomorphism, 

consider the following two 𝑅-monomorphisms, 𝑖𝐾2
∘ 𝑓: 𝐾1 → 𝑀  and, 𝑖𝐾1

∘ 𝑓−1: 𝐾2 → 𝑀,by 

hypothesis , then 𝑖𝐾1
∘ 𝑓−1 𝐾2 ⊆ 𝐾2 ,   𝑖𝐾2

∘ 𝑓(𝐾1) ⊆ 𝐾1 . Now, let  𝑓(𝑥 = 𝑦 ∈ 𝐾2 , so 

𝑖𝐾1
∘ 𝑓−1 𝑦 = 𝑖𝐾1

 𝑥 = 𝑥 ∈ 𝐾2 which is a contradiction. 

(2)⟸(1) Suppose that condition (2) hold, and there exists a rationally closed submodule𝐾 of 𝑀 

and 𝑅-monomorphism𝑓: 𝐾 → 𝑀   such that    𝑓(𝐾) ⊄ 𝐾 , then 𝐾 and 𝑓(𝐾) are distinct 

rationally closed submodules of 𝑀 . By hypothesis, then 𝑓(𝐾) is not isomorphic to 𝐾 which is an 

absurdity.    □  

Recall that an𝑅-module 𝑀 is a multiplication if, each submodule of 𝑀 has the form 𝐼𝑀 for some 

ideal𝐼of 𝑅 [10]. 
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Proposition 2.7:Every multiplication pseudo-rc-injective R-module is a fully rc-pseudo stable. 

Proof: Let 𝐾 be rationally closed submodule of 𝑀 and 𝛼: 𝐾 → 𝑀 be an 𝑅-monomorphism. 

Since 𝑀 is multiplication, then 𝐾 = 𝑀𝐼 for some ideal 𝐼 of 𝑅 .By pseudo-rc-injectivity of 𝑀 , 

then 𝛼  can be extended to an 𝑅-homomorphism(𝑔: 𝑀 → 𝑀.Now,𝛼 𝐾 = 𝑔 𝐾 = 𝑔 𝑀𝐼 =
𝑔 𝑀 𝐼 ⊆ 𝑀𝐼 = 𝐾.   □              

An 𝑅-module 𝑀 is said to be satisfies (C2)-condition, if for each submodule of 𝑀 which is 

isomorphic to a direct summand of 𝑀, then it is also a direct summand of 𝑀[10]. 

 

Proposition 2.8: Every fully rc-pseudo stable CRC-module satisfies(𝐶2)-condition. 

 

Proof:  Let 𝐿, 𝐻 be two 𝑅-isomorphic submodule of 𝑀and 𝐻 direct summand of 𝑀 .Since 𝑀 is 

fully rc-pseudo stable, then proposition (2.6) implies that 𝐿 = 𝐻 thus 𝐿 is direct summand of 𝑀. 

□ 

 
An 𝑅-module 𝑀 is said to be Co-Hopfian, if every injective endomorphism  𝑓 ∶ 𝑀 → 𝑀  is an 

automorphism [16].The 𝑍-module ℚ is Co-Hopfian, but 𝑍 as 𝑍-module is not Co-Hopfian, this 

shows that Co-Hopfian property is not hereditary, in general by submodule.  We will end this 

section by the following result which shows that when the submodule of Co-Hopfian𝑅-module is 

also Co-Hopfian.  

Proposition 2.9:Let 𝑀 be CRC-module pseudo-rc-injective 𝑅-module, 𝐻 arational, rc-pseudo 

stable. Then 𝑀 is Co-Hopfian if and only if, 𝐻 is Co-Hopfian. 

 

Proof:  (⟹)   Suppose that 𝐻 be a rational, pseudo stable submodule of 𝑀 with H is Co-Hopfian 

𝑅-module. Let 𝑓: 𝑀 → 𝑀  be an 𝑅-monomorphism, 𝑓 ′ = 𝑓|𝐻: 𝐻 → 𝑀 , since 𝐻 is pseudo stable 

implies 𝑓 ′ 𝐻 ≤ 𝐻. It follows that 𝑓 ′ : 𝐻 → 𝐻 is an 𝑅-monomorphism. Since 𝐻 is Co-Hopfian, 

then𝑓 ′  is an 𝑅-automorphism. Now, let 𝑓(𝑀) = 𝐴, clear that  𝐻 ≤ 𝐴  . By [8, proposition (2.25 

(i))], we obtain  𝐴 is a rational submodule in M . Since M≅ 𝐴 , so by [3, proposition (2.22)], 𝐴 is 

a direct summand of 𝑀 . Thus  𝑀 = 𝐴⨁𝑋 , for some submodule  𝑋 of 𝑀  , and hence A∩ 𝑋 = 0 , 

but by[8, proposition (2.24), we have 𝐴 is essential submodule in 𝑀 this implies that 𝑋 = 0 

.Hence,  𝑀 = 𝐴 = 𝑓(𝑀). Therefore, 𝑀 is Co-Hopfian. 

(⟸) Suppose that 𝑴 is Co-Hopfian and let 𝜶: 𝑯 → 𝑯 be an 𝑹-monomorphism, then by pseudo-

rc-injectivity of M, there exists .an 𝑹-homomorphism 𝝋: 𝑴 → 𝑴  such that 𝒊𝑯  ∘ 𝝋 = 𝜶 ∘ 𝒊𝑯  , 

where 𝒊𝑯 ∶ 𝑯 → 𝑴 is inclusion map .Since 𝑯 is rational and 𝒌𝒆𝒓𝝋 ∩ 𝑯 = 𝟎 , then 𝒌𝒆𝒓𝝋 = 𝟎 

and hence 𝝋  is an 𝑹-monomorphism. Since 𝑴  is Co-Hopfian then, 𝝋 is an 𝑹-autmorphism and 

𝑰𝒎 𝜶 = 𝑰𝒎 𝝋 ∩ 𝑯 = 𝑯 .Therefore 𝑯 is Co-Hopfian.   □  

 

3. RINGS CHARACTERIZED BY PSEUDO-RC-INJECTIVITY 

 

In this section we characterization some well-known rings in terms of pseudo-rc-injective 

module. In the following result, we characterize right hereditary rings in terms of pseudo-rc-

injective modules. First we need the following result which was proved in [13, proposition (3.2)]. 

Let 𝑅 be a quasi-Frobenius ring. Then 𝑅 is a right hereditary ring if and only if every injective 𝑅-

module is semisimple. 
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Theorem 3.1:The following statements are equivalent for a quasi-Frobenius ring R.  

(i)  Every pseudo –rc-injective 𝑅-module is semisimple. 

(ii)   Every injective 𝑅-module is semisimple. 

(iii)𝑅is a right hereditary ring . 

 

Proof:  (i)⟹(ii) Obvious. 

(ii) ⟹ (i). Let 𝑀 be pseudo –rc-injective, 𝐸(𝑀) is injective hull of M. By (ii)  𝐸(𝑀) is 

semisimple, and hence  𝑀 is semisimple.  

(ii)⟺(iii). By, [33, proposition (3.2)].                                               □     

 

In [13], the following was proved: Let 𝑅 be a pri-ring. Then 𝑅 is a right pp-ring if and only if 𝑅 

is a right hereditary ring if and only if 𝑅 is a Von-Neumann regular ring. Thus by using this facts 

and theorem (3.1), we obtain the proof of the following corollary. 

 

Corollary 3.2:Let 𝑅 be a self-injective Pri-ring. Then the following statements are equivalent: 

(1) 𝑅is a right pp-ring . 

(2) 𝑅is aright hereditary ring . 

(3) 𝑅is avon-Neumann regular ring . 

(4) Every pseudo –rc-injective 𝑅-module is semisimple. 

(5) Every injective 𝑅-module is semisimple.                                      

 

In [8, Theorem (1.18)] was proved that 𝑅 is semisimple Artinian ring if and only if every 𝑅-

module is injective. Another characterization of a semisimple Artinian ring given by Osofsky in 

[12], a ring 𝑅 is semisimple Artinian if and only if every cyclic 𝑅-module is injective. 

The following theorem gives another characterization of semisimpleArtinian ring in terms of 

pseudo-rc-injective 𝑅-modules. 

 

Theorem 3.3:The following statements are equivalent for a ring R. 

(1) 𝑅 is semisimple Artinian. 

(2) Every 𝑅-module is pseudo-rc-injective. 

(3) The direct sum of every two pseudo –rc-injective is pseudo –rc-injective. And every cyclic 𝑅-

module is pseudo-rc-injective. 

 

Proof: (1) ⟹   (2) It follows from [8, Theorem (1.18)] 

(2) ⟹(3) It is obvious. 

(3) ⟹(1). Assume that condition (3) hold. Then, by [3, theorem (2.12)], we have every pseudo –

rc-injective is injective. Also, we have every cyclic 𝑅-module is pseudo-rc-injective. So, follows 

that, every cyclic 𝑅-module is injective. Thus, by Osofsky's theorem in [12], 𝑅 is semisimple 

Artinian. □ 

 

In [11, Lemma (7.30)], it was proved the following:if𝑀 a finitely  generated module and 𝐸(𝑀) is 

projective , then 𝐸(𝑀) is finitely generated . In [9, Theorem (13.6.1)], it was proved that 𝑅 is 

quasi-Frobenius if and only if every projective (injective) 𝑅-module is injective (projective). 

Thus we have the following result. 
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Proposition 3.4: If 𝑅 is a quasi-Frobenius ring and every direct sum of two finitely generated 𝑅-

modules is a pseudo-rc-injective CRC module. Then every finitely generated 𝑅-module is 

injective. 

 

Proof: Let 𝑁 be a finitely generated 𝑅-module andE = 𝐸(𝑁) , then , by [11,lemma(7.30)] and 

[9, Theorem (13.6.1)], we have 𝐸 is finitely generated injective . Suppose that 𝑖𝑁 :𝑁 → 𝐸 is the 

inclusion map, 𝑗𝑁 :𝑁 → 𝑁⨁𝐸 and 𝑗𝐸: 𝐸 → 𝑁⨁𝐸 are the injection maps. Let 𝐼𝑁 : 𝑁 → 𝑁 be the 

identity of 𝑀 and 𝜋𝑁 :𝑁⨁𝐸 → 𝑁 the projection map. By the assumption, 𝑁⨁𝐸is a pseudo-rc-

injective CRC module.This implies that 𝑁 is rationally closed submodule of 𝑁⨁𝐸  and hence 

there exists an 𝑅-homomorphism  𝑓: 𝑁⨁𝐸 → 𝑁⨁𝐸  such that 𝑗𝑁 ∘ 𝐼𝑁 = 𝑓 ∘ 𝑗𝐸 ∘ 𝑖𝑁  . Then, 

𝜋𝑁 ∘ 𝑗𝑁 ∘ 𝐼𝑁 = 𝜋𝑁 ∘ 𝑓 ∘ 𝑗𝐸 ∘ 𝑖𝑁 ,and hence 𝐼𝑁 = 𝜑 ∘ 𝑖𝑁 , where 𝜑 = 𝜋𝑁 ∘ 𝑓 ∘ 𝑖𝐸  . By [9, Corollary 

(3.4.10), we haveE= 𝑁⨁𝑘𝑒𝑟(𝜑) . Since 𝑘𝑒𝑟𝜑 ∩ 𝑁 = 0 and 𝑁 ≤𝑒 𝐸 implies 𝑘𝑒𝑟(𝜑) = 0 , then 

𝐸 = 𝑁. Hence 𝑁 is injective. □ 

 

Osofsky in [12] proved that, a ring 𝑅 is a semisimple Artinian if and only if every finitely 

generated 𝑅-module is injective. Analogous, in the following result, we give another 

characterization of semisimple Artinian ring in terms of pseudo-rc-injective with quasi-Frobenius 

ring. 

 

Theorem 3.5:Let 𝑅 be a ring. Then the following statements are equivalent: 

(i) 𝑅is a semisimple Artinian . 

(ii) 𝑅is quasi-Frobenius and every finitely generated 𝑅-module is a pseudo-rc-injective CRC 

module . 

(iii) 𝑅is quasi-Frobenius and every direct sum of two finitely generated 𝑅 –module is a pseudo-

rc-injective CRC module . 

Proof:  (i)⟹ (ii) Let 𝑅 is a semisimple Artinian. Then by [8, theorem (1.18)], we have, all 𝑅-

modules are injective if and only if all 𝑅-modules are projective. Thus by [9, theorem (13.6.1)], 

𝑅 is quasi-Frobenius. Also by [8, theorem (1.18)], we have, every 𝑅-module is injective and 

hence every 𝑅-module is pseudo-rc-injective. In particular, every finitely generated 𝑅-module is 

a pseudo-rc-injective. Finally, since R is semisimple ring, then it is clear that, every R-module is 

CRC module.   

(ii)⟹ (iii) Since every direct sum of two finitely generated 𝑅-modules is finitely generated R-

module . Thus by (2) the required result holds. 

(iii)⟹ (i) It follows from proposition (3.4) and Osofsky's theorem in [12].   □ 

 

In [14, Theorem (4.24)] a domain 𝑅 is called Dedekind ring, if every divisible 𝑅-module is 

injective. In the following, we give a characterization of Dedekind rings in terms of pseudo-rc-

injective 𝑅-modules. 

 

Theorem 3.6: Let 𝑅 be a ring such that every 𝑅-module is CRC module. Then the following 

conditions are equivalents. 

i) 𝑅is Dedekind domain. 

ii) Every divisible 𝑅-module is pseudo-rc-injective. 
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Proof: (i)⟹ (ii): Follows from [14, Theorem (4.24)] 

(ii)⟹ (i). Let 𝑀 be a divisible 𝑅-module and 𝐸 = 𝐸(𝑀) an injective hull of M . By [15, proposition 

(2.6)] we have 𝐸 is divisible and by [15, lemma (2.5] we have  𝑀⨁𝐸  is also divisible. Now, by the 

same argument to proving proposition (3.4) one can obtain that 𝑀 is injective. Therefore by [14, 

Theorem (4.24)], 𝑅 is Dedekind domain. 

 

The following corollaries are immediately from corollary (2.6) and [14, Theorem (4.24)]. 

Corollary 3.7:Let 𝑅 be a principal ideal domain with every 𝑅-module is CRC module. 𝑀is a 

pseudo-rc-injective if and only if , 𝑀 is a divisible 𝑅-module .  □ 

 

Corollary 3.8:Let 𝑅 be a principal ideal domain with every 𝑅-module is CRC module. 𝑀is a 

pseudo-rc-injective if and only if, 𝑀 is injective.   □ 

 

In the following, we provide a characterization of 𝑆𝐼-ring in terms of pseudo-rc-injective 𝑅-

modules. 

Proposition 3.9:Let 𝑅 be a non–singular ring with every 𝑅–module is CRC module. Then the 

following statements are equivalent: 

i)  𝑅is𝑆𝐼-ring . 

ii) Every singular 𝑅-module is pseudo-rc-injective. 

 

Proof:   (i)⟹ (ii). It is obvious. 

(ii)⟹ (i). Let 𝐴 be a singular 𝑅-module and 𝐸 = 𝐸(𝐴) the injective hull of 𝐴. Since 𝑅 is non 

singular and by[8, proposition (1.23)], E is singular, and hence 𝐴⨁𝐸   is singular. Thus by (ii) 

we have 𝐴⨁𝐸  is pseudo-rc-injective. Now, by using the same arguments in proposition (3.4) we 

get that, 𝐴 is injective. Hence 𝑅 is 𝑆𝐼–ring.   □ 

 

         For a ring 𝑅 consider the following conditions: 

(*)  Every cyclic 𝑅-module is a direct sum of projective 𝑅 –module and a pseudo-rc-injective 𝑅-

module. 

(**)  The direct sum of every family of pseudo-rc-injective 𝑅-modules is also pseudo-rc-injective. 

(***)  Every singular 𝑅-module is a pseudo-rc-injective 𝑅-module. 

 

The above conditions are generalization of the conditions in [4]. In the following theorem we 

give a decomposition of singular 𝑅-modules as a direct sum of pseudo-rc-injective 𝑅-modules. 

Firstly, recall that an R-module M is called free module if and only if  𝑀 = ⨁𝑖∈𝐼𝑅𝑖  with 𝑅𝑖 ≅
𝑅 , ∀𝑖 ∈ 𝐼 [9, lemma (4.4.1)].  

 

Theorem 3.10:Let 𝑅 be a ring with condition (*). Then every singular 𝑅-module is 𝑅-

isomorphic to a direct sum of a pseudo-rc-injective 𝑅-modules. 

 

Proof: Let 𝑅 be a ring with condition (*). First we shall prove that every cyclic singular 𝑅-

modules is pseudo-rc-injective. Let 𝐴  be a cyclic singular 𝑅-module, then by condition (*) we 

have 𝐴 = 𝑃⨁𝐶 with 𝑃 is a projective and 𝐶 is a pseudo-rc-injective. Since 𝑃 is singular and by 

[10] we have 𝑃 ≅ 𝐾/𝐻  with H ≤𝑒 𝐾 . Also since 𝑃 is a projective 𝑅-module, then 𝐾/𝐻 is 

projective and there exists projection map𝜋: 𝐾 → 𝐾/𝐻 . By projectivity of K /𝐻 , there exist an 
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𝑅-homorphism 𝑓: 𝐾/𝐻 → 𝐾 where 𝜋 ∘ 𝑓 = 𝐼𝐾/𝐻  . Thus by[9, Corollary (3.4.11)], a projection 

map 𝜋: 𝐾 → 𝐾/𝐻 split and hence , 𝑘𝑒𝑟𝜋 is direct summand of 𝐾, then 𝐻 is direct summand of 

𝐾, but 𝐻 ≤𝑒 𝐾  , hence 𝐾 = 𝐻 , that means 𝑃 = 0. Therefore 𝐴 = 𝐶 is a pseudo-rc-injective. 

Finally, if 𝑁 is a singular 𝑅-module, then again by [10], 𝑁 = 𝐹/𝐻 with 𝐹 is a free module andH 

≤𝑒 𝐹. By [9, Lemma (4.4.1)], 𝐹 = ⨁𝑖∈𝐼𝑅𝑖with 𝑅𝑖 ≅ 𝑅 , ∀𝑖 ∈ 𝐼 . Hence we have 𝑁 ≅ 𝐹/𝐻 =
(⨁𝑖∈𝐼𝑅𝑖)/ 𝐻 ≅ ⨁𝑖∈𝐼(𝑅 𝑖 + 𝐻)/𝐻. Hence (𝑅𝑖 + 𝐾)/𝐾 is a cyclic singular 𝑅-module. Thus by 

first part of our proof we have that, it is a pseudo-rc-injective 𝑅-module. Therefore 𝑁 is 𝑅-

isomorphic with a direct sum of pseudo-rc-injective 𝑅-modules.    □ 

 

Corollary 3.11:Let 𝑅 be a ring satisfies conditions (*) and (**), then 𝑅 satisfies condition (***). 

Proof:Let 𝑁 be a singular 𝑅-module. By theorem (3.10), then 𝑁 is 𝑅-isomorphic with a direct 

sum of pseudo-rc-injective 𝑅-modules. By condition (**), 𝑁 is a pseudo-rc-injective. □ 

 

The following corollary follows from corollary (3.11) and proposition (3.9). 

Corollary 3.12:Let 𝑅 be a non-singular ring with every 𝑅-module is CRC module such that 𝑅 

satisfies conditions (*) and (**) then 𝑅 is 𝑆𝐼-ring. □ 
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