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ABSTRACT: The shock impacts on the railway vehicles with two-stage spring suspension, 

excited in working modeare investigated. These impacts change the kinematics components of 

the movement, i.e. linear and angular speeds at the end of the shock process andfree damped 

vibrations of the mechanical system arise. In this paper, our aim is to perform a dynamic scaling 

of the original model of a railway wagon in order to build up a new double mass model, utilizing 

viscoelastic properties, which is smaller with smaller masses and is easier to work with, even 

possible in laboratory conditions. The new dynamically scaled model is supposed to perform the 

same behaviour as the original one, if its natural frequencies are the same as with the original 

model. The two masses
1M  and 

2M of the new double mass scaled utilizing viscoelastic 

properties model are calculated after optimization is performed with numerical calculations of 

the characteristic polynomial varying with masses, in order to fit the same natural frequencies 

with the scaled model. The dynamic behaviour of the scaled model, utilizing viscoelastic 

properties is investigated. Amplitudes of acceleration, velocity and displacement of the scaled 

model dynamic response are calculated and compared with the original one. Results are 

transformed from time to frequency domain, using Fast Fourier Transformation (FFT) and the 

model frequency behaviour is confirmed. The objective of the work presented in this paper is to 

model the shock-vibrations responseof the railway vehicle using a scaled model, utilizing 

viscoelastic properties and to compare the results derived here, with respect to frequency and 

dynamic response, with the results obtained using the original model. 

KEY WORDS: Shock-vibrations response, shock impacts, carriage, bogie, railway 
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1. Introduction.  

In this paper, the influence of the shock impacts on the railway vehicles with a two-stage spring 

suspension is analysed. These impacts are excited in working mode, when the transport vehicle 

passes through the splice of the rails [1]. Shock loads arise as a result of this process. They load 

up the railway vehicles and change the kinematics components of the movement - linear and 

angular speeds [1, 11, 12].    

Originally, three technical papers [1, 2, 3] were used as a scientific background for the up to date 

investigation. The original analytical models were derived in [2, 3] and the whole analytical 

study was summarized in [2]. The 3D finite element method “benchmark” model, presented 

schematically in Fig. 1, was analysed and reported before [4, 5, 6,].  
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Fig. 1. Single degree of freedom (SDOF) system of the “benchmark” model with base excitation 

The equation of motion is [7]: 

(1) 0)()(  yxkyxcxm   ,     

where the over dot symbol represents time differentiation. Note, that the damping and stiffness 

terms are nonlinear functions of the relative motion between the base and mass, respectively. For 

a given input displacement and velocity history, )(ty  and )(ty , the response of the mass 

(representing the equipment) can be obtained by direct integration. For such a simple system, the 

forward difference algorithm is adequate as the time step can be kept very small without 

incurring significant computational cost. Denoting the relative motion xy   as X  and the time 

step nn tt 1 as h, the response can be obtained using: 

(2)              )()(
1

iii XkXc
m

x    ,     

where, 

(3)            11,   iiiiii xhxxxyX   ,     

(4)            11,   iiiiii xhxxxyX   .     

Thus, the system response can be calculated by obtaining appropriate functions for 

representing stiffness and damping [7]. The equation of motion for the undamped cubic system 

under harmonic excitation is given by: 
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where m is the mass of the system and F the magnitude of the force. Substituting a trial solution 

X = X0sin(t) and applying a little trignometry gives [7]: 

(6)       )sin()}3sin()sin({)sin()sin(
4
1

4
33

0300
2 tFttXktkXtXm   .  

Retaining only the fundamental components, yields: 

(7)           FXkkXXm  )( 3

034

3
00

2  .       

The correspondence principle [7] was invoked to replace the real stiffness terms in 

Equation (7) with complex values to take into account the hysteretic damping in the viscoelastic. 

For a shock impact, the force F is not constant with frequency. For an idealized half-sine impact 

of duration  (the force history is given by Fpksin(t/) for (0 t ) the force spectrum is given 

by: 
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Fig. 2.Three dimensional image of the “benchmark” model-basic geometry and 

bouncingdeformation 

The “benchmark” model, presented in Fig. 2, which is used as a basic cell for the building up of 

the scaled model was investigated and reported before [8, 9]. The “benchmark” model utilizes 

viscoelastic properties of rubber is shown in [8, 9]. The free damped vibrations are investigated 
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and reported before [2, 3, 7, 10]. These vibrations arise in consequence of the shock impacts [7]. 

The mechanical system possesses final number degrees of freedom. The movement of the system 

is described with the same number generalized co-ordinates. The integration constants are 

determined by the initial conditions, i.e. from the state of the system at the end of the shock 

impact [2, 3, 6]. The analysis of the received decision allows determining the action of the 

impulses on the basic elements of the railway vehicles. It is investigated in what way these basic 

elements, like springs and dampers, react to the shock-wave processes, so that the normal work 

of transport vehicle in working mode to be guaranteed. References [13, 14, 15, 16, 17] are used 

as a general knowledge. 

In the present paper, our aim is to perform a dynamic scaling of the original model in order to 

build up a new double mass model, utilizing viscoelastic properties, which is smaller with small 

masses and is easier to work with even in laboratory conditions. The new dynamically scaled 

model is supposed to perform the same behaviour as the original, if its natural frequencies are the 

same with the original model. The two masses   and   of the new model, the adduced masses of 

the bogie and the carriage, respectively are calculated after optimization performed with 

calculations of the system characteristic polynomial, varying with masses in order to fit the same 

natural frequencies.  In this way, the dynamically scaled model is built up out of the so called 

“benchmark” model, reported before [1]. The natural frequencies of the scaled model after 

performing a modal analysis are presented in Table 1.  

The objective of the work, presented in this paper is to model the shock-vibrations response of 

the railway carriage, using a scaled double mass dynamic model, utilizing viscoelastic properties 

and to compare the results derived here with the results obtained previously, using the original 

model. 

2. The shock-vibrations response  

 The railway vehicle performs free damped vibrations, analysed in [1, 2, 3]in result of the 

shock impacts. These vibrations are investigatedthrough the dynamic model, shown in Fig.3 [1]. 

We define the following symbols: wywbybaya JmJmJm ,,,,,  arethe masses and the mass inertia 

moments of the axle shaft, the frame of the bogie and the crate of the carriage, respectively, bl2

and 
wl2  are the bases of the bogie and the crate of the carriage, respectively, wL2  and wH2  are 

the length and the height of the crate. The elastic constants of the spring suspension and the 

damping coefficients are marked with wb cc , , wb  ,  [1]. The vertical displacement of the mass 

centers of the bogies and the crate of the carriage are marked with )2,1( jzbj  and wz . The 

angular rotations of the bogies and the crate are marked with )2,1(  jbj  and w  [1]. 

A current position of the mechanical system is presented for this investigation. The 

dynamicdeflections of the springs in the central part )2,1( jz j  and the axle-box part 

)2,1;2,1(  jizij  are determined by the following dependences [1, 4]:    
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Fig.3 Dynamic model-the originally defined geometry and basic dimensions 

 3. Numerical solution 

 The results of theshock-vibration process are shown below [1], in expressions (10), cited 

below: 
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 In this case the following input data are used [1]: 

(11)    
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 3.1. Stiffness determination of the “benchmark” model.  

 The stiffness determination of the cylindrical body, manufactured of rubber [8] and 

presented in Fig. 2,is defined by the formula: 
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where E  is the Young’s modulus, A  is the cross sectional area, L  is the height of the rubber 

cylinder. Formula (12), considering the shape of the rubber body, can be rewritten in the 

following way: 

(13)        ,11 22* s
L

A
EsKK  

 

where 2 is a numerical constant, s - coefficient of shape factor [3]. 

In this equation, the so called coefficient of shape factor s  is equal to the ratio of the area 

of one loaded surface to the total force-free area [3]. The shape factor of a rubber cylinder of 

diameter D  and height L , for example, is equal to 
L

D

4
. We can perform the following 

calculations:  

(14)      25.0
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4
,0033.0

4
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where .][065.0,][065.0 mDmL   

(15)  . 

The model, presented in Fig. 3, can be equivalent to a double mass dynamic model [9] 

with first mass ][520021 kgmm b  and second mass ][280002 kgmm w  . The two 

stiffness’s of the suspension, shown in Fig. 3, are [1]:  

(14)    
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The original and the scaled models are presented as a dynamic scheme in Fig. 4, shown below: 
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Fig. 4.The original and the scaled double mass models 
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3.2. Natural frequencies determination of the “benchmark” model.  

The two mutually related natural frequencies can be calculated using the characteristic 

polynomial of the system differential equations, shown below [1]: 

(15)       2

2

2

22

2

121 cmcmcc   . 

The two natural frequencies, after calculation, are derived below [1]: 

(16)    .][6355.40,][9748.6 1

2

1

1

  ss   

Now, our aim is to perform a dynamic scaling of the model, shown in Fig. 3, in order to 

build up a new double mass model, which is smaller with small masses and is easier to work 

with even in laboratory conditions. The new dynamically scaled model, schematically shown in 

Fig. 4, is supposed to perform the same behaviour as the original one, if its natural frequencies 

are the same as with the model shown in Fig. 3. Here, we have a case of dynamic scaling in a 

dimensionless form of equal natural frequencies of the original and the scaled model. The two 

masses 
1M  and 

2M  of the new scaled model are calculated after optimization is performed with 

calculations of the characteristic polynomial (15), varying with masses in order to fit the same 

natural frequencies and both masses being equal to: 

(17)    .][6500,][1300 21 kgMkgM   

In this way, the dynamically scaled model, shown in Fig. 4, is build up out of the so 

called “benchmark” model, presented in Fig. 2. The natural frequencies of the scaled model, after 

performing a modal analysis, are presented in Table 1, listed below.  The two mode shapes 5 and 

11 correspond to the main resonant bouncing frequencies and the mode shape of frequency mode 

No. 5 is presented in Figs 6 and 7. Bouncing mode No. 11 is presented in Fig. 8. 

Table 1. List of Resonant Frequencies 

Mode No Frequency 

(Rad/sec) 

Frequency (Hertz) Period (Seconds) 

1 1.2501 0.19895 5.0263 

2 1.8693 0.29752 3.3612 

3 2.4408 0.38846 2.5743 

4 6.6263 1.0546 0.94821 

5 7.1558 1.1389 0.87806 

11 40.284 6.4113 0.15597 

 

Dynamic analysis is performed, using the scaled model, schematically presented in Fig. 4 and the 

amplitudes of displacements and velocities of the two masses 1M  and 2M are calculated and 

shown in Figs 9, 10,16, 17, 21 and 22. The scaled model is built up of a construction, which is a 

combination of four “benchmark” models at the basis and one on the top, in order to fit the 

desired natural frequencies (Figs 5-11). The plate between the two levels is the mass (scaled) of 

the bogie, which is adjusted by means of the proper density with the mass 1M  and the volume of 

the intermediate plate in the computer modelling. In the same way, the mass of the carriagecrate
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2M  is presented as the mass (scaled) of the plate on the top. This mass 
2M is adjusted by means 

of the definition of the proper density defined by the mass over the volume of the plate. As 

mentioned above, the two main frequencies and the corresponding bouncing shapes are No. 5 

and11 in Table 1 and we should expect the two body’s motion to be in the same quality, as 

shown in Fig. 3. That is why, the displacement plots, shown in Fig. 5-11, we can consider as 

correct, corresponding to the bouncing motion of the model, shown in Fig. 3. Here, we must 

clearly point out that in this study we investigate only the shock impact, not the motion as a 

whole. The displacement plot – amplitude of displacement is shown in Fig. 5 and the amplitudes 

of the two masses – the middle one and the top one – amplitudes of displacement are presented 

in Figs 9-11. Time history acceleration input graph (half sine shock input) at node 11404 at the 

base –in the middle of the scaled model, is shown in Fig. 12. This half sine shock impact is 

considered to be the system excitation factor under consideration. Time history acceleration 

output response graph at node 1 on the First mass M1 of the scaled model – in the middle is 

presented in Fig. 13. Time history acceleration output response graph, shown in Fig. 13, is 

transformed in frequency domain using Fast Fourier Transformation (FFT).  Both resonances at 

1.14 Hz and 6.4 Hz are evident and shown in Fig. 14. Frequency Response Transmissibility 

Function (FRTF) output/input of the output graph-shown in Fig. 13 over the input graph – shown 

in Fig. 12 in frequency domain is shown in Fig. 15. Both resonances at 1.14 Hz and 6.4 Hz are 

evident and clearly defined. Time history acceleration output response graph at node 14300 at 

the second mass M2 –on the top of the scaled model is presented in Fig. 18. Time history 

acceleration output response graph, shown in Fig. 18, transformed in frequency domain using 

Fast Fourier Transformation (FFT).  The resonance at 1.14 Hz is evident and presented in Fig. 

19.Frequency Response Transmissibility Function (FRTF) output/input of the output graph-

shown in Fig. 19 over the input graph – shown in Fig. 12 in frequency domain is presented in 

Fig. 20. The resonance at 1.14 Hz is evident. 

 

Fig. 5  Displacement plot of the dynamically scaled model. 
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Fig. 6. Deformation plot – mode shape 5 of the dynamically scaled model-Mode Shape 5, 

frequency value 1.1389 Hz 

 

Fig. 7.Bouncing mode 5 frequency value 1.1392 Hz-deformation plot of the scaled model 
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Fig. 8.Bouncing mode 11 frequency value 6.4131 Hz-deformation plot of the scaled model 

 

Fig. 9.  Displacement plot of the scaled model at step increment 400 and at time 4 s 
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Fig. 10. Displacement plot of the scaled model at step increment 64 and at time 0.64 s 

 

Fig. 11. Displacement plot of the scaled model at step increment 24 and at time 0.24 s 
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Fig. 12. Time history acceleration input graph (half sine shock input) at node 11404 at the base –

in the middleof the scaled model 

 

Fig. 13. Time history acceleration output response graph at node 1 on the First mass M1 of the 

scaled model –in the middle 
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Fig. 14.Time history acceleration output response graph, shown in Fig. 13, transformed in 

frequency domain using Fast Fourier Transformation (FFT).  Both resonances at 1.14 Hz and 6.4 

Hz are evident 

 

Fig. 15.Frequency Response Transmissibility Function (FRTF) output/input of the output graph-

shown in Fig. 13 over the input graph – shown in Fig. 12 in frequency domain. Both resonances 

at 1.14 Hz and 6.4 Hz are evident 
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Fig.16. Time history velocity output response graph at node 1 at the First mass M1–in the middle 

of the scaled model 

 

 

Fig.17. Time history displacement output response graph at node 1 at the First mass M1 –in the 

middle of the scaled model 
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Fig.18. Time history acceleration output response graph at node 14300 at the second mass M2–on 

the top of the scaled model 

 

Fig. 19.Time history acceleration output response graph, shown in Fig. 18, transformed in 

frequency domain using Fast Fourier Transformation (FFT).  The resonance at 1.14 Hz is evident 
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Fig . 20.Frequency Response Transmissibility Function  (FRTF) output/input of the output 

graph-shown in Fig. 19 over the input graph – shown in Fig. 12 in frequency domain. The 

resonance at 1.14 Hz is evident 

 

Fig.21. Time history output velocity response graph at node 14300 at the second  massM2– on 

the top of the scaled model   
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Fig.22. Time history output displacement response graph at node 14300 at the second mass M2 -

on the top of the scaled model 

4. Analysis of the results and recommendations 

In this paper, an attempt is performed by the author at modelling the shock-vibration 

loading in a railway carriage, using a “benchmark” model vibroisolator, utilizing viscoelastic 

properties. A new approach is performed to the classical railway carriage suspensions, utilizing 

springs. Results are compared among the spring suspension model, presented in Fig. 3 and the 

dynamically scaled model, utilizing viscoelastic properties presented in Figs 5-11. Amplitudes of 

displacements and velocities of the bogie and the carriage are presented in Figs 16, 17, 21 and 

22.  

Time history acceleration input graph (half sine shock input) at node 11404 at the base –in the 

middle of the scaled model is presented in Fig. 12. This half sine input shock vibration wave is 

considered as the main system excitation.  Time history acceleration output response graph, 

shown in Fig. 13, transformed in frequency domain using Fast Fourier Transformation (FFT).  

Both resonances at 1.14 Hz and 6.4 Hz are evident and shown in Fig. 14. Frequency Response 

Transmissibility Function  (FRTF) output/input of the output graph-shown in Fig. 13 over the 

input graph – shown in Fig. 12 in frequency domain. Both resonances at 1.14 Hz and 6.4 Hz are 

evident and presented in Fig. 15. Time history acceleration output response graph, shown in Fig. 

18, transformed in frequency domain using Fast Fourier Transformation (FFT).  The resonance 

at 1.14 Hz is evident and shown in Fig. 19. Frequency Response Transmissibility Function 

(FRTF) output/input of the output graph-shown in Fig. 19 over the input graph – shown in Fig. 

12 in frequency domain. The resonance at 1.14 Hz is evident and shown in Fig . 20. 

At the first mass, which is the mass of the bogie, both main resonances at 1.14 Hz and 6.4 Hz are 

very well defined, while at the second mass the mass of the crate only the first resonance at 1.14 
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Hz is evident. Possibly, there is a fall of the system energy and the second resonance at 6.4 Hz is 

not obvious at the second mass of the scaled model. 

These amplitudes of the scaled model obviously are smaller than the amplitudes of the original 

spring suspension model. Naturally, using a softer suspension as it is utilizing viscoelastic 

material-rubber at the moment ensures smaller amplitudes of the displacements and the 

velocities. In this way, the suspension cuts-off the amplitude of the shock impact by the railway 

and the energy of the shock is transformed into heat, released in the air. The suspension of the 

original spring model is much harder and the metal spring cannot react properly to the shock-

vibration impact, actually there is no time for a metal spring to react. That is why author accepts 

the viscoelastic approach in order to achieve a soft suspension and a proper reaction of the 

vibroisolator to the impact. On the other hand, a question arises- is it possible the soft 

viscoelastic suspension to carry on the heavy carriage full of passengers in the real case, which 

activity obviously the spring suspension can perform. The decision probably naturally comes 

with a combination of both models-the spring suspension to carry the load on one hand, while 

the viscoelastic vibroisolator to cut-off the shock-vibration impact on the other. This combined 

model is planned to be investigated in the future work. 

5. Conclusion  

In the work presented in this paper, the shock-vibrations responsesof the railway vehicles are 

modelled, using a scaled double mass dynamic model, utilizing viscoelastic properties and the 

results derived here are compared with the results obtained, using the original model. The 

following basic conclusions can be derived: 

 The suspension utilizing viscoelastic properties is much softer and is much more 

compatible for shock-vibration loading. 

 The parameter values of the scaled model, namely the amplitudes of displacement and 

velocity of the two masses are smaller, than in the original model, utilizing a spring 

suspension. 

The decision probably naturally comes with a combination of both models-the spring suspension 

to carry the load on one hand, while the viscoelastic vibroisolator to cut-off the shock-vibration 

impact on the other. This combined model will be investigated in the future work. 
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