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Abstract 

   Let R be a commutative ring with identity and M be a unitary (left) R-module. In this paper 

we introduce and study the concept purely distinguished module as a generalization of 

distinguished module. We call M purely distinguished R-module provided that         is a 

non-zero pure submodule of M for each maximal ideal I of  R. The basic properties of such 

modules are studied.   
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1. Introduction. 

   Throughout this paper all rings are commutative with identity. An R-module M is called 

distinguished if          for each maximal ideal I of R,[7]. The notion of distinguished 

module was introduced by G. Azumaya in[7] in establishing a theory of quasi- Frobeinus 

module. In1996, L. S. Mahmood was studied the concepts of distinguished module and 

distinguished ring,[8]. In this paper we introduce the concept of purely distinguished module 

as a generalization of distinguished module, The basic properties of such modules are studied 

in this paper. 

Notation: For an R-module M and an ideal I of R, we set:                 

               is the annihilator of I in M. For    ,                   is the 

annihilator of m in R, and                                is the annihilator of I in 

R.  

2. Purely Distinguished Modules  

   It is know that a submodule  N  of  an  R-module  M  is  called  pure  if           for 

each ideal I  of  R,[5], and M is called a regular module if every submodule of M is pure [14]. 

We introduce the following concept: 
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Definition 2.1 An R-module M is said called distinguished if        is a non-zero pure 

submodule of M for each maximal ideal I of R. The ring R is called purely distinguished if R 

a an R-module is purely distinguished. That is R is         is a non-zero pure ideal of R for  

each maximal ideal I of R. Where an ideal I of R is called pure if         for each ideal J 

of R.[6]  

Remarks and Examples 2.2  

1) Every purely distinguished module is distinguished but the converse is not true in general. 

For example,   as a   -module is distinguished but not purely distinguished, since 

     
          is not pure in   ,  because                             . 

2)   as a Z-module is not distinguished and hence not purely distinguished. 

3) Let M be a regular R-module. Then M is purely distinguished if and only if M is 

distinguished. 

4)   as a   -module is purely distinguished, since      
          is pure in   and 

     
         is pure in   . 

5) Let R be a regular ring and M be an R-module. Then M is purely distinguished if and 

only if M is distinguished. 

6) If       is a purely simple R-module (that is (0) and M are the only pure submodule 

of M). then M is not purely distinguished. 

7) If M is semisimple distinguished R-module, then M is purely distinguished. 

8) If R is a semisimple ring and M is distinguished R-module, then M is purely 

distinguished. 

9) If R is a regular (or semisimple) ring. Then R is purely distinguished ring if and only if  R 

is a distinguished  ring. 

3. Basic Properties of Purely Distinguished Modules 

   Recall that an R-modules is said to satisfy pure sum property (PSP) if the sum of two pure 

submodules of M is a pure submodule of M.[1] 

Proposition 3.1 Let    and    be two purely distinguished R-modules such that        

has (PSP).  Then        is also purely distinguished. 

Proof: Let I be a maximal ideal in R. Then        
    is pure in    and    is pure in 

       gives        
   is pure in       [11], similarly        

   is pure in 

       and as        has (PSP) implies that      
          

   is pure in         
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On the other hand it can be easily checked that        
          

            
   . 

Therefore           
    is pure in           and hence          is purely 

distinguished. 

Corollary 3.2  Let    and    be two purely distinguished R-modules with the (PSP)  such 

that                     .   Then         is  purely distinguished. 

Corollary 3.3 Let        
  be a family of purely distinguished R-modules such that    has 

(PSP) for each          , and      
 
         .Then     

    is purely distinguished. 

   In the following proposition we establish that purely distinguishedness is preserved under 

localization under certain conditions. 

Proposition 3.4 Let R be a principal ideal domain, M be a finitely generator R-module and S 

be a multiplicatively closed subset of R. Then M is a purely distinguished R-module if and 

only if     is purely distinguished   -module, provided that       for each prime ideal I 

of R. 

Proof:    Let    be a prime ideal of   . Then I is a prime ideal of R[10]. As M is purely 

distinguished R-module gives           is a pure submodule of M. But M  is finitely 

generator implies that      
                   [2],and since          is  pure  in  M  

implies that            is a pure in   [15]. Therefore    is purely  distinguished. 

    Let I be a prime ideal of R. Then    is  a prime ideal in    [10]. Since    is purely  

distinguished then      
       .But M is finitely generator  gives      

     

               Therefore          [2] On the other hand      
     is pure in     

implies that         is pure in M[15]. Hence M is purely distinguished.   

Corollary 3.5 Let M be a finitely generator R-module and P is a prime ideal of R. Then M is 

purely distinguished if and only if    is purely distinguished    -module. 

4. Some Characterizations of Purely Distinguished Modules 

In this section we present some characterizations of purely distinguished modules. Moreover 

we discuss purely distinguishedness in the class of multiplication modules and in the class of 

projective modules. 

Proposition 4.1 Let M be an R-module which satisfy the d.a.c. (double annihilator 

condition).Then M is purely  distinguished  if  and only  if  for  each  maximal  ideal  I  of  R, 

there exists         such  that  (m) is pure  in  M  and           . 
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Proof:     Let I be a maximal ideal of R. Then [12], there exists       such that 

         . As         is a non-zero pure submodule of M and M satisfies  d.a.c.  

implies that                            is  pure  in  M. 

     Let I be a maximal ideal of R. Then           for some      and (m) is pure 

in M. So                             Therefore           is a pure submodule 

of M and M is purely distinguished. 

Remark 4.2 The condition (m) is pure in M in proposition 4.1 cannot  be dropped  as  it 

shown in (2.2,(1)). 

Corollary 4.3 Let M be an R-module which satisfies the d.a.c. such that every cyclic 

submodule of M is pure in M. Then M is purely distinguished if and only if M  is 

distinguished. 

Corollary 4.4  Let M  be a regular (semisimple) R-module which  satisfies the d.a.c.  Then M 

is purely distinguished if and only if for each maximal ideal I of R there exists        

such that          . 

Corollary4.5 Let  R  be  a  regular ( semisimple ) ring and  M be an R-module  which  

satisfies  d.a.c.  Then  M  is  purely  distinguished  if  and  only  if  for each  maximal  ideal  I  

of  R  there  exists         such  that           . 

Corollary4.6 Let M be a distinguished R-module which satisfies d.a.c. If      has  (PSP),  

then  M  is  purely  distinguished. 

Proof: Since     has the (PSP), then M is a regular R-module[1]. Therefore(m) is  pure in 

M for each    . Hence the result follows by corollary (4.3). 

   In the class of multiplication modules we present some interesting results, when an R-

module M is called multiplication if every submodule N of M is of the form      for some 

ideal I of M.[13] 

Theorem 4.7 Let M  be  a finitely generator  faithful  multiplication  R-module.  Then  M  is  

purely  distinguished  if  and  only  if  R  is  purely  distinguished  ring. 

Proof:(   Suppose  that  M  is  purely  distinguished.  Let  I  be  a maximal  ideal of  R.  

According  to[8] R  is a distinguished ring and hence            . We have to show  that  
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          is  pure  in  R. It can be easily checked that                  and since 

        is pure in R by [16]. Therefore R is purely  distinguished. 

    Suppose  that  R is  a distinguished ring. Let I  be  a maximal  ideal  of  R. Then  

          is pure in R and as M is a finitely generator faithful multiplication R-module 

and                  gives that              is pure in M .  Therefore  M  is  purely  

distinguished. 

Corollary 4.8   Let M   be a cyclic R-module. Then M is purely distinguished if and   only  if  

R  is a  purely  distinguished  ring. 

Proposition 4.9  If  R  is  a  distinguished ring  in which every maximal ideal  is  pure,  then  

R  is  purely  distinguished. 

Proof: Let  I  be  a  maximal  ideal  of  R.  By  hypothesis  I  is  a  pure  ideal  in  R,  on the  

other hand  R as  an  R-module is finitely  generated faithful multiplication.  So  according 

to[9],we get        is a pure ideal in R and hence R is purely  distinguished. 

  For  the  next  result,  we  recall  that  a submodule  N  of  an  R-module  M  is  called  

idempotent  if             [9]. 

Proposition 4.10  Let M  be  a  distinguished  faithful  multiplication  R-module.  Then  M  is  

purely  distinguished  if  and  only  if             is a multiplication  and  an  idempotent  

submodule  of  M  for  each  maximal  ideal  I  of  R. 

Proof:     Let  I  be  a  maximal  ideal  of  R. Then           is a  pure  submodule  of M. 

But M is faithful multiplication R-module implies that         is a  multiplication  and  

idempotent by [9]. 

    Let  I  be  a  maximal  ideal  of  R.  By  hypothesis,             is  a  multiplication  and  

idempotent  submodule  of  M  and  as  M  is   a  faithful  multiplication  R-module,  gives  

that             is  a  pure  submodule  of M[9]. Hence M  is  purely  distinguished. 

Corollary 4.11  Let  R  be  a  distinguished  ring  and  M  be a finitely generator faithful  

multiplication  R-module.  Then  M  be a  purely  distinguished  if  and  only  if             is  

a  multiplication  and  idempotent  submodule  of  M  for  each  maximal  ideal  I  of  R. 

Corollary 4.12 Let M be a finitely generator faithful multiplication R-module. If M is a 

purely distinguished. Then for each maximal ideal I of R, the following are hold: 
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(1)             is  a  multiplication  submodule  of  M. 

(2)                       . 

(3)                     is  a  pure  ideal  of  R. 

Proof: Let I  be a  maximal ideal  of  R.  Then: (1)           is a pure submodule of M 

and by proposition(4.10),         is a multiplication submodule of  M. (2) As M is purely 

distinguished, then M is distinguished and we have                and according to [9], 

                            . Hence                

    . 

    Next we discuss some relations between purely distinguishedness and  projectivity  of  

modules under certain conditions. 

Proposition 4.13 Let M be a purely distinguished R-module. If M is projective and  

       isfinitelygenerator for each maximal ideal I of R, then        is projective. 

Proof: Let I be a maximal ideal of R. As M  is  purely  distinguished, then         is  a non-

zero pure submodule of M, moreover M is projective and          is finitely  generated (by 

hypothesis) implies that          is a direct submodule of M[3] and  according to[6], 

        is projective. 

Corollary 4.14 Let M be a purely distinguished R-module. If M is projective and  Noetherian, 

then          is projective for each  maximal ideal  I of R. 

Corollary 4.15  Let R be a Noetherion ring and M be a finitely generated  R-module. If M is 

purely distinguished and projective, then         is projective for each  maximal  ideal  I  of  

R.  

Corollary 4.16 If R is a purely distinguished ring such that         is finitely generator 

ideal for each maximal ideal I of R, then         is a direct summand of R. 

Proof: Let I  be a maximal ideal of R, then          is finitely generated and pure in  R(by 

hypothesis).On the other hand R as an R-module is projective, therefore          is a direct 

summand of R by proposition 3.1.  

Corollary 4.17  If R is a Noetherian purely distinguished ring, then         is a  direct  

summand  of  R  for  each  maximal  ideal  I  of  R. 

Proposition 4.15 Let  M  be  a  distinguished  R-module.  If  for  each  maximal  ideal  I of  

R,           is  projective  and  every  homomorphism  from         to R  can  be extended 

to a  homomorphism  from  M  to  R,  then  M  is  purely  distinguished. 

Proof: Let I  be a maximal  ideal of R. Then         is a non-zero submodule of M  (since 

M is distinguished). On the other hand        is projective and every  homomorphism from 
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       to R is extended to a homomorphism from M to R (by  hypothesis) implies that 

        is a pure submodule of M[4]Therefore  M   is  purely  distinguished. 

Corollary4.16 Let R  be  a  self-injective  ring.  If  R  is  distinguished  and          )  is  

projective  for  each  maximal  ideal  I  of  R,  then  R  is  purely  distinguished. 

Proof: Let  I  be  a  maximal  ideal  of  R.  By  hypothesis                is  a  projective  

ideal  of  R.  Let                 be  a  homomorphism.  But  R  is  a  self-injective  ring,  

implies  that  f  can  be  extended  to  a  homomorphism,  say        .  Therefore   R  is  

purely  distinguished  ring  (by  proposition4.15). 

Corollary4.17 Let  R  be  a self-injective  hereditary  ring.  If  R  is  distinguished,  then  R  is  

purely  distinguished. Where a ring  R  is  called hereditary  if  every  submodule  of  a  

projective  R-module  is  projective[6]. 

Proof: Let  I  be  a  maximal  ideal  of  R.  As  R  is  a projective  R-module  and  hereditary  

implies  that               is  a  projective  ideal  of  R.  So, we  proceed  as  in  corollary 

4.16,  we  get  that  R  is  purely  distinguished. 
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