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ABSTRACT: 

 

Chaotic motion produced by maps may be examined using various techniques like Lyapunov 

exponent, bifurcation diagram, fractal dimension etc.. In this paper we have investigated the 

chaotic nature of the Gaussian map with the help of these techniques.  
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1. INTRODUCTION: 

 

The twin subject of fractal geometry and chaotic dynamics have been behind an enormous 

change in the way scientists and engineers perceive, and subsequently model the world in 

which we live. Chemists, biologists, physicists, physiologists, geologists, economists, 

engineers have all used methods developed in both fractal geometry and chaotic dynamics to 

explain a multitude of diverse physical phenomena. Many of the ideas within fractal 

geometry and chaotic dynamics have been in existence for a long time, however it took the 

arrival of the computer, with its capacity to accurately and quickly carry out large repetitive 

calculations, to provide the tool necessary for the in-depth exploration of these subject areas. 

 

Chaos is a term used to describe complex and aperiodic long term behaviour in a 

deterministic nonlinear system that exhibits sensitive dependence on the initial condition. 

Chaos theory is the study of apparently random or unpredictable behaviour in systems 

governed by deterministic laws. In recent decades, however, a diversity of systems have been 

studied that behave unpredictably despite their seeming simplicity and the fact that the forces 

involved are governed by well-understood physical laws. The common element in these 

systems is a very high degree of sensitivity to initial conditions and to the way in which they 

are set in motion. For example, the meteorologist Edward Lorenz [18]discovered that a 

simple model of heat convection possesses intrinsic unpredictability, a circumstance he called 

the “butterfly effect,” suggesting that the mere flapping of abutterfly‟swing can change the 

weather.  

 

The behaviour of a dynamical system can be described geometrically as motion on an 

“attractor”.Earlier, researchers effectively recognized three types of attractor: single points 

(characterizing steady states), closed loops (periodic cycles), and tori (combinations of 

several cycles). In the 1960s a new class of “strange attractors” was discovered by the 

American mathematician Stephen Smale. Later on many researchers likeRuelle and 

Takens(1971), Young (1983), Framer, Ott and Yorke (1983), Badii and Politi (1985), Mayer-

Kress (1985), Theiler (1990), Ott (1993), Abarbanel, Brown, Sidorowich and Tsimring 

(1993), Stewart (2000)etc.[1, 4, 7, 20, 21, 22, 25, 27, 30]have worked on strange attractors. 

On strange attractors the dynamics is chaotic. Later it was recognized that strange attractors 

have detailed structure on all scales of magnification; a direct result of this recognition was 
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the development of the concept of the fractalwhich led in turn to remarkable developments in 

computer graphics. 

Though Euclidean geometry is a very useful mathematical tool for describing simple objects 

having ideal shapes such as cubes, cones and cylinders etc., but most of the objects in the real 

world are so complex and irregular that the shapes, dimensions etc. of these objects can not 

be described by classical Euclidean geometry For example, the motion of a particle 

suspended in a fluid (Brownian motion), the length of a coastline of an island, the surface 

area of the human lung, the shapes of trees, clouds etc. Study of such objects has resulted in a 

new area of mathematics called Fractal Geometry. Fractal geometry was popularized by the 

mathematician Benoit Mendelbrot [19],and it was he who coined the term fractal in 

1977.Though the mathematical work of fractal geometry was first initiated by Cayley, Fatou 

and Julia in the late 19th and early 20th centuries, progress of research in this line was slow 

until the development of the electronic computers. Much of the current interest in fractals is a 

consequence of Mandelbrot's work. His computer simulations of maps of the complex plane 

have resulted in extremely complicated and beautiful fractals. 

 

A fractal is a complex geometric shape with details down to the smallest spatial scales. 

Fractals are essentially self similar, whereby a subset of a fractal, and any subset thereof, may 

resemble the fractal as a whole e.g. see Falconer (2003) [6]. Consequently, a measure of the 

area of a fractal is often difficult to determine. A fractal may be quantified by a fractal 

dimension. The concept of fractal dimension has been applied in texture analysis and 

segmentation, shape measurement and classification, image and graphic analysis and in many 

other fields. There are quite a few definitions of fractal dimension making sense in certain 

situations. Thus, different methods have been proposed to estimate the fractal dimension of 

an object under investigation. The box-counting dimension is the most frequently used 

measurement method in various application fields. The reason for its dominance lies in its 

simplicity and automatic computability. Several algorithms have been developed for 

computing the fractal dimension with the help of box counting scheme by various researchers 

e.g. see Li. et.al.(2009), Sarkar and Chaudhuri (1994) and Liu et.al (2014) [15, 17, 23]. 

 

The rest of the paper is organized as follows. In section-2, we provide a brief review of the 

Gaussian map and the dynamics that is produced with the help of this map. Section -3 deals 

with the concept of bifurcation diagram and the conclusions that can be drawn with the help 

of the bifurcation diagram in case of the Gaussian map. The concept of Lyapunov exponent 

and its application in drawing conclusions for the Gaussian map is discussed in section-4. In 

section-5, we have given a review of three kinds of fractal dimensions viz. information 

dimension, box counting dimension and correlation dimension and have calculated those 

dimensions for the attractor of the Gaussian map. Finally, we drew our conclusions in 

section-6. 

 

 

2. THE GAUSSIAN MAP: 

 

The non-linear one dimensional map 𝐺: ℝ → ℝ defined by 

𝐺 𝑥 = 𝑒−𝑏𝑥2
+ 𝑐       (1) 

 

where′𝑏′ and ′𝑐′ are parameters is termed as the Gaussian map. The parameters ′𝑏′ and ′𝑐′ are 

related to the width and height of the Gaussian curve respectively. Below, we have shown the 

Gaussian map for different values of the parameters c (keeping b fixed) in fig. 1. 
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Fig.1: Shape of the Gaussian map for different values of the parameters c (keeping b fixed)  

 

 

Though the behaviour of the Gaussian map is similar to the logistic map,yet the dynamics 

associated with this map is more complicated as it contains two parameters. Though most of 

the features of the logistic map are also present in the Gaussian map but certain features of 

the Gaussian map like period un-doubling and bi-stabilityare not exhibited at all by the 

Logistic map. We have explained these phenomena in section 3 along with the bifurcation 

diagram. 

DYNAMICS OF THE MAP: 

Dynamics produced by a map gives us the glimpse of its fixed points, periodic attractors and 

so on. Below we havediscussed some of the salient features of the Gaussian map. 

Clearly, the function 𝐺 𝑥 = 𝑒−𝑏𝑥2
+ 𝑐 is bounded for b > 0.  

Also,  𝑒−𝑏𝑥2
→ 0as  𝑥 → ∞, as a result 𝐺 𝑥 → 𝑐. Therefore 𝑐 is the minimum value for the 

function 𝐺 which can be seen immediately from fig. 1.  

For 𝑏 = 0, the map G(x) reduces to 𝑐 + 1, i.e.,G(x)a constant map.  

For 𝑏 < 0, the map 𝐺(𝑥) is not bounded.   

Thus we restrict the parameter value for 𝑏   as0 ≤ 𝑏 < ∞. 

Now, 𝐺 𝑥 = 𝑒−𝑏𝑥2
+ 𝑐,          𝐺 ′ 𝑥 = −2𝑏𝑥𝑒−𝑏𝑥2

, 𝐺 ′′  𝑥 = −2𝑏[1 − 2𝑏𝑥2]𝑒−𝑏𝑥2
 

Also, 𝐺 ′ 𝑥 = 0 ⇒ −2𝑏𝑥𝑒−𝑏𝑥2
= 0 ⇒ 𝑥 = 0   if 𝑏 ≠ 0 

Again at𝑥 = 0, 𝐺 ′′  𝑥 = −2𝑏 < 0as𝑏 > 0. 

Hence,𝑥 = 0 is a point of maximum for 𝑏 > 0and  𝐺 𝑥  𝑚𝑎𝑥  = 1 + 𝑐. 

Also we already observed that the minimum value of the function 𝐺 is 𝑐. Hence the range of 

𝐺(𝑥) 𝑖𝑠 (𝑐, 1 + 𝑐). 

In this paper, we will discuss the dynamics produced by the map 𝐺(𝑥) for 𝑏 = 8 with various 

values of 𝑐.    

For this type of investigation, we first calculate the fixed points of the Gaussian map function 

which are calculated by solving the nonlinear equation  

                                                   𝑒−𝑏𝑥2
+ 𝑐 = 𝑥     (2) 
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Though analytical solution of this transcendental equation is not easy,it is not difficult to find 

geometrically as the fixed points are nothing but the points of intersection of the map 

𝐺 𝑥 = 𝑒−𝑏𝑥2
+ 𝑐 and the line 𝐺 𝑥 = 𝑥. With the help of Mathematica softwarewe have 

determined the fixed points approximately for 𝑏 = 8 with various values of 𝑐 shown in fig 2. 

 

Fig 2.Fixed points of the Gaussian map for 𝑏 = 8 and different values of 𝑐 

 

3. BIFURCATION  DIAGRAMFOR THE GAUSSIAN MAP : 

 

A bifurcation is a sudden change in the qualitative behavior of a dynamical system which 

takes place with the variation of the control parameter. For e.g. the birth of attractor-repellor 

fixed points or their disappearance, change in the nature of stability of the fixed points i.e. 

stable to unstable or unstable to stable upon adjusting a control parameter are bifurcation 

events. Behaviour of a system before and after a bifurcation are topologically different.  

A first step in classifying the dynamical regimes of a map is to obtain a global representation 

of the various regimes that are encountered as the control parameter is varied. This can be 

done with the help of bifurcation diagrams [14, 24, 26, 28], which are tools commonly used 

in nonlinear dynamics. Bifurcation diagrams display some characteristic property of the 

asymptotic solution of a dynamical system as a function of a control parameter, allowing one 

to see at a glance where qualitative changes i.e. bifurcations in the asymptotic solution occur. 

Figure 3 shows the bifurcation diagram for the Gaussian map with initial point 0.01. Looking 

at the bifurcation diagram we get a global qualitative picture of the dynamics produced by the 

iteration of the map for all possible values of the control parameter. 

 

In a period-doubling bifurcation, previously stable fixed/periodic points become unstable 

after attaining somevalue of the control parameter, and stable periodic trajectories of period, 

doubled to the previous one appears near it. Theoriginal fixed/periodic points continues to 

exist as unstable fixed/periodic points, and all the remaining points are attractedtowards the 

new stable periodic trajectories of doubled period. This process repeats itself up to certain 

critical value of theparameter known as the „accumulation point‟ after which chaos creeps 

into the previously deterministic system. To find out the „accumulation point‟, we first find 

out the bifurcation values of the parameter (in our case different values of c) and based on 

these bifurcation values, we compute Feigenbaum constant  ′𝛿′, which is the limiting value to 

which the ratio (𝛿𝑘) of lengths between three successive bifurcation pointsconverge.The 
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Feigenbaum constant is evaluated as  𝛿 = lim𝑘→∞ 𝛿𝑘 = 4.6692016091029… The nature of 

𝛿 is universal i.e. it is the same for a wide range of different iterators. 
 

Fig. 3: shows the bifurcation diagram for the Gaussian map with initial point 0.01 

 

The accumulation point can be evaluated using lim𝑛→∞ 𝑐∞ ,𝑛 = 𝑐∞where𝑐∞ ,𝑛 =
𝑐𝑛 −𝑐𝑛−1

𝛿−1
+ 𝑐𝑛 , 

𝑐𝑛being the bifurcation values. We have furnished our calculated bifurcation points and their 

corresponding accumulation points in tabular forms below when the control parameter is 

increased and decreased respectively. 
 

Table: Period doubling bifurcation points for Gaussian Map  

Periods Period Doubling Bifurcation points Feigenbaum delta 

2 −0.902519137827101 …  

4 −0.8235871438522735…  

8 −0.801120830587959 … 3.5133487656029097 … 

16 −0.7959310847293269… 4.3289813945217315 … 

32 −0.7948000183252443… 4.588365316040947 … 

64 −0.7945568629613903… 4.651620207571562 … 

128 −0.7945047441304977… 4.665403265759306 … 

264 −0.7944935799302827… 4.668389126770239 … 

512 −0.7944911888112298… 4.669027333276245 … 

1024 −0.7944906767026615… 4.669164315432247 … 

Table: Accumulation point of the Gaussian Map when the control parameter is 

increased 

Sl. No. Period doubling Bifurcation Accumulation point(𝒄𝒇∞) 

1 −0.8020751087056989… 

2 −0.7949978873273337… 

3 −0.7945166773427824… 

4 −0.794491758784183… 

5 −0.7944905936772901… 

6 −0.7944905397240777… 

7 −0.7944905372519553… 

8 −0.7944905371383845… 

9 −0.7944905371331794… 
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For the Gaussian map  𝑥 = 𝑒−𝑏𝑥2
+ 𝑐 , starting from 𝑐 = −0.902519137827101 …, period 

doubling orbits appear with the increase in parameter value that ends at the accumulation 

point 𝑐𝑓∞ = −0.7944905371331794 …as mentioned by Feigenbaum [1978, 1980], which is 

the point corresponding to an orbit of period 2∞ . The bifurcation diagram generated by our 

calculated values are in agreement with the value suggested by Feigenbaum. Another 

accumulation point for the Gaussian map can be found to exist at  

𝑐𝑏∞ = −0.264877141199401 …  in which casethe repeated period doubling scenario starts 

at 𝑐 = 0.3911196478486808 … and continues with the decrease in the parameter value. 

 

Table: Backward period doubling bifurcation points for Gaussian Map 

Periods Period Doubling Bifurcation points Feigenbaum delta 

2 0.3911196478486808…  

4 −0.2067749460953021…  

8 −0.2574106240977138… 11.807772904481945 … 

16 −0.2634267615922522… 8.416643371582904 … 

32 −0.2645711167903196… 5.25722860580354 … 

64 −0.2648117692830676… 4.755218551855977 … 

128 −0.2648631482133004… 4.683875114989307 … 

264 −0.264874144675118 … 4.672314702882711 … 

512 −0.2648764994508665… 4.669855219689863 … 

1024 −0.2648770037565175 … 4.66934237848791 … 

 

Table: Accumulation point for Gaussian Map when the control parameter is decreased 

Sl. No.  Period doubling Bifurcation Accumulation point (𝒄𝒃∞) 

1 −0.369724453274372… 

2 −0.27121081450824… 

3 −0.26506639264102166… 

4 −0.2648829980440584… 

5 −0.26487735643754634… 

6 −0.2648771509680422… 

7 −0.264877141638215… 

8 −0.2648771412187487… 

9 −0.264877141199401… 

 

The bifurcation diagram of the Gaussian map reveals some more interesting behaviors. This 

showsthat period-one behavior exist for two ranges of the parameter values which in fact is 

supported by the fact that the map has two points of inflection at 𝑥 = ±
1

 2𝑏
. This in turn 

means that a period-one point can make a transition from being stable to unstable and back to 

stable again, as depicted in bifurcation diagram shown in Figure 3. As the parameter c is 

increased from 𝑐 =  −1, a fixed point of period one becomes unstable and a sequence of 

period doubling occurs through period-two, period-four and back to period-two behavior. As 

the parameter is increased stillfurther, the unstable fixed point of period one becomes stable 

again and a singlebranch appears once more. Thus, the bifurcation diagram displays period-

doubling and period-undoubling bifurcations.The diagram further reveals bi-stable nature of 

the Gaussian map which is always marked by a sudden jump . For example, when 𝑐 =  −1, 
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𝑐 → 

𝑥 ↑ 

there are two possible steady- state solutions. These period-undoubling, bistability characters 

are not seen in case of other prominent maps like the Logistic map.  
 

4. CALCULATION OF THE LYANPUNOV EXPONENT FOR THE GAUSSIAN MAP: 

Lyapunov exponents [13, 14, 16] play a very important role in the description of the 

behaviour of dynamical systems. It is a method of quantifying chaotic behaviour. In non-

linear systems, chaotic behaviour generates a kind of randomness and loss of information 

which explain the complex behaviour in the real system. Lyapunov exponents measure the 

average rate of divergence or convergence of orbits starting from nearby initial points.  

Consider the map  𝑥𝑛 = 𝑓(𝑥𝑛−1) and let us consider its nth iterates from two nearby initial 

point 𝑥0and 𝑥0 + 휀. Then we have,  휀 𝑒𝑛𝜆 (𝑥0) ≡  𝑓 𝑛  𝑥0 + 휀 − 𝑓 𝑛 (𝑥0)  

𝑖. 𝑒., 𝜆(𝑥0) =
1

𝑛
𝑙𝑛  

𝑓 𝑛  𝑥0+휀 −𝑓 𝑛  𝑥0 

𝜖
  ,   where 𝜆 is the associated Lyapunov exponent.  

Now taking limit 휀 → 0, and applying the chain rule of differentiation we get   

𝜆(𝑥0) =
1

𝑛
ln( 𝑓 ′ 𝑥0   𝑓 ′ 𝑥1  … … …  𝑓′(𝑥𝑛−1) ) 

i.e.𝜆(𝑥0) =
1

𝑛
 𝑙𝑛 𝑓 ′ 𝑥𝑖  

𝑛−1
𝑖=0  

Now taking the limit as𝑛 → ∞, we have the expression for Lyapunov exponent 𝜆(𝑥0) is  

  𝜆 𝑥0 =
𝑙𝑖𝑚

𝑛 → ∞
1

𝑛
log  

𝑑𝑓𝑛 (𝑥0)

𝑑𝑥
  

Now, if 𝜆 < 0 then we have, 
𝑙𝑖𝑚

𝑛 → ∞
𝑓 𝑛  𝑥0 =

𝑙𝑖𝑚
𝑛 → ∞

𝑓 𝑛  𝑥0 + 휀    that is the system is not 

sensitive to the initial value. Again if 𝜆 > 0 then  𝑓 𝑛  𝑥0 + 휀 − 𝑓 𝑛 (𝑥0) diverges to 

infinity with exponential growth which corresponds to chaos.Thus, while negative lyapunov 

exponent signifies regular behaviour, a positive value of it can be considered as a signature of 

chaos. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4:Lyapunov exponents and the bifurcation diagram together for the Gaussian map 
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InFig.4 we have plotted both the Lyapunov exponents and the bifurcation diagram 

simultaneously. From figure it is seen that the Lyapunov exponents are in total agreement 

with the bifurcation diagram regarding dynamical behaviour of the map with the variation in 

the control parameter. 

We have already mentioned that for the Gaussian map, the accumulation pointsare found to 

be at𝑐𝑓∞ = −0.7944905371331794 … and𝑐𝑏∞ = −0.264877141199401 …. We calculated 

the Lyapunov exponents at the accumulation pointstogether with some other neighbouring 

points which are shown in the table below. 

Parameter value Lyapunov exponent 

-0.8 -0.066142 

−0.794490537132937 
(Accumulation point) 

0 

-0.75 0.374393 

-0.25 -0.159723 

−0.264877141199401 
(Accumulation point) 

0 

-0.27 0.167148 

 

As the Lyapunov exponent at the accumulation points were found to be zero, we can 

conclude that the corresponding attractor is periodic. For values 𝑐 > 𝑐𝑓∞ ,the Lyapunov 

exponent is positive reflecting the chaotic behavior of the corresponding attractors. Again for 

𝑐 < 𝑐𝑓∞ , the  Lyapunov exponent is negative except at the bifurcation points. At those points 

the Lyapunov exponents are found to be 0. 

5. DIMENSION ANALYSIS OF THE ATTRACTOR OF THE GAUSSIAN MAP : 

Fractal dimension is a geometrical measure of chaos. A strange attractor is built by repeated 

occurrence of two operations: stretching and squeezing (or folding). Repetition of these two 

processes built up a geometrical structure that is self-similar: it looks the same at many 

magnification scales. Fractal dimension is in some way a measure of this self-similarity. 

GENERALISED CORRELATION SUM: 

To measure the dimension of the attractor in the vicinity of the starting of chaos, i.e. near the 

accumulation point, below, we summarise our investigation about information dimension, 

box counting dimension and correlation dimension. For calculation of these dimensions we 

take the help of generalized correlation sum[14]. First of all we discuss generalized 

dimension[8, 9, 10,11, 12]. It is defined as follows: 

lim

 

𝐷𝑞 =
1

𝑞−1
lim𝑅→0

𝑙𝑜𝑔  𝑝𝑖
𝑞

𝑖=1

log 𝑅
     (3) 

where𝑝𝑖  is the probability defined as𝑝𝑖 =
𝑁𝑖

𝑁
 , where 𝑁𝑖  =number of iterated points in the  i

th
 

box of length 𝑅, 𝑁=total number of iterated points. 

It is also called generalized box counting dimension. Consider the two cases.If 𝑞 = 0, the 

sum  𝑝𝑖
𝑞

𝑖=1  gives the number of boxes used to cover the attractor set and hence 𝐷0 gives box 

counting dimension.For 𝑞 = 1, we can not define𝐷1. In this case it is considered that𝑞 → 1 . 

In such a situation a new function [12] is defined as  
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                                         𝑦(𝑞) =  𝑙𝑜𝑔  𝑝𝑖
𝑞

𝑖=1                           (4) 

where the summation is over the total number of boxes to cover the attractor say 𝑁(𝑅). Now 

𝑦(𝑞)is expanded by Taylor‟s series near 𝑞 = 1. i.e. 

                                        𝑦(𝑞) = 𝑦(1) +
𝑑𝑦

𝑑𝑞
 𝑞 − 1 + ⋯    (5) 

for𝑦(1)  using (4) we can see that  𝑝𝑖𝑖=1 = 1 as the total probability is 1. 

Hence 𝑦(1) =  𝑙𝑜𝑔 1 = 0.  

Again,                                  
𝑑𝑦

𝑑𝑞
=

𝑑

𝑑𝑞
log  𝑝𝑖

𝑞 =
 𝑝𝑖

𝑞
log 𝑝𝑖

 𝑝
𝑖
𝑞  

For 𝑞 = 1 the denominator part being the total probability becomes equal to 1.Hence  

𝑑𝑦

𝑑𝑞
=  𝑝𝑖𝑙𝑜𝑔𝑝𝑖  

Therefore,                        𝐷1 = lim𝑅→0 lim𝑞→1
𝑞−1

𝑞−1

  𝑝𝑖𝑙𝑜𝑔𝑝𝑖 

𝑙𝑜𝑔𝑅
. 

                             i.e.       𝐷1 = lim𝑅→0
  𝑝𝑖𝑙𝑜𝑔𝑝𝑖 

𝑙𝑜𝑔𝑅
 , 

which is the information dimension [14]. 

Now it can be shown that 𝐷2 represents correlation dimension [14]. The argument is as 

follows: 

Let  𝑆𝑞 𝑅 =  𝑝𝑖
𝑞
, where the summation is over the number of boxes 𝑁(𝑅).Then 𝑆𝑞(𝑅) can 

be written as follows: 

𝑆𝑞 𝑅 =  𝑝𝑖𝑝𝑖
𝑞−1

 

If the first factor 𝑝𝑖 =
1

𝑁
 is written and the second factor 𝑝𝑖

𝑞−1
is replaced by Heaviside step 

function sum raised to the 𝑞 − 1 power i.e. 

𝑝𝑖
𝑞−1 =  

1

𝑁 − 1
 𝜃 𝑅 −  𝑥𝑗 − 𝑥𝑘   

𝑁

𝑘=1,𝑘≠𝑗

 

𝑞−1

 

So,                       𝑆𝑞 𝑅 =
1

𝑁
  

1

𝑁−1
 𝜃 𝑅 −  𝑥𝑗 − 𝑥𝑘   𝑁

𝑘=1,𝑘≠𝑗  
𝑞−1

𝑁
𝑗=1    

Thus, the generalized correlationsum [10, 14, 27] for 𝑁 points is given as follows:     

 𝐺𝑞 (𝑁, 𝑅)  =   
1

𝑁
  

1

𝑁 − 1
 𝜃 𝑅 −  𝑥𝑗 − 𝑥𝑘   

𝑁

𝑘=1,𝑘≠𝑗

 

𝑞−1
𝑁

𝑗 =1

 

1

𝑞−1

 

 

where𝜃 𝑅 −  𝑥𝑗 − 𝑥𝑘   = { 
1 𝑖𝑓  𝑥𝑗 − 𝑥𝑘  < 𝑅

0 𝑖𝑓 𝑥𝑗 − 𝑥𝑘  > 𝑅
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Further,  if         lim
               𝑁→∞

Gq (N,R) = Gq (R ) ,  and  

                                           Dq  =     lim
                     𝑅→0 R

RGq

log

)(log
     (6) 

then from relation (6) we can see that 𝐷𝑞  can be calculated by calculating the generalized 

correlation sum for any value of 𝑞. In particular by calculating the generalized correlation 

sum for 𝑞 =  0, 1, 2, we can get box counting, information and correlation dimensions 

respectively. In the next part we take the help of relation (6) to calculate the three dimensions. 

To calculate correlation dimension we follow the following procedure: 

i. For 𝑞 = 1,we calculated𝐺𝑞(𝑁, 𝑅)allowing N to be as large as it is suitable for our 

computer program and named those as 𝐺𝑞(𝑅). Theoretically, we can increase N as long 

as {𝐺𝑞(𝑁, 𝑅)} is convergent. However as the sequence {Gq(N,R)} is bounded above, the 

convergence is sure. 

 

ii. Practically, as it is not possible to take 𝑅 = 0, we calculate  log(Gq(R))  for a wide range 

of Rin the neighbourhood 𝑅 = 0and plot the graph of (logR, log(Gq(R)). As the relation 

(6) is satisfied for very small values of R, all the plotted points do not fall on the straight 

line. We have to search points which fall in a straight line and the region formed by such 

points is called scaling region. In our case we found the straight line by employing least 

square method to the data generated by our computer program. The slope of the straight 

line falling in the scaling region gives the correlation dimension. 

 

 

To calculate the box counting and information dimension we adopt the same procedure. For 

box counting dimension we take𝑞 =  0 whereas for information dimension as we cannot 

directly take 𝑞 =  1, we take a value of 𝑞 very close to 1.     

 

In the following figure (Fig.5), we have shown the lines of best fit for information dimension, 

box counting dimension and correlation dimensionrespectively at forward accumulation point 

𝑐𝑓∞ = −0.794490537133 … for the Gaussian map. Thepoints were obtained from 20000 

iterations (N) at the parameter value 𝑐𝑓∞ = −0.794490537133. ...These points were fitted by 

straight lines using the least square method. The equation of the straight lines are shown in 

the respective figures. 

 

 
 

0.440427 + 0.517856 𝑥 

𝑙𝑜𝑔𝑅 

𝑙𝑜𝑔𝐺𝑞(𝑅) 

0.466522 + 0.539209 𝑥 

𝑙𝑜𝑔𝑅 

𝑙𝑜𝑔𝐺𝑞(𝑅) 
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Fig.5: Line of best fitfor information dimension, box counting dimension and correlation 

dimension respectively at forward accumulation. 

 

From the equation of the fitted straight lines the slopes are clearly found to be 

0.501092 … ,0.517855 … and 0.539209 …respectively. So, we can conclude that 

Correlation dimension, 𝐷𝑐 = 0.501092 …, 
Information dimension, 𝐷𝐼 =  0.517855 … 

Box counting dimension, 𝐷𝑏 = 0.539209 … 

 

We followed the exactly same procedure for calculation of the above mentioned fractal 

dimensions at the bacward accumulation point𝑐𝑏∞  =  −0.2648771411 ….  The lines of best 

fit are shown in the following figure (Fig.6). 

 

Fig.6:Line of best fit for information dimension, box counting dimension and correlation 

dimension respectively at backward accumulation point. 
 

In this case, we found  

𝐷𝑐 = 0.500823 … , 𝐷𝐼 =  0.515977 …𝑎𝑛𝑑 𝐷𝑏 = 0.538772 … 

−0.348211 + 0.500823 𝑥 

𝑙𝑜𝑔𝑅 

𝑙𝑜𝑔𝐺𝑞(𝑅) 

 

−0.431364 + 0.538772 𝑥 

𝑙𝑜𝑔𝑅 

𝑙𝑜𝑔𝐺𝑞(𝑅) 

 

−0.417046 + 0.515978 𝑥 

𝑙𝑜𝑔𝑅 

𝑙𝑜𝑔𝐺𝑞(𝑅) 

 

 0.43531 + 0.501092 𝑥 

log(𝑅) 

𝑙𝑜𝑔𝐺𝑞(𝑅) 
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It is to be noted that in both the above mentioned cases we had 

 
𝐷𝑐 ≤  𝐷𝐼 ≤ 𝐷𝑏  

 

whichis in agreement of the already established result showing the relationship between 

various fractal dimensions viz. information dimension, box counting dimension and 

correlation dimension [8, 10, 12, 14]. 

 

 

6.   CONCLUSION: 

We investigated the chaotic nature of the Gaussian map with the help of bifurcation diagram, 

Lyapunov exponent and ultimately found out three kinds of fractal dimensions viz. 

information dimension, box counting dimension and correlation dimension of the attractor set 

with the help computer programs and the method of least square.    
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