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Abstract: In this paper we give a new kind of absolutely continuous function by using Lebesgue 

partition instead of Riemann partition and this function we called Lebesgue absolutely 

continuous function. We study some properties of Lebesgue absolutely continuous function 

and find a relationship with the other functions. 
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1. Introduction 

 Absolute continuous function had been studied by Vitali in 1905, he gave a definition of 

absolute continuity for a class of functions (see [1]) .Later, several equivalent definition of 

absolutely continuous functions and relationship of these functions with other kind of 

functions are given (see [3],[4]). 

Definition (1.1):  A real-valued function   which is defined on a closed, bounded interval [a,b] 

is said to be absolutely continuous on [a,b] p                      there exists     such 

that for every finite disjoint collection of open intervals {(             
  in [a,b], if     

 
   -  |  

 ,then        
 
   -    )|   . The set of all absolutely continuous functions on [a,b] denote by 

AC[a,b] (see [6]). And there is another definition of absolutely continuous functions. 

Definition (1.2): A function      is said to be absolutely continuous in [a, b] if            

where       the set of all Lebesgue integrable functions,                   
 

 
    .These 

definitions are equivalent (see [2]). 

      An absolutely continuous function has a relationship with the other kind of functions. For 

example, an absolutely continuous function is continuous and uniformly continuous, Lipsctize 

function is absolutely continuous function (see [5], [7]). 

2. Lebesgue Absolutely Continuous Function 

       In this section we give a main result of this paper a new kind definition of Absolutely 

Continuous Function we call it Lebesgue Absolutely Continuous Function. 
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Definition (2.1):  A real-valued function   which is defined on a closed, bounded interval 

[a,b] is said to be absolutely continuous on [a,b] if               there exists     such 

that for any finite Lebesgue partition {        
  on [a,b], if        

 
       , then 

              

 

   
         

     

 The set of all absolutely continuous functions on [a,b] denote by LAC [a,b] .  

Remark (2.2): Any Riemann partition of closed, bounded interval is Lebesgue partition. Then 

every absolutely continuous function is Lebesgue absolutely continuous function in that 

interval. 

Example (2.3): The function      =     is Lebesgue absolutely continuous on [0,1]. 

3. The relationship between Lebesgue absolutely continuous 

              function and other functions. 

       In this section we study a relationship between Lebesgue absolutely continuous 

function, continuous function, uniformly continuous function and Lipsctize function. 

Proposition (3.1): Lebesgue absolutely continuous function  : [a,b]   on [a,b] is 

continuous on [a,b].  

Proof:  We have       is Lebesgue absolutely continuous on [a,b] , given    , choose 

       >0 such that  

              

 

   
         

                       

 

   

  

for any finite Lebesgue partition {        
  on [a,b], We choose n=1, we have 

                  whenever                  ,         

Hence      is continuous on [a,b].  

Remark (3.2) (The convers of above proposition is not necessary true): A function which is 

continuous on [a,b] may not to be Lebesgue absolutely continuous in that interval.  

Example (3.3): The function      =       
 

 
   , when   ≠   and      =   is continuous on 

[0,2/ ] but not Lebesgue absolutely continuous on [0,2/ ] since the summation divergent 

as      .  

Proof: Taking a partition   =             
 

       
       

 

     
      

 

       
  …  

     
 

  
      =

 

 
   on [0,2/ ], Notice that this partition is Riemann partition, So it is 

Lebesgue partition, Consider  
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 [1+2+  

 

      
 

 

    
 

 

      
 ] 

These summation divergent as      . 

Hence      not Lebesgue absolutely continuous on [0,2/ ], But      is continuous on 

[0,2/ ]. 

Proposition (3.4): Lebesgue absolutely continuous function  : [a,b]     on [a,b] is 

uniformly  continuous on [a,b]. 

Proof:  We have       is Lebesgue absolutely continuous on [a,b] , given    , choose     

          

               

 

   
         

                    

 

   

       

 for any finite Lebesgue partition {        
  on [a,b] , We choose n=1 , we have 

                    whenever                  ,      . 

 

Hence      is uniformly continuous on [a,b]. 

Remark (3.5) (The convers of above proposition is not necessary true): A function which is 

uniformly continuous on [a,b]  may not to be Lebesgue absolutely continuous in that 

interval.            

Example (3.6): The function      =   
 

    
 

 
 ) , when   ≠   and      =   is uniformly 

continuous on [0,1] but not Lebesgue absolutely continuous on [0,1]. 

Theorem (3.7): A Lipsctize function  : [a,b]     is Lebesgue absolutely continuous on [a,b] 

. 

Proof: We have       is Lipsctize function on [a,b] with the Lipsctize constant C  , given 

   , choose  = 
 

 
  . 

By definition of Lebesgue absolutely continuous function on [a,b] , for any finite Lebesgue 

partition {        
  on [a,b] such that        

 
       , we have  
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Hence      is Lebesgue absolutely continuous on [a,b].                             

Remark (3.8) (The convers of above Theorem is not necessary true): A function which is 

Lebesgue absolutely continuous on [a,b] may not to be Lipsctize function on [a,b].      

Example (3.9): The function      =     is Lebesgue absolutely continuous on [0,1] , but it is 

not  Lipsctiz function since it is derivative is unbounded as     . Theorem (3.10): 

For a finite family        
  of Lebesgue absolutely continuous functions with common 

Doman of closed, bounded interval [a,b], the function                      and 

                    is Lebesgue absolutely continuous on [a,b]. 

Proof: 

Let      and            
  , given    , choose      >0 such that for any finite Lebesgue 

partition          
            

   on [a,b], we have  

              

 

   
         

                         

 

   
         

 

Whenever        
 
       and        

 
       

Define                 such that         
 
       , where          

  a refinement 

Lebesgue partition on [a,b] for          
           

 . 

So,                   and                   

         
 
                

        and            
 
                

       

Let                       , Consider 

                

 

   
         

                  

 

   

    

Hence                     is Lebesgue absolutely continuous on [a,b]. 

Similary, Define                 such that         
 
       , where          

  a 

refinement Lebesgue partition on [a,b] for          
           

 . 

So,                   and                   

         
 
               

          and             
 
               

 
      

Let                       , Consider 
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Hence                     is Lebesgue absolutely continuous on [a,b]. 

4. Properties of Lebesgue Absolutely Continuous Function. 

             In this section we study algebraic properties of Lebesgue absolutely continuous 

function. 

Theorem (4.1): Let      and      are Lebesgue absolutely continuous functions on [a,b], 

Then:  

1.      +      is Lebesgue absolutely continuous function on [a,b]. 

2.       is Lebesgue absolutely continuous function on [a,b],                    

3.      -      is Lebesgue absolutely continuous function on [a,b]. 

4.|     | is Lebesgue absolutely continuous function on [a,b]. 

5.       is Lebesgue absolutely continuous function on [a,b]. 

Proof: for (1), Let      and      are Lebesgue absolutely continuous functions on [a,b], 

given     , choose    ,       such that for any finite for any finite Lebesgue partition 

{        
  , {        

  on [a,b], we have 

              

 

   
         

  
 

 
                    

 

   
         

  
 

 
 

Whenever        
 
                      

 
           

 Define   = min {   ,      such that        
 
         

 Let          
  be a refinement Lebesgue partition on [a,b] for {        

  and {        
  ,so  

               and                ,  

        
 
             

 
                          

 
             

 
             

Let                 , Consider 
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Hence      +      is Lebesgue absolutely continuous function on [a,b]. 

Proof 2: For      we get the result but for     we have |   > , and let      is 

Lebesgue absolutely continuous function on [a,b]. Given    , choose     such that for any 

finite Lebesgue partition {        
  on [a,b] whenever         

 
       , we have  

              

 

   
         

  
  

    
 

Consider,  

                

 

   
         

                   

 

   
         

 

                                                     
  

    
 

                                                     

      is Lebesgue absolutely continuous function on [a,b]. Hence  

Proof 3: since       is Lebesgue absolutely continuous function on [a,b]. So, (-1)      is also 

Lebesgue absolutely continuous function on [a,b] (part 2 ) , and      + (-1)      is also 

Lebesgue absolutely continuous function on [a,b] (part 1 ). 

Hence      -      is Lebesgue absolutely continuous function on [a,b]. 

Proof 4: Let      is Lebesgue absolutely continuous functions on [a,b] . 

     = max { ,     }, is Lebesgue absolutely continuous functions on [a,b] (by theorem 

3.10)   

     = max {-     ,  } is Lebesgue absolutely continuous functions on [a,b] (by theorem 

3.10)  

    =             is Lebesgue absolutely continuous function on [a,b](part1) 

Hence|     | is Lebesgue absolutely continuous function on [a,b]. 

Proof 5: Let      and      are Lebesgue absolutely continuous functions on [a,b], given 

    , choose    ,       such that for any finite for any finite Lebesgue partition {        
  , 

{        
  on [a,b], we have 
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Whenever        
 
                      

 
           

 Define   = min {   ,      such that        
 
         

 Let          
  be a refinement Lebesgue partition on [a,b] for {        

  and {        
  ,so  

               and                ,  

        
 
             

 
                          

 
             

 
             

Let                , Consider 

              

 

   
         

                       

 

   
         

 

                                                                                            

 

   
         

 

                                                                  

 

   
         

                         

 

   
         

 

                                       
 

 
    

 

 
   

                                       

Since       and        are continuous functions on [a,b] then       and        are 

bounded i.e. there exists        >0 such that |      |    and |      |    . 

Hence       is Lebesgue absolutely continuous function on [a,b]. 
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