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Abstract 

         In this paper, we define some basic definitions about subspace Li-Yorke chaos and 

subspace irregular vector, in addition to prove some basic theorems about subspace Li-Yorke and 

its equivalent with M-irregular vector then we give some examples on different types of 

operators which are not subspace Li-Yorke. 
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1. Introduction 

     The dynamics of linear operators have been widely studied in the last few years. Several 

notions have been introduced for describing the dynamical behavior of linear operators on 

infinite-dimensional spaces, such as hypercyclicity, chaos in the sense of Devaney, chaos in the 

sense of Li-Yorke, mixing and weakly mixing properties, and frequent hypercyclicity, among 

others. In the paper, we are mainly interested with the notion of Li-Yorke chaos. Let (X,  ) be 

Banach space  and   continuous operator from X to itself .The definition of Li-Yorke chaos is 

based on ideas in [1,3]. A pair of points {   } X is said to be a Li-Yorke pair if one has 

simultaneously 

                           and                    .   

      A set S  X is called scrambled if any pair of distinct points {   }  S is a Li- Yorke pair. 

Finally, a system     (X,  ) is called chaotic in the sense of Li and Yorke if X contains an 

uncountable scrambled set, and definition a vector   X is said to be irregular for   if 

           
   = 0 and            

   = ∞ [2]. While [4] give an equivalent definition of 

irregular vector, that is  

          A vector x is said to be irregular vector of T if there are two sequences kn and ln increasing 

to ∞ such that          = 0 and         =∞. 
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We explain define of subspace Li-Yorke chaos and subspace irregular vector.  

Main Results  

 

1.1 Definition  

   Let a bounded linear operator T:X
                  
      X on Banach space and M be a closed non-zero 

subspace of X. the operator T  is called subspace Li-Yorke chaotic for M denoted (M-Li Yorke 

chaos),  if there exists an uncountable subset M such that for every pair x, y of distinct 

points we have 

                                                                     . 

 

1.2 Definition  

    A vector x  M (where M be a closed non-zero subspace of X), is said to be subspace irregular 

for T denoted (M- irregular vector) if          
      and          

    ∞.  

 

1.3 Example  

     Let T be bounded linear operator matrix on Banach space , we can define        
            
          such that 

   
   
   

  , where       

            
      ,       

            
        and    

  

  
  where       ,      . 

Such that   ,    are subspace of       . 

     Let    is irregular vector of    and    is not irregular vector of   such that           
     

     . 

Then 

     
  

   

  
   

   

              
        

      , then  

         
                   

               
       , we have x is not irregular vector 

of T.  

 

     In the  following  theorem  we  discuss  M-Li-Yorke  chaos for operators with the following  

result that establishes the equivalence  between M-Li-Yorke chaos and the existence of  an M-

irregular vector. 
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1.4 Theorem  

     Let T :X 
                   
      X be an operator. The following assertions are equivalent: 

(i) T is M- Li-Yorke chaotic. 

(ii) T admits an M-irregular vector. 

Proof. 

    To prove (i) implies (ii) suppose that T admits y, zM with 

                                        . 

If we set x = y−z then           
      and there is 0          

    . If 

         
    ∞ then x is an irregular vector. Otherwise, N :=         

     . 

       We observe that       since, given n,m , n <m, with       
 

 
 and        , we 

have that         . We select a strictly increasing sequence of integers (nk)ksuch that the 

sequence of vectors        tends to 0 fast enough so that 

             

 
  

           

     
       

     

 
           ,and(1) 



                 
  

 

     
       

     

   
                            (2) 

for all k   , where n−1= n0 := 0. We now set 

u= 
 

     
       

     

∞
        . 

We will see that u is an M-irregular vector for T. Indeed, 

           
             

                 

∞

   

 

         
               

                 

∞

   

 

      
        

                 

∞

   

      

by (1) and the selection of      , k   . On the other hand, let (mk)k be a strictly increasing 

sequence of integers such that       , k   . Without loss of generality we suppose that  

n1<m1<n2<m2 < . . . with m2k−n2ktending to infinity. By (2) we obtain that 

           
        

                 
  

               

                 
   

 

 
 

                 
  

 

                 

   

   

  
          

          

∞

     

 

    
 

  
      

∞

     

 

for all k   . Thus          
       and u is an M-irregular vector. 
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Finally, to see (ii) implies (i), if u  X is an M-irregular vector for T, then S:= span{u} is a 

scrambled set for T by a direct application of the definitions.  

 

1.5 Lemma  

     If    and    be subspace are non-trivial closed subspace and       has (      )-irregular 

vectors then at least one of    or    has   -irregular vectors or   -irregular vectors , 

respectively. 

 

 

Proof: 

   Let        be an (      )-irregular vectors of      . Thus there is 

inf        
          

               
     0.This means that inf    

     
           

              
     0 which means 

that  

inf(   
    +   

    ) 
             
    0 and implies that inf   

    
              
     0 and            inf   

     
              
     0. 

In the same time, there is sup        
          

                     
       ∞.                                  This means 

that sup    
     

           
                     
       ∞ which means that sup(   

    +   
    ) 

                    
        ∞ 

which implies that at least one of them has converging to ∞.Therefore either    or    has   -

irregulars vectors or   -irregulars vectors, respectively.  

 

1.6 Theorem  

      If T has M- irregular vectors then TT has MM-irregular vectors. 

Proof: 

       Let x be an M- irregular vectors of T. thus there are inf      
                 
        . 

We have inf          
                    
         that mean inf             

                    
         . 

In the same time, there is a sequence           
                    
        ∞, we 

have             
                    
        ∞, means that                   

                    
        ∞. Then TT has 

irregular vectors.  

     In the  following  theory  we prove  that  if  we have  two operators S and T in X, be 

commuting operators and             and M be a subspace of X. If a vector x of M-

irregular of T, then Sx is SM-irregular of T. 

 

1.7 Theorem  

     Let S, TB(X) be commuting operators and             and M be a subspace of X. If a 

vector x of M-irregular of T, then Sx is SM-irregular of T. 

Proof:   

       Let x be an irregular vector of T. thus there is       
   

                 
       , we have          

    
                 
       , we can write             

                 
       , then                        

    
                 
       . 

and 
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       , we have             

    
                 
       , we can write             

                
      , then        

    
               
      . Then Sx is SM-irregular of T.  

 

1.8 Corollary  

   Let T,SB(H) be commuting operators and             and SMM be a subspace of H. 

If a vector x of M-irregular of T, then Sx is M-irregular of T. 

 

     In the following theory we prove the operator has M-irregular vectors then the spectrum of T 

must intersect the unit circle. 

 

1.9 Theorem  

     If T has M-irregular vectors then the spectrum of T must intersect the unit circle. 

Proof: 

    Suppose not, σ(T ) intersects the closed unit disk. If it does not intersect the unit circle then it 

must intersect the open unit disk and, in fact, it must have at least one component inside the open 

unit disk. In the same time, σ(T) intersects the complement of the open unit disk. If it does not 

intersect the unit circle then it intersects the complement of the closed unit disk and, in fact, it 

must have at least one component outside the closed unit disk. Therefore T is similar to an 

operator of the type     , with σ(  ) included in the open unit disk and σ(  ) included in the 

complement of the closed unit disk.  

    

     In the following Proposition [1.10] we prove if the operator has M-irregular vector then the 

orbit of operator has M-irregular vector. 

 

 1.10 Proposition  

     x is an M-irregular vector of T then  x is an T
m 

M-irregular vector of T
m

 for every m. 

Proof : 

   Let x be an irregular vector of T .we prove that x be an irregular vector of T
m

 for every m. 

prove that              
       and           

     ∞, there is             

        
             

         , and       
   

              
       then       

    
                  
       , for 

every m. Similarity          
     ∞ then x is an irregular vector of T

m
 for every m.  

 

1.11 Proposition  

     Compact operators do not have M-irregular vectors. 

Proof: 

   Let K be a compact operator. If the spectrum of K is included in the open unit disk then every 

orbit of K converges to 0. If the spectrum of K is not included in the open unit disk then K is 

similar to some TS, with the spectrum of T inside the open unit disk and S an operator on a 

finite dimensional space. Since neither one has M-irregular vectors, by Theorem (1.4), the same 

is true for K.  
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      In the following we define and discuss subspace Li-Yorke chaos criterion for operators with 

the following result that establishes the equivalence between subspace Li-Yorke chaos criterion 

and subspace Li-Yorke chaos. 

 

1.12 Definition  

    An operator T: X → X satisfies the subspace Li-Yorke Chaos Criterion (M-Li-Yorke Chaos 

Criterion) if there exist an increasing sequence of integers (nk)k  and a subset X0M such that 

(a)                    

(b)       
                                   and    denotes the restriction operator of T

n  
to Y. 

 

1.13 Theorem  

     Let T :X →X be an operator. The following are equivalent: 

(i) T is M-Li-Yorke chaotic. 

(ii) T satisfies the M-Li-Yorke Chaos Criterion. 

 

Proof: 

     Suppose T is M-Li-Yorke chaotic, by Theorem[1.4] we find an M-irregular vector xM. By 

setting X0 = {x}, we verify the MLYCC easily. Conversely, suppose T satisfies the MLYCC, let 

(nk)k, and X0M be the respective sequence of integers and subset of vectors satisfying 

conditions (a) and (b) of Definition 12. If there is x X0 such that x is an M-irregular vector, 

then we are done. Otherwise we observe that every uspan(X0) satisfies         = 0 and 

      
     .  

 

 

Passing to subsequences of (nk)k and (mk)k , if necessary, by property (b) and since 

      
       , we can obtain a sequence (uj) jof normalized vectors in span(X0) such that 

(a)         
 

 
                    and 

(b)                    

Where Mk:=           ; i= 1, . . . , k, n  0}   , k  . Without loss of generality, we may 

suppose that  m1<n1 <m2<n2< . . . , we select any infinite subset I  such that, for each j , if 

iI with i>j, then           . The vector 

   
 

  
  

   

 

is well-defined since the series is convergent. We will see that u is an M-irregular vector for T. 

Onone hand, 
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On the other hand, 

        
   

  

      

  
 

  

       

        
 

 
 

 

    
      

Which shows that u is an M- irregular vector.  
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