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Abstract

In this paper, we present a spectral method using non-conform mesh to solve the Darcy’s
equation. The strategy based on approximate the solution using spectral element method then
the discrete system obtained will be solved. Finally, we present some numerical experiments
which confirm the interest of the discretization.

1 Introduction

L’écoulement d’un fluid incompressible homogène dans un milieu poreux, est régit par le problème
classic de Darcy, qui consist en l’équation de conservation de masse en plus de la loi de Darcy. Ce
problème sera couplé avec une équation ou plusieurs équations de transport d’espèces chimiques
pour avoir des résultats plus proches de la réalité. Darcy’s equations model the filtration of an
incompressible viscous fluid in porous media. Différentes méthodes de résolution existent, la
plus simple est de résoudre l’équation elliptique de second ordre , obtenue en remplaçant la loi
de Darcy dans l’équation de conseravtion de la masse, ainsi on obtient une équation avec un seul
inconnu. Construire la méthode des éléments finis associée à ce type de formulation est simple,
et on va utiliser pour cela les éléments finis de Lagrange. Cependant, cette approche donne des
approximations d’ordre inférieur pour la vitesse par rapport au potentiel. However, exactly the
same equations are involved in the mixed formulation of the Laplace equation with Neumann
boundary conditions and also in the projection diffusion algorithm of Chorin [6] and Temam
[10] for solving the time-dependent Navier Stokes equations. So proposing discretizations of this
problem which are both accurate and efficient, seems rather important.

We first write an equivalent variational formulation of system (1.1)-(1.2) and we prove the
existence of the solution. In fact, we establish two results : In the

rst one we assume some conditions on the data; the second one is less restrictive than the
rst one, we just make some assumptions on the geometry of the domain. Next, we are

interested in approximating this problem. We propose a discretization by spectral methods when
the domain is a square or a cube. We propose a discrete problem and perform its numerical
analysis. The main tool here is the theorem of discrete implicite functions due to F. Brezzi, J.
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Rappaz and P.-A. Raviart [11]. We prove a priori error estimates for both the velocity, pressure
and temperature. Finally, we propose an iterative algorithm for solving the nonlinear problem
and prove its convergence under some conditions. We first write an equivalent variational
formulation, which involves the domain of the divergence operator, and prove that it is well-
posed. We describe a spectral discretization of the problem that relies on the mortar domain
decomposition technique introduced by Bernardi, Maday and Patera [5], since it combines the
accuracy of standard spectral methods with the advantage of handling complex geometries via
the mortar algorithm. We prove the convergence of the discrete solution towards the exact one
and derive error estimates. Detailed proofs of the results presented in this paper can be found
in [1]. Some numerical examples are included to demonstrate the validity, applicability and
confirm the proposed technique used to solve the Darcy’s equation.

2 Derivation and formulation

2.1 Derivation

The hydraulic load is the equivalent of the physical potential in hydrogeology. Hubbert (1940)
defines the potential as a physical quantity, measurable at any point in a flow system, whose
properties are such that the flow always occurs from regions where the value of the quality is
higher towards those or It is weaker, independent of the direction in space. In physics, the
hydraulic load represents the work done during the flow, that is, the energy required to move a
fluid between two points of a flow system. For an incompressible fluid the hydraulic load h is
given by the Bernoulli equation:

v2

2
+ gz +

p

ρ
= h (1)

where v Is the velocity of the fluid,
P is the pressure, g = 9, 81ms−2. Is the gravitational acceleration, ρ is the density of the

fluid. In porous media, the velocity of the fluid is low so that kinetic energy can be disregarded
with respect to other forms of energies. The hydraulic load thus becomes:

Gz +
p

rho
= h (2)

Permeability is a physical characteristic that represents the ease of a material to allow the
transfer of fluid through a connected network, expressed in m2 .

Conservation of the masses is one of the fundamental principles of fluid dynamics. It results
in the following equation:

∂ρ

∂t
+ div(ρu) = 0 (3)

For an incompressible fluid in stationary flow, mass conservation is expressed by:

div(u) = 0 (4)

2.2 Formulation

The simplest method to solve the problem is to solve the second-order elliptic equation obtained
by substituting u in equation (2) for u = −K∇p we get:

2
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−div(K∇p) = f in Ω (5)

This PDE is equivalent to the variational problem of
finding p ∈ V such that:

C(p, v) = l(v)∀ v ∈ V (6)

with

C(p, v) =

∫
Ω

K∇p · ∇v (7)

and

L(v) =

∫
Ω

f.v (8)

The bilinear form c is continuous and coercive on P, and the linear form l is continuous on
P, then The problem satisfies the hypotheses of Lax-Milgram so it has a unique solution.

From the numerical point of view, the condition of the zero mean is contained in the vari-
ational formulation, more precisely in the choice of the space V. However, the matrix of the
system is not invertible, so it is necessary to implement the condition of zero mean for the
numerical solution in a concrete way. For this purpose a Lagrange multiplier is introduced. The
variational formulation thus becomes:

∫
Ω

K∇p∇v + λv =

∫
Ω

f.v (9)

∫
Ω

νu = 0 (10)

2.3 Galerkin Approximation

We recall our variational problem: Find p ∈ V such that:

C(p, v) = l(v) ∀v ∈ V (11)

An approximation of Galerkin consists in determining ph ∈ Vh such that:

C(ph, vh) = l(vh) ∀vh ∈ Vh (12)

where Vh is a subspace of finite dimension of V .
To obtain such an approximation, we must construct the approximation space Vh , the

construction of Vh will be done using the Lagrange finite elements Pk . We give a mesh
τh = {Kl}, we introduce the space:
Pk(Ke) is the set of polynomials of degree ≤ k on Ke. Knowing that Vh ⊂ V , then we can

define the space Vh by:

3
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Vh = V kh ∩ V (13)

Then the solution will be approximated in this way: Find ph ∈ Vh such that the parameter
h characterizes the fineness of the mesh:

C(ph, vh) = l(vh)∀ vh ∈ Vh (14)

The Lax-Milgram theorem guarantees the existence and the uniqueness of the solution of
this problem.

Since Vh is a finite-dimensional vector space, we can then decompose uh and vh into a
base of Vh called base functions, denoted by (ψi). We then have:

Ph =
∑
i

pihψi and vh =
∑
i

vihψi (15)

Then, c(ph, vh) = l(vh) if and only if ∀(vih)

(Ψj)v
j
h =

∑
j

l(ψj)v
j
h (16)

This is equivalent to the following linear system:

AP = b (17)

Where P is the vector (pih) , A is the matrix Aij = c(ψi, ψj) and b is the vector bj = l(ψj)
. The resolution of the weak problem is thus reduced to the resolution of the linear system
(3.12). Once this problem has been solved it is possible to evaluate the velocity using Darcy’s
law (equation (1)).

2.4 Error Estimation:

Lemma 2.1 (Cea’s Lemma). There exists a constant C > 0 , independent of Vh such that:

||p− ph||v ≤ C inf
vh∈Vh

||p− ph||v (18)

The error is calculated fairly schematically by following these different steps:

• The approximation error is bounded by the interpolation error

||p− ph||v ≤ C ||p− pihp||v (19)

• One reduces to local majoration on each element

||p− pihp||2m =
∑
K∈τh

||p− pihp||2m,K (20)

In our case m = 1, the error is given by:

||p− ph||m ≤ Chk||p||k+1 (21)

4
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3 Spectral methods

The use of orthogonal polynomials for solving boundary value problems analytically is of course
a classical idea. However, it was not until the 1977 publication of D. Gottlieb and S.A. Orszag’s
monograph that the use of orthogonal polynomials gained momentum as a respectable procedure
for solving differential equations numerically, and it soon became a serious competitor to more
established procedures such as the methods of finite elements or finite differences. The class of
solution methods based on orthogonal polynomials (and other global expansions such as Fourier
and sinc series) have become known as spectral methods.

Spectral methods are implemented in various ways. For example, the tau, Galerkin, and
collocation methods have all been proposed as implementation strategies—for a comparison of
these three methods, see [11]. However, the collocation method (also known as the pseudo-
spectral method) has established itself as the one that permits the most convenient computer
implementation, at least as far as nonconstant-coefficient or nonlinear differential equations are
concerned.

The spectral collocation method is based on weighted interpolants of the form

f(x) ≈ pN (x) =
N∑
j=0

w(x)

w(xj)
φj(x)fj , a ≤ x ≤ b. (22)

Here {xj}Nj=0 is a set of distinct interpolation nodes in [a, b], w(x) is some positive weight

function, fj = f(xj), and the set of interpolating functions {φj(x)}Nj=0 satisfies φj(xk) = δjk
(the Kronecker delta). This means that pN (x), defined by (22), is an interpolant of the function
f(x) in the sense that

f(xk) = pN (xk), k = 0, 1, . . . , N.

The functions {φj(x)} are often chosen to be sets of interpolating polynomials of degree N ,
in which case they can be represented explicitly by Lagrange’s formula. Approximation theory
dictates that the nodes {xj} and interpolating polynomials {φj(x)} cannot be arbitrary and a
good choices are associated with the classical orthogonal polynomials.

Chebyshev The interval is [−1, 1], the weight function is constant, i.e., w(x) is identically 1,
and the nodes are the Chebyshev points of the second kind

xj = cos

(
jπ

N

)
, j = 0, 1, . . . , N. (23)

The interpolant is given by

pN (x) =

N∑
j=0

′φj(x)fj , (24)

where

φj(x) = (−1)j+1 (1− x2)T ′N (x)

N2(x− xj)
.

(The prime in the summation indicates that the first and last terms are multiplied by 1
2 ;

see [12, p. 69].)

Hermite The interval is (−∞,∞), the weight function is e−x
2/2, and the nodes are the zeros of

the Hermite polynomial of degree N+1, i.e., HN+1(xj) = 0, j = 0, . . . , N . The interpolant
is given by

pN (x) =

N∑
j=0

e−x
2/2

e−x
2
j/2

φj(x)fj , (25)

5
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where

φj(x) =
HN+1(x)

H ′N+1(xj)(x− xj)
=

HN+1(x)

(N + 1)HN (xj)(x− xj)
.

Spectral methods have also been based on Laguerre, sinc (cardinal), and trigonometric (Fourier)
interpolants; see [13] and [11], respectively.

The collocation approach to computing derivatives consists of differentiating interpolants
such as (24) and (25) analytically. After taking say m derivatives, and evaluating the result at
the nodes, one obtains

f (m)(xk) ≈
N∑
j=0

dm

dxm

[
w(x)

w(xj)
φj(x)

]
x=xk

fj , k = 0, . . . , N. (26)

The numerical differentiation process represented by (26) may be summarized by the matrix-
vector product

f (m) = D(m)f , (27)

where f (resp. f (m)) is the vector of function values (resp. approximate derivative values) at the
nodes {xj}. The matrix D(m), with entries

D
(m)
kj =

dm

dxm

[
w(x)

w(xj)
φj(x)

]
x=xk

, (28)

is known as the differentiation matrix. Explicit formulas for first-derivative Chebyshev and
Hermite matrices, derived from (24) and (25) respectively, may be found in [12] and [13].

When solving differential equations, the continuous derivatives are approximated by their
discrete counterparts (27). In this manner a two-point boundary value problem may be converted
to a linear system. A differential eigenvalue problem may similarly be approximated by a matrix
eigenvalue problem. Examples of the procedure are given below.

As for the computation of the differentiation matrices defined by (28), an efficient algorithm
implemented using Matlab 7. The algorithm, which is restricted to the case when {φj(x)} is a
set of polynomials, requires the following input:

• a set of distinct nodes {xj}
• the weight function sampled at the nodes, i.e., wj = w(xj),

• the quantities d
(`)
j defined by

d
(`)
j =

w(`)(xj)

w(xj)
, j = 0, . . . , N, ` = 1, . . . ,m. (29)

As far as the author is aware, polynomial-based differentiation matrices have been exclusively
derived from classical orthogonal polynomials such as the Chebyshev and Hermite expansions
(24) and (25), or analogous Legendre and Laguerre expansions.

4 Formulation

Let Ω be a bounded connected domain in Rd , d = 2 or 3 with a Lipschitz–continuous boundary,
and let n denote the unit normal vector outward to Ω. Darcy’s equations in this domain write

αu + grad p = αf in Ω
div v = 0 in Ω
v.n = 0 on ∂Ω

(30)

6
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where the unknowns are the velocity and the pressure. In order to write the variational
formulation of problem (30), we first consider the space

H(div,Ω) = {v ∈ L2(Ω)d; div v ∈ L2(Ω)}

provided with the natural norm
We note that H(div,Ω) is a Hilbert space and we recall from [9](Chap. I, Thm 2.4) that the

space D(Ω̄)d of restrictions of infinitely differentiable functions on Rd to Ω̄ is dense in H(div,Ω).
As a consequence, the trace operator v → v.n defined from the formula

∀ϕ ∈ H1(Ω), 〈v.n, ϕ〉Ω = (v.grad ϕ+ (div v)ϕ) (x)dx (31)

is continuous from H(div,Ω) onto the dual space H−
1
2 (∂Ω) of H

1
2 (∂Ω). So, we can now

define the subspace

H0(div,Ω) = {v ∈ H(div,Ω); v.n = 0 on ∂Ω} (32)

which is also a Hilbert space and is the closure for the norm defined in (32) of the space of
functions in D(Ω̄)d with a compact support in Ω. Finally, we introduce the space

L2
0(Ω) = {q ∈ L2(Ω);

∫
Ω

q∂Ω = 0} (33)

The variational formulation of problem (30) now reads
Find (u, p) in H0(div,Ω)× L2

0(Ω) such that

∀v ∈ H0(div,Ω) aα(u,v) + b(v, q) =
∫

Ω
α(x)f(x)v(x)dx

∀q ∈ L2
0(Ω) b(u, q) = 〈g, q〉∂Ω ,

(34)

where 〈, 〉∂Ω denotes the duality pairing between H−1/2(∂Ω) and H1/2(∂Ω) and the bilinear
forms aα(., .) and b(., .) are defined by

aα(u,v) =

∫
Ω

α(u)u(x)v(x)dx, b(v, q) = −
∫

Ω

(div v)(x)q(x)dx. (35)

We suppos also that 0 < β < α(x) < γ. From the density of D(Ω)d in H0(div,Ω), it is readily
checked that problem (34) is equivalent to problem (30). Problem (34) is of saddle-point type,
and the arguments for proving its well-posedness are given in [9] (Chap. I, Thm 4.1). First, the
bilinear forms a(., .) and b(., .) are continuous on H0(div,Ω)×H0(div,Ω) and H0(div,Ω)×L2

0(Ω),
respectively. Second, let V stand for the kernel

V = {v ∈ H0(div,Ω); div v = 0 in Ω}

In order to optimize the constants in all that follows, we introduce the α-dependent norms

(‖v‖α =

∫
Ω

α(x)|v(x)|2 dx)
1
2 and(|q|α =

∫
Ω

1

|α(x)|
|grad q(x)|2 dx)

1
2 ) (36)

The following ellipticity property is then obvious

∀v ∈ V, aα(v,v) = ‖v‖2α (37)

Third, the following inf-sup condition, for a constant β > 0

∀q ∈ L2
0(Ω), sup

v∈H0(div,Ω)

b(v, q)

‖v‖α
≥ β |q|α

is derived by taking v equal to grad ϕ where ϕ is the solution of the Laplace equation
with data q and homogeneous Neumann boundary conditions. Combining all this leads to the
following statement.

7
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Proposition 4.1. For any data f in L2(Ω)d problem (34) has a unique solution (u, p) in
H0(div,Ω)× L2

0(Ω)

Unfortunately, even for smooth data, the solution of problem (34) is not very regular. For
any data f in L2(Ω)d such that curl f belongs to L2(Ω)2d−3, the solution (u, p) belongs in
Hs(Ω) for s = 1

2 in the general case, s = 1 if Ω is convexe and some s > 1
2 if Ω is a polygon or

polyhedron (we refer to [7], [8] and [2] for these results).

Remark 4.2. Another variational formulation of problem (30) exists, where the spaces H0(div,Ω) and
L2

0(Ω) are replaced by L2(Ω)d and H1(Ω) ∩ L2
0(Ω) respectively. Then, the boundary conditions

in (30) are enforced in a variational way. However this second formulation does not seem ap-
propriate when Darcy’s system appears in the discretization of the Stokes problem, since the
pressure in this problem does not belong to H1(Ω) in most cases when Ω is a non convex polygon
or polyhedron.

5 The mortar spectral element discrete problem

From now on, in view of applying the mortar element method to our problem, we assume that
Ω admits a disjoint decomposition into a finite number of (open) rectangles in dimension d = 2
rectangular parallelepipeds in dimension d = 3.

Ω̄ =

K⋃
k=1

Ω̄k and Ωk ∩ Ωk′ = ∅, 1 ≤ k < k′ ≤ L.

We make the further assumption that the intersection of each ∂Ωk with ∂Ω, if not empty, is a
corner, a whole edge or a whole face of Ωk. We denote by nk, 1 ≤ k ≤ K the unit normal vectors

outward to Ωk. We introduce the skeleton S of the decomposition S =
K⋃
k=1

∂Ωk\∂Ω. According

to the ideas in [5], we choose a disjoint decomposition of this skeleton into mortars:

S̄ =

M⋃
m=1

γ̄m and γm ∩ γm′ = ∅, 1 ≤ m < m
′
≤M.

where each γm is a whole edge in dimension d = 2, face in dimension d = 3, of a subdomain
Ωk, denoted by Ωk(m). To describe the discrete spaces, for each nonnegative integer n, we define
on each Ωk, resp. on each edge or face Γ of Ωk, the space Pn(Ωk), resp. Pn(Γ), of restrictions to
Ωk, resp. Γ, of polynomials with d, resp. d − 1, variables and degree ≤ n with respect to each
variable. The discretization parameter δ is then a is then a K–tuple (N1, N2, ..., NK) of integers
Nk ≥ 2

We first introduce the space Mδ(Ω) of discrete pressures:

Mδ(Ω) =
{
qδ ∈ L2(Ω)

}
.

Next, in analogy with the standard definition of the mortar approximation of H1(Ω) [5] we
define the discrete space Xδ(Ω) which approximates H0(div,Ω) It is the space of functions vδ
such that:
• Their restrictions vδ|Ωk to each Ωk, 1 ≤ k ≤ K belongs to PNk(Ωk)d.
• their normal traces vδ.n vanish on ∂Ω.
• The mortar function ϕ being defined on each γm, 1 ≤ m ≤M , by

ϕ|γm = vδ|Ωk(m).nk(m).

The following matching condition holds on each edge or face Γk,j of Ωk, 1 ≤ k ≤ K, which
is not a mortar:

8
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∀κ ∈ PNk−2(Γ),

∫
Γk,j

(
vδ|Ωk .nk + ϕ

)
(τ)κ(τ)dτ (38)

Remark 5.1. The space Xδ(Ω) is not contained in H(div,Ω) since the matching conditions on
the normal derivative through the interfaces are only enforced in a weak way. So the discretiza-
tion is nonconforming.

where PNk−2(Γk,j) is the space of polynomials with degree 6 Nk− 2 on Γk,j , and τ denotes
the tangential coordinate on Γk,j . Note that condition (38) is obviously satisfied on all Γk,j

which coincide with a γm and also that, except for some rather special decomposition, the space
Md is not contained in H1(Γ), which means that the discretization is not conforming. We
recall the Gauss-Lobatto formula on the interval ]− 1, 1[ : for each positive integer N , with the
notation ξN0 =-1 and ξNN=1, there exists a unique set of nodes ξNj 1 6 j 6 N − 1, and weights
ρj , 0 6 j 6 N, such that

∀ϕ ∈ P2N−1(−1, 1),

∫ 1

−1

ϕ(ζ)dζ =

N∑
j=0

ϕ(ξNj )ρNj . (39)

The ξNj are equal to the zeros of the first derivative of the Legendre polynomial of the degree

N and the ρNj are positive. Moreover, the following positivity property holds

∀ϕN ∈ PN (−1, 1), ‖ϕN‖2L2(−1,1) 6
N∑
j=0

ϕ2
N (ξNj )ρNj 6 3‖ϕN‖2L2(−1,1). (40)

Next, on each Ωk, we take N equal to Nk and, by homothety and translation, we construct from

the ξNkj and ρNkj , 0 6 j 6 Nk, the nodes and the weights ξ
(x)
kj and ρ

(x)
kj , resp. ξ

(y)
kj and ρ

(y)
kj ,

in the x-direction, resp. in the y-direction (the exponent Nk is omitted for simplicity). This
leads to a discrete product on all functions u and v which have continuous restrictions to all Ω̃k,
1 6 k 6 K :

((u,v))δ =

K∑
k=1

((u,v))kNk (41)

with

((u,v))kNk =

Nk∑
i=0

Nk∑
j=0

u(ξ
(x)
ki , ξ

(y)
kj )v(ξ

(x)
ki , ξ

(y)
kj )ρ

(x)
ki ρ

(y)
kj (42)

It follows from the exactness property (39) that the product ((., .))δ coincides with the scalar
product of L2(Ω) whenever the restriction of the product uv to all Ωk belong to P2Nk−1(Ωk).
Also, we defined the global scalar product on ∂Ω

((uδ,vδ))
∂Ω
δ =

∑
Γk,j⊂∂Ω

(u,v)Γk,j

Nk
(43)

where

(u,v))Γk,j

Nk
=

2d∑
j=1

∑
x∈Ξ∩Γ̃j

uδ(x),vδ(x)ρx, (44)

We assume that the functions f and g has continuous restrictions to all Ωk, 1 6 k 6 K and ∂Ω
respectively. Then, the discrete problem reads:
Find (uδ, pδ) ∈ Xδ ×Mδ such that{

aδ(uδ;vδ) + bδ(vδ, pδ) = (αf ,vδ)δ ∀vδ ∈ Xδ,
bδ(uδ, qδ) = ((g, qδ))

∂Ω
δ ∀qδ ∈Mδ,

(45)
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where the bilinears forms aδα(., .) and bδ are defined by

aδ(uδ;vδ) =

K∑
k=1

αk((uδ;vδ))
k
Nk
, bδ(vδ, pδ) =

K∑
k=1

αk((vδ; gradqδ))
k
Nk
. (46)

Several steps are needed for proving the well-posedness of this problem.

Lemma 5.2. The form aδ(uδ;vδ) satisfies the following properties of continuity

∀uδ ∈ Xδ,∀vδ ∈ Xδ, aδ(uδ;vδ) 6 9‖u‖α‖v‖α, (47)

and of ellipticity
∀uδ ∈ Xδ, aδ(uδ;vδ) > ‖u‖2α, (48)

Proof. Thanks to a double Cauchy-Schwarz inequality, we have

aδ(uδ;uδ) 6 aδ(uδ;uδ)
1
2 aδ(uδ;uδ)

1
2 , (49)

so that it suffices to bound a aδ(uδ;uδ). Thanks to the positivity property (40), we have

K∑
k=1

αk‖uδ‖2L2(Ωk)2 6 aδ(uδ;uδ) 6
K∑
k=1

9αk‖uδ‖2L2(Ωk)2 .

So, the desired results.

Since Mδ is not contained in H1(Ω), we prove that the ”broke” energy norm defined by

‖q‖α∗ =
( K∑
k=1

α−1
k |q|

2
H1(Ω)

) 1
2

. (50)

is still a norm on Mδ.

Lemma 5.3. The quantity ‖.‖α∗ defined in (50) is a norm on Mδ. Moreover, there exist a
constant C independent of δ such that the following property holds :

∀q ∈ N(Ω) ∩ L2
0(Ω),

K∑
k=1

‖q‖2L2(Ωk) 6 C
√
αmax‖q‖2α∗ . (51)

We suppose that NK > ND − 2, when ND denote the maximal number of the set of all
vertices of Ωk that are inside en edge of another subdomains.
From now on, we work with the norm ‖.‖α∗ , and we suppose that NK > ND − 2 is checked.
The following continuity property is obvious :

∀vδ ∈ Xδ,∀qδ ∈Mδ, bδ(uδ;vδ) 6 ‖v‖α‖q‖α∗ , (52)

Moreover, we note that, for any qδ ∈ Mδ, the function vδ defined by

vδ|Ωk = α−1
k grad(qδ|Ωk), 1 6 k 6 K, (53)

belongs to Xδ. So, the following inf-sup condition is derived by taking vδ as in (53).

Lemma 5.4. The form bδ(., .) satisfies the inf-sup codition

∀qδ ∈Mδ, sup
vδ∈Xδ

bδ(vδ, qδ)

‖vδ‖H(div,Ω)
> β∗‖qδ‖α∗ . (54)

We introduce the Lagrange interpolation operator Ikδ , 1 6 k 6 K, operator on all nodes

(ξ
(
kix), ξ

(y)
kj ), 0 6 i, j 6 Nk, with values in PNk(Ωk), and finally the global operator Iδ by

(Iδv)|Ωk = Ikδ v|Ωk , 1 6 k 6 K. (55)

We are now in position to prove the well-posedness of problem (34).
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6 Error estimates

This section is devoted to the proof of an error estimate, ?rst for the velocity, second for the
pressure. We intend to prove an error estimate between the solution (u, p) of problem (34) and
the solution (uδ, pδ) of problem (45). So we announce the following theorem and we describe
their proof.

Theorem 6.1. Assume that the function α is constant on each Ωk ,1 ≤ k ≤ K, f the solution
(uδ, pδ) of problem (34) is such its restriction to each Ωk ,1 ≤ k ≤ K, belongs to belongs to
Hs
k(Ω)2 × Hsk+1(Ω)2, sk ≥ 1/2 , and if the function f is such that its restriction to each Ωk

,1 ≤ k ≤ K, belongs to Hα
k (Ω), αk > 1, the following error estimate holds between this solution

(u, p) and the solution (uδ, pδ) of problem (45).

‖u− uδ‖α ≤ c((1 + µ+ µδ)
1
2

K∑
k=1

N−sk(α
− 1

2

k log(Nk)‖u|Ωk‖Hsk (Ωk)2+

α
− 1

2

k ‖p|Ωk‖Hsk+1(Ωk)) +
√
αmax(

K∑
k=1

N−2αk‖f|Ωk‖2Hαk+1(Ωk)2
)

1
2 )

(56)

where the constant c is independent of the parameter δ and the function α. A more explicit
estimate can be deduced from the previously quoted regularity results. We refer to [6] for proof.

Theorem 6.2. Assume the datum f such that each f|Ωk , 1 ≤ k ≤ K , belongs to Hαk (Ωk)
2
,

αk > 1, and the datum g belong to Hτ (∂Ω), τ > 1
2 . Then, the following error estimate holds

between the solution (u, p) of problem (34) and the solution (uδ, pδ) of problem (45):

Assume the datum f such that each f|Ωk , 1 ≤ k ≤ K, belongs to Hαk (Ωk)
2
,

αk > 1, and the datum g belong to Hτ (∂Ω), τ > 1
2 . Then, the following error estimate holds

between the solution (u, p) of problem (34) and the solution (uδ, pδ) of problem (45):

‖u− uδ‖α + ‖p− pδ‖α∗ ≤ cEk

(
K∑
k=1

∥∥f|Ωk∥∥Hαk (Ωk)2
+

K∑
k=1

‖g‖Hτ (∂Ω)

)
(57)

with

Ek =


sup{N−4

k (logNk)
3
2 , N−αkk }, if Ω̄k contains a corner but non on convex

corner of Ω,

sup{N−
4
3

k (logNk)
1
2 , N−αkk }, if Ω̄k contains a non convex corner of Ω,

N−αkk , if Ω̄k contains no corner of Ω

(58)

7 Numerical experiments

This section deals with some numerical results to confirm the strategy proposed for solving
the Darcy’s equation. First, we briefly describe the implementation of the discrete problem.

The unknowns are the values of the solution (uδ, pδ) at the nodes (ξ
(x)
ki , ξ

(y)
kj ), 0 6 i, j 6 Nk,

1 6 k 6 K, which either are inside the Ωk or are corners of the Ωk that do not belong to ∂Ω or
are inside the mortars γm. Let (U,P ) denote the vector made of these values. Then conditions
(38) can be expressed in the following way: there exists a rectangular matrix Q such that the
vector P̃ = QP is made of K blocks Pk, 1 6 k 6 K, and each Pk is made of the values of pδ
at all nodes (ξ

(x)
ki , ξ

(y)
kj ), 0 6 i, j 6 Nk, 1 6 k 6 K. The problem (45) is now equivalent to the

following square linear {
AU +BQP̃ = F,
QTBTU = QTG,

(59)

11
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where QT stands for the transposed matrix of Q. The matrix A is fully diagonal, its diagonal

terms are the ρ
(x)
ki ρ

(y)
kj according to the dimension. The matrix B is only block-diagonal, with

K blocks Bk on the diagonal, one for each Ωk. Since, system (59) is solved via the conjugate
gradient algorithm. Our first experiments concern the simple geometry where Ω is a rectangle
divided into two squares

Ω =]− 1, 1[×]0, 1[, Ω1 =]− 1, 0[×]0, 1[, Ω2 =]0, 1[×]0, 1[,

when the corresponding pair (α1, α2) of values of α runs through (1, 10) and (102, 103). In Figure
1, the error are presented for the discretization without domain decomposition.

Figure 1: Error curves

We now consider the case of non-conforming decomposition see Figure 2, the domain is

Ω =]− 1, 1[2,

partitioned into three subdomains

Ω1 =]− 1, 0[×]0, 1[, Ω2 =]0, 1[×]0, 1[,Ω3 =]− 1, 1[×]− 1, 0[.

The mortars are chosen as

γ1 = {0}×]0, 1[, γ2 =]− 1, 1[×{0}.

The coefficients αk are equal to

α1 = 1, α2 = 10, α3 = 100.

We use our spectral method to compute an approximation of the analytical solution (u, p) given
by

u(x, y) =

(
cos(px) sin(py)
− sin(px) cos(py)

)
, p(x, y) = sin(px) cos(py).

12
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Figure 2: The nonmatching grids for a nonconforming decomposition with N1 = 24, N2 = 22, N3

= 20.

In Figure 7 are plotted, the curves of the errors ‖u − uδ‖α and ‖p − pδ‖α∗ for both cases
as a function of N . For the smooth solution, a linear or logarithmic scale is used and we
observe that the exponential decaying of the error is preserved despite the nonconforming domain
decomposition. For the nonsmooth solution rather a full logarithmic scale is adopted, we observe
the good convergence of the discretization. This solution is given by

u(x, y) =

(
cos(px) sin(py)
− sin(px) cos(py)

)
, p(x, y) = ((x− 1)2 + (y − 1)2)

5
4 .

The slopes of the curves are −2.1 and −4.5, so they are better than the theoretical prediction.
Figure 7 and 5 gives the behavior of the solution with N equal to 80.

Figure 3: The error curves for an analytical solution (left panel) and a non-smooth solution (right
panel).
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Figure 4: The iso-values of the two components of the velocity.

Figure 5: The iso-values of the pressure.
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8 Conclusion

This paper describe a good strategy to obtain a numerical solution for Darcy’s equation using
non-conforming mesh. The method presented is tested and the error show the accuracy of
our strategy. We plan in the future to study the Navier-Stokes or Darcy’s equation equations
coupled with the heat equation. Then one can consider the heat equation coupled with Darcy’s
law with a nonlinear source term describing heat production due to an exothermic chemical
reaction. These problem will be tested and solved using different numerical scheme. Finally,
we plan to extend our results to the three dimensional case and to other domain with with a
Lipschitz-continuous boundary.
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