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ABSTRACT 

The present study deals with the static analysis of circular plates by finite difference 

method (FDM) subjected to axisymmetric uniformly distributed load and the results 

obtained thereof have been shown graphically.  

 In particular the current study contains analysis of a circular plate resting on an elastic 

base as in case of a bridge bearing plate with clamped edge subjected to axisymmetric 

uniformly distributed load and the results obtained while varying the modulus of  

subgrade have been discussed. 

  A numerical problem has been taken for each case in order to exhibit simplicity and 

accuracy of the present method. User friendly MATLAB programs have been developed 

for each case. It was found that the present method can be an alternative useful and 

effective tool for bridge plate bearing analysis. 
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INTRODUCTION 
The analysis of plates has been a subject of research interest since 18

th 
century. The 

problems related to plates have been dealt by   S. P. Timoshenko and  S. Woinowsky-

Krieger.  The authors  have developed the exact solutions of many problems related to 

plates.  Stephen. P. Timoshenko and S. Woinowsky-Krieger have also applied Bessel‟s 

function for the problems of circular plate [1]. 

 R. T. Fenner and Eduard Ventsel, also analysed plates and have calculated the exact 

solution of some trivial problems related to circular plates including annular circular 

plates with different loading conditions [2]. 
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Mehmet Utku et al., [3] presented a new formulation for the analysis of circular plates on 

elastic foundations. The circular plate is modeled as a series of concentric annular plates 

in such a way that each annular plate is considered as simply supported along the inner 

and outer edges. Two adjacent annular plates are supported by a spring system which 

corresponds to the foundation represented by the Winkler model of linear springs. The 

authors have    compared their results with the finite element method and concluded that 

the new formulation devised by them was efficient in analysis with negligible errors.  

Ping-Chun Wang [4] has also analysed rectangular plates by using Finite Difference 

Method (FDM) under circumferential loading and same method has been used for 

buckling of circular plates. 

 C. B. Dolicanin et al., [5] have applied finite difference method to the theory of thin 

rectangular plates and they have concluded that the finite difference method (FDM) can 

effectively solve the problems of bending of thin plates and bulges  at various loads.  The 

developed methodology that makes it much easier to find solutions for the plate 

deflection, moments, stresses, strains, etc., which provides a significant advantage over 

conventional analytical methods.  

However in none of the studies stated above [1] to [5], the analysis of a circular plate 

with different end conditions and under different loading conditions resting on an elastic 

base has been carried out by Finite Difference Method (FDM). In the present study, 

Finite Difference Method (FDM) has been used to analyse circular plates with different 

loading conditions and resting on elastic foundation as in case of a bridge plate bearing  

and the scheme has been programmed in MATLAB and a user friendly program has been 

developed.  

 

THIN PLATE THEORY 

The typical thickness to width ratio [6] of a plate structure is less than 0.1 and for a plate 

to fall in the category of thin plates, the ratio between the span (diameter) of the circular 

plate and the thickness of the material lies between 8-80 as illustrated in Figure 1.  

 

 
 

Fig 1:  Ratio of diameter „a‟ to thickness „h‟ for a 

circular plate to remain in the thin plate theory range [6] 

 

The present study deals with thin plates and with small deflections. There are various 

theories to analyse plates. Prominent among the theories is the Kirchhoff–Love theory of 

plates also referred as classical plate theory. This is based on the following assumptions 

[7]: 

1. The material of the plate is elastic, homogenous, and isotropic. 

2. The plate is initially flat. 
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3. The deflection (the normal component of the displacement vector) of the mid plane is 

small compared with the thickness of the plate. The slope of the deflected surface is 

therefore very small and the square of the slope is a negligible quantity in comparison to 

unity. 

4. The straight lines, initially normal to the middle plane before bending, remain straight 

and normal to the middle surface during the deformation, and the length of such elements 

is not altered.  

5. The stress normal to the middle plane is small compared with the other stress 

components and may be neglected in the stress-strain relations. 

6. Since the displacements of the plate are small, it is assumed that the middle surface 

remains unstrained after bending. 

 

LATERALLY LOADED CIRCULAR PLATES  FORMULATION 
Considering a circular plate, symmetrically loaded by a uniformly distributed load about 

the axis perpendicular to the plate through its center, the deflection surface to which the 

middle plane of the plate is bent is also supposed to be as symmetrical [1]. In all points 

equally distant from the centre of the plate, the deflections will be the same, and it is 

sufficient to consider deflections in one diametrical section through the axis of symmetry 

as shown in Figure 2.  

 
 

Fig 2: Circular plate symmetrically loaded & considering one diametrical section only 

 
 

Fig 3: Element “abcd” for a plate in equilibrium under forces and moments 
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With reference to Fig. 2 and Fig. 3 and based on conservation of linear and angular 

momentum following are the  governing differential equations of plate bending: 
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The above equation is the required bending equation  for a plate which can be solved by 

successive integrations if the intensity of the load q is given. 

where D is the flexural rigidity [10], given by D = Et
3
/12(1─ ν

2
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E = Young‟s modulus of elasticity 

t = thickness of the plate 

ν = Poisons ratio 

Conservation of angular momentum implies;  
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where Mr   and   Mt    denote bending moments per unit length. The moment Mr acts along 

the circumferential sections of the plate just like the section made by the conical surface 

with the apex at B in Fig. 2 and  Mt  acts along the diametrical section rz of the plate. 

Q is the shearing force per unit length of the cylindrical section along radius r. The total 

shearing force acting on the side cd of the element is Qrdθ.  

 
FDM METHOD 

Applying the FDM equivalents [5] for the derivatives involved in Eq. 1, we arrive at the 

following algebraic equation:  

 

)22( 23 hrr   w i-2  + )248( 3223 hhrhrr  wi-1  + )412( 23 hrr   wi    

)248( 3223 hhrhrr    wi+1 + )22( 23 hrr      w i+2   =2 43)(
hr

RD

rRQ 
 ….(4) 

where   

 r    distance of the node from the centre of the plate (m) 

h   distance between two consecutive nodes (m) 

Q   the maximum load acting at the centre of the circular plate (N/m
2
) 

 

 

CORRELATION OF THE FDM SCHEME WITH EXACT METHOD 

 

In order to verify our scheme, a comparison between the results obtained by the FDM 

scheme Fig 4, applied to a circular plate with clamped edges  with a uniformly loaded 

plate with results obtained from exact solution has been made.  
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Fig 4: Pattern of nodes taken to apply the FDM scheme 

 
COMPARISON OF RESULTS 

 

For the validation of the FDM scheme developed in the present study, a comparison of  

the FDM method with the exact solution has been carried out for which the Geometrical 

and material properties of the plate were taken as: 

Radius of the circular plate = 0.25 m 

Thickness of the circular plate = 0.007 m 

Poisson‟s ratio for the material of the plate =0.33 

Uniformly distributed load on the plate =600 N/m
2
 

Young‟s modulus for the material of the plate =270 ×  10
9 
N/m

2 

A test run of the program yielded results as shown in Fig. 5 and Fig. 6 

 

 
 

Fig 5: Deflection along radius for a plate clamped along the edge and loaded with UDL 

by using exact solution 
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Fig 6: Deflection along radius for a plate clamped along the edge and loaded with UDL 

by using FDM method 

 

Figure 6 clearly shows the shape of the deflection profile as parabolic and slope is zero at 

edge and at the centre of the plate as expected. 

 

 
  

Fig 7: Perfect match between the results obtained from FDM and exact method for a plate 

clamped along the edge and loaded with UDL 

 

The perfect match between the results obtained from the FDM method and the exact 

method validates the scheme developed for plate clamped along the edge and loaded with 

UDL during the present study.  

 

CIRCULAR PLATE WITH SIMPLY SUPPORTED EDGES AND ACTED UPON 

BY A UNIFORMLY DISTRIBUTED LOAD 

 

The governing equation for the plate as shown in the Fig. 8, remains the same except for 

the boundary conditions [5] which are as: 
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Fig 8: Circular plate loaded with UDL and simply supported along 

the edge 

 

After applying FDM method and taking 1100 nodes we arrive at Fig. 9 

 

 
 

Fig 9: Variation of deflection with radius for a plate simply supported along the edge 

and loaded with UDL by using FDM method 

 

The slope at the edge is non-zero and zero at the centre as expected for a simply 

supported plate.  

 
CONFIRMATION OF CONVERGENCE 

 

Reducing the mesh size could increase accuracy, but the mesh size could not be 

infinitesimal. Decreasing the truncation error by using a finer mesh may result in 

increasing the round-off error due to the increased number of arithmetic operations [6]. A 

point is reached where minimum total error occurs for any particular algorithm using a 

particular mesh size. 

 

This is illustrated in Fig. 10. 

 

The concern about accuracy leads us to a question whether the finite difference solution 

can grow unbounded, or a property termed the instability of the difference scheme. A 

numerical algorithm is said to be stable if a small error at any stage produces a smaller 

cumulative error. Otherwise, it is unstable. [6] 
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Fig 10: Variation of error with the decrease in the mesh size 

 

In the present study, in order to find out the number of nodal points for the minimum 

deviation from the exact solution, the number of nodal points has been varied from 10 to 

1500 and it was observed that the results obtained from program  are best around 100 

nodal points as shown in the Fig. 11. As is evident from the figure that the graph for the 

deflection  tend to overlap as we go on increasing the number of nodal points  but it was 

observed after increasing the number of nodes beyond 3000 the results appear to be 

erroneous. This behaviour is due to the fact that the errors due to mathematical 

calculations pile up and result in a major error.   

 

 
 

Fig 11: Convergence of results when the number of nodes was taken around 100 

 

CIRCULAR PLATE ON AN ELASTIC BASE 

 

In this section a circular plate loaded with UDL clamped at edges (Fig. 12) has been 

analysed by using FDM method. A simple kind of elastic support has been modelled by 

Mehmet Utku et al [3] by connecting nodes on a structural surface to adjacent nodes on a 

fixed surface by means of discrete linear springs as shown in Fig 13. The deflection of 

the foundation and the support it gives to the beam at any point are independent of the 

deflection at neighbouring points as shown in Fig. 14, [3]. This mathematical model for 

foundation support is referred to as Winkler foundation, named for the person who 

proposed it. The Winkler model [3] postulates a foundation that resists only 

displacements normal to its surface with resisting pressure  𝑝 = 𝑘𝑤, where k is the 

foundation modulus whose value depends largely on the properties of the subgrade and w 
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is lateral deflection at the foundation surface. This model deflects only when load is 

applied. The surrounding foundation is utterly unaffected as shown in Fig. 14.  

 

 

 
 

Fig 12: Circular plate loaded axisymetrically with UDL resting on an elastic base and 

clamped along the edge [3] 

 

 
 

Fig 13: Elastic base replaced by a series of springs [3] 

 

 

 
 

Fig 14: Unaffected surrounding as load is applied to a Winkler‟s model. [3] 

 

PROBLEM FORMULATION 

 

We assume the foundation to be a Winkler type and the circular plate clamped along the 

circumference and resting on an elastic base as shown in the Fig. 12, with uniformly 

distributed load acting on it. 

The governing equation for the plate becomes  
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where kw is the stiffness of foundation. 

Where q is the asymmetrically distributed lateral load per unit area and D is the flexural 

rigidity of the plate given by D = Et
3
/12(1─ ν

2
). 

 

FINITE DIFFERENCE METHOD APPLIED TO CIRCULAR PLATE ON 

ELASTIC BASE 

 

Using the FDM, equations for all the derivatives involved in Equation 6, we get the 

following general equation: 
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where    r = distance of the node from the centre of the plate (m) 

h = distance between two consecutive nodes (m) 

Q = the uniformly distributed load acting on the circular plate (N/m
2
) 

The boundary conditions for the problem are as: 
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GEOMETRICAL AND MATERIAL PROPERTIES OF THE PLATE AND THE 

ELASTIC BASE 

 

Radius of the circular plate = 0.30 m 

Thickness of the circular plate = 0.020 m 

Poisson‟s ratio for the material of the plate = 0.33 

Modulus of elastic subgrade or base = 30000kN/m
2
 

Uniformly distributed load on the plate = 1800 N/m
2
 

Young‟s modulus for the material of the plate = 270 ×  10
9 
N/m

2 

 

VARIATION OF DEFLECTION CURVES WITH THE SUBGRADE MODULUS  

 

A test run of the program for the plate with the elastic subgrade and taking 100 nodes we 

get the deflection vs.  radius curve is as shown in Fig. 15. 
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Fig 15: Decrease in the deflection of the circular plate while varying the modulus of 

subgrade (k) 

From the deflection profiles for a circular plate while changing the modulus of subgrade 

it is evident that the deflection decreases as we increase the modulus of subgrade „k‟. 

 

CONCLUSIONS 

 

The present study, based on the FDM analysis of circular plates, lead to the following 

conclusions:- 

1. FDM based problem of a circular plate with different mechanical loads and 

for different end conditions and on elastic base has been formulated. 

2. Convergence studies have been carried out for a simple problem of a plate 

with uniformly distributed load clamped along edge and it was found that the 

deflection converges when number of nodes is taken as 100. 

3. Deflection along radius for a circular plate with simply supported and 

clamped edge subject to different loading cases have been presented which 

correlates well with the results obtained from exact solution.  

4. Problem of circular plate (Bridge Bearing Plate) on elastic foundation has 

been analysed for deflection along radius by the developed Finite Difference 

Model using MATLAB. 

5. Circular plate on elastic foundation (Bridge Plate Bearing) has been also 

analysed for deflection along radius for different subgrade moduli. The results 

obtained thereof are of great importance for Bridge Plate Bearing design.  
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