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Abstract 

In this paper we introduce and study a new class of closed sets namely μ-πrα closed sets in 

generalized topological spaces .The properties and characterization of these sets are 

investigated .Further the notion of μ-πrα- T1/2 space ,μ-πrα-continuity and μ-πrα-nbhd are 

introduced.    
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 1. Introduction  

      In 2002, A. Császár [2] introduced the concepts of generalized topological space which 

is one of the most important developments of general topology in recent years and many 

interesting results have been obtained. He also introduced the notion (μ1, μ2) - continuous 

functions on generalized topological spaces .Since then, the investigation of generalized 

topologies and generalized continuity has seen a rapid development over the last decade. 

[1,2,3,4,5,6,7,9,10,11,12,13,14,15,16,17] and this paper represents a continuation of these 

efforts. 

2. Preliminaries 

        We recall some definitions and notations of most essential concepts needed in the 

following. Let X be a set and exp(X) its power set. According to [2], a class μ⊆ exp(X) is 

called a generalized topology (GT) on X and (X, μ) is called a generalized topological space 

(GTs) if μ has the following properties. (i) ∅ ∈μ (ii) any union of elements of μ belongs to μ. 

The elements of μ are called μ-open sets and the compliments are called μ-closed sets. If (X, 

μ) is a GTs and A⊆X, then the interior of A (denoted by iμ(A)) is the union of all G⊆A, G∈μ 

and the closure of A (denoted by cμ(A)) is the intersection of all μ-closed sets containing A. 

By a space (X, μ), we always mean a generalized topological space. If X∈μ, (X, μ) is called 

strong generalized topological space. In a space μ is closed under finite intersection, (X, μ) is 

said to be quasi topological space [8]. Every topological space as well as quasi topological 

space is a generalized topological space. Clearly every strong quasi- topological space is a 

topological space. 
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Theorem 2.1[2] Let (X, μ) be a generalized topological space.                                          

Then (i) cμ(A) =X− iμ(X−A); (ii) iμ(A) =X−cμ(X−A). 

Definition 2.2 [2] Let μ1 and μ2 be generalized topologies on X and Y respectively .Then a 

function f :( X, μ1) →(Y, μ2) is said to be (μ1, μ2)- continuous if G∈ μ2 implies that f
-1

(G) ∈μ1. 

Definition 2.3 [2] Let (X, μ) be a generalized topological space and A⊆X, then A is said to 

be (i) μ- semi open if A⊆ cμ( iμ(A)).                                                                                          

(ii) μ- pre open if A⊆iμ( cμ(A)).                                                                

(iii) μ-α-open if A⊆iμ( cμ (iμ(A))).                                                                                             

(iv) μ-β-open if A⊆cμ( iμ (cμ(A))).                                

(v) μ- r-open [14] if A= iμ (cμ(A)).                                            

(vi) μ- clopen if A is both μ-open and μ-closed                                                                            

The complement of μ- semi open ( μ- pre open, μ-α-open,    μ-β-open)  set is called μ- semi 

closed ( μ- pre closed , μ-α-closed, μ-β-closed) set. 

We denote by σ(μx) (resp. π( μx ), α( μx ),β( μx )) the class of all μ-semi open sets (resp. μ-pre 

open, μ-α-open, μ-β-open). Let μ be a generalized topology on a non empty set X and S⊆ X. 

The μ-α-closure (resp. μ-semi closure, μ- pre closure, μ-β-closure) of a subset S of X denoted 

by cα(S) (resp. cσ(S), cπ(S), cβ(S)) is the intersection of μ-α-closed (resp. μ-semi closed, μ-pre 

closed, μ-β-closed) sets including S. The μ-α-interior (resp. μ-semi interior, μ-pre interior, μ-

β-interior) of a subsets S of X denoted by iα(S) (resp. iσ(S), iπ(S), iβ(S)) is the union of μ-α-

open (resp. μ-semi open, μ-pre open, μ-β- open) sets contained in S. 

3. μ-πrα-closed sets 

                                 
Definition 3.1Let (X, μ) be a generalized topological space and A⊆X, then A is said to be μ-

rα-open if there is a μ-r-open set U such that U⊂A⊂cα(U). 

Definition 3.2 Let (X, μ) be a generalized topological space and A⊆X, then A is said to be μ-

πrα closed set if cπ(A)⊆U whenever A ⊆U and U is μ-rα-open set.   

The complement of μ-πrα-closed set is said to be μ-πrα-open set. 

Theorem 3.3  

(i) Every μ-closed set is μ-πrα-closed set. 

(ii) Every μ-r-closed set is μ-πrα-closed set. 

(iii) Every μ-pre closed set is μ-πrα-closed set. 

Proof: Straight forward. Converse of the above need not be true as in the following examples. 

Example 3.4 

Let X= {a, b, c} and μ(X) = {∅, {b}, {a, c}, {b, c}, X}. Consider A= {b, c}. Then A is μ-πrα-

closed but not μ-closed, μ-r-closed and μ-pre closed set.          
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Remark 3.5 The intersection of two μ-πrα-closed sets need not be μ-πrα-closed.       

Example 3.6 Let X = {a, b, c, d, e} and μ(X) = {X,∅,{a},{a,d},{a,e},{d,e},{a,d,e}}. 

Consider A = {a, d} and B= {a, e} are μ-πrα-closed .But A∩B = {a} is not μ-πrα-closed. 

Remark 3.7 The union of two μ-πrα- closed sets need not be μ- πrα-closed. 

Example 3.8 Let X = {a, b, c, d, e} and μ(X) = {X, ∅, {a}, {a, d}, {a ,e}, {d , e} , {a, d, e}}. 

Consider A = {b, d} and B = {e} are μ-πrα-closed sets. But A⋃B = {b, d, e} is not μ-πrα-

closed. 

Theorem 3.9 Let (X, μ) be a generalized topological space and A ⊆X be a μ-πrα-closed 

subset of X, then cπ(A)− A does not contain any non empty μ-rα-closed set. 

Proof: Let U be a non empty μ-rα-closed set such that U⊂ cπ(A)−A. Then U⊆ X−A and 

hence A ⊆ X−U.                              

Since A is μ-πrα-closed, cπ(A)⊆X−U and hence U⊆X−cπ(A). So U⊆ cπ(A)∩(X−cπ(A))= ∅. 

Hence cπ(A)−A does not contain any non empty μ-rα-closed set in X.  

Theorem 3.10Let (X, μ) be a generalized topological space. Let A⊆ X be a μ-πrα-closed set. 

If B ⊆X be such that A⊆ B⊆cπ(A), then B is also a μ-πrα-closed set.   

Proof: Let A be a μ-πrα-closed set and B⊆ U, where U is μ-rα-open set, then A⊆U and hence 

cπ(A)⊆U. Now cπ(B)⊆cπ(cπ(A))= cπ(A)⊆ U. Hence cπ(B)⊆U.Therefore B is a μ-πrα-closed. 

Theorem 3.11 Let (X, μ) be a generalized topological space .Let A⊂B⊂X and suppose that 

A is μ-πrα-closed in X. Then A is μ-πrα-closed relative to B.  

Proof: Suppose that A⊂B∩G, where G is μ-rα-open in X. Then A⊂G. Since A is μ-πrα-

closed in X then cπ(A)⊂G. So B∩cπ(A) ⊂B∩G. Hence it follows that cπB(A) ⊂G. This shows 

that A is μ-πrα-closed relative to B. 

Theorem 3.12 Let (X, μ) be a generalized topological space. If A⊆X be a μ-πrα-closed 

subset of X then cπ(A)−A is μ-πrα- open. 

Proof: Let A be μ-πrα-closed. Let F be a μ-rα-closed set such that F⊆cπ(A)−A. By theorem 

3.9, F = ∅. So F⊂iπ(cπ(A)−A). This shows that cπ(A)−A is μ-πrα-open. 

The converse implication does not hold. 

Example 3.13 Let X= {a, b, c, d, e} and μ(X) = {X,∅, {a},{a, d},{a, e},{d, e},{a, d, e}}. 

Consider A ={a}, then cπ(A) ={a, b, c}, cπ(A)−A = {b, c}, which is μ-πrα-open in (X, μ). But 

A= {a} is not μ-πrα-closed in (X, μ).  

Theorem 3.14 If iπ(A) ⊂B⊂A and A is μ-πrα-open then B is μ-πrα-open. 
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Proof: iπ(A) ⊂B⊂A  which implies X−A ⊂  X−B⊂X−iπ(A).                                                     

That is   X−A ⊂  X−B⊂cπ(X−A). Since X−A is μ-πrα-closed then by theorem 3.10, X−B is 

μ-πrα-closed and B is μ-πrα-open. 

Theorem 3.15 Let (X, μ) be a generalized topological space. Then a subset A is μ-πrα-open 

iff F⊂iπ(A), whenever F is μ-rα- closed subset such that F⊆ A. 

Proof: Let A be μ-πrα-open and F ⊆A, where F is μ-rα-closed. Then X−A ⊂X−F, where 

X−F is μ-rα-open. Since A is μ-πrα- open implies, cπ(X−A)⊂X−F.That is X−iπ(A)⊂  X−F. 

Hence F⊂iπ(A)                                                       

Conversely, suppose F is μ-rα-closed and F⊂A. let X−A ⊂U, where U is μ-rα-open. Hence 

X−U⊂ A and X−U is μ-rα-closed. By hypothesis X−U ⊂ iπ(A), which implies cπ(X−A)⊂U. 

Then X−A is μ-πrα-closed. Hence A is μ-πrα-open. 

Definition 3.16 A space (X, μ) is called μ-πrα-T1/2 space if every μ-πrα-closed set is μ-pre 

closed. 

Theorem 3.17 A generalized topological space is a μ-πrα-T1/2 space iff {x}is either μ-rα-

closed or μ-pre open.                                                         

Proof: Suppose {x} is not μ-rα-closed for some x∈X. Then X−{x} is not μ-rα-open and 

hence X is the only μ-rα-open set containing X−{x}. Thus X−{x} is μ-πrα-closed. Since (X, 

μ) is μ-πrα-T1/2 space, X−{x} is μ-pre closed. Thus {x} is μ-pre open.                                                    

Conversely, Let A be a μ-πrα-closed subset of (X, μ) and x∈cπ(A). We will show that x∈A. If 

{x} is μ-rα-closed and x∉A, then {x}∈cπ(A)−A. Thus cπ(A)−A contains a non empty μ-rα-

closed set {x}, a contradiction to theorem 3.9. So x∈A.                                                                            

If {x} is μ-pre open, since x∈cπ(A) then for every μ-pre open set U containing x, we have 

U∩A≠ ∅.But {x} is μ-pre open then {x}∩A≠ ∅. Hence x∈A, so in both cases we have x∈A. 

Therefore A is μ-pre closed set. Hence (ii) implies (i). 

Analogous to a neighborhood in a topological space, we define a μ-πrα- neighborhood in a 

generalized topological space as follows.      

 Definition 3.18 Let (X, μ) be a generalized topological space and let x∈X, a subset N of X is 

said to be μ-πrα-nbhd of x iff there exists a μ-πrα-open set G such that x∈G ⊂ N. 

Remark 3.19 The μ-πrα-nbhd N of x∈X need not be a μ-πrα-open in X. 

Example 3.20 Let X = {a, b, c} and μ(X) = {X, ∅, {a}, {b}, {a,b}}.Note that {b,c} is not a μ-

πrα-open set but it is a μ-πrα-nbhd of {b}.Since {b} is a μ-πrα-open set such that b∈ {b}⊂ {b, 

c}. 

Theorem 3.21 If a subset N of a space X is μ-πrα-open, then N is a μ-πrα-nbhd of each of its 

points.    
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Proof: Suppose N is μ-πrα-open. Let x∈N and we claim that N is a μ-πrα-nbhd of x.                           

For N is a μ-πrα-open set such that x∈ N⊂ N. Since x is an arbitrary point of N, it follows 

that N is a μ-πrα-nbhd of each of its point. 

Theorem 3.22 Let (X, μ) be a generalized topological space. If F is a μ-πrα-closed subset of 

X and x ∈ F
c
 then there exists a μ-πrα-nbhd N of x such that N∩F = ∅. 

Proof: Let F be μ-πrα-closed subset of X and x ∈ F
c
. Then Fc is μ-πrα-open set of X. By 

theorem 3.21, F
c
 contains a μ-πrα-nbhd of each of its points. Hence there exist a μ-πrα-nbhd 

N of x such that N⊂ F
c
. Hence N∩F=∅. 

Definition 3.23 Let x be a point in a generalized topological space X. the set of all μ-πrα-

nbhd of x is called μ-πrα-nbhd system at x, and is denoted by μ-πrα-N(x).     

Definition 3.24 The intersection of all μ-πrα-closed sets containing A is called μ-πrα-closure 

of A is denoted by cπp(A). 

Definition 3.25 Let A be a subset of a generalized topological space (X, μ). A point x∈ A is 

said to be μ-πrα-interior point of A if A is a μ-πrα-nbhd of x. The set of all μ-πrα-interior 

points of A is called the μ-πrα-interior of A and is denoted by iπp(A). 

Theorem 3.26 Let (X, μ) be a generalized topological space. Let A be a subset. Then x∈ 

cπp(A) iff for any μ-πrα-nbhd N of x in X, A∩N≠ ∅. 

Proof: Let x∈ cπp(A). If there exists a μ-πrα-nbhd N of x in X, A∩N= ∅. Then there exists a 

μ-πrα-open set G such that x∈G⊂ N. Therefore G∩A= ∅.This implies that A⊂ X−G and 

X−G is μ-πrα-closed. So cπp(A)⊂ X−G, which implies that x∉ cπp(A).This is a contradiction. 

Hence A∩N≠ ∅.                                                                                                                        

Conversely, Assume that for any μ-πrα-nbhd N of x in X, A∩N≠ ∅.Then we have to prove 

that x∈ cπp(A).If x∉ cπp(A), then by definition there exists a μ-πrα-closed set F of X such that 

A⊂F and x∉ F.Therefore x∈ X−F, where X−F is μ-πrα-open. That is X−F is μ-πrα-nbhd of 

x in X. But (X−F)∩A = ∅.This contradicts our assumption .Hence x∈ cπp(A). 

Theorem 3.27 Let (X, μ) be a strong topological space and for each x∈X. Let μ-πrα-N(x) be 

the collection of all μ-πrα-nbhd of x, then we have the following results.                                                                             

(i) For all x∈X, μ-πrα-N(x)≠ ∅.                         

(ii) N∈ μ-πrα-N(x)⇒x∈N.                                                                                                                 

(iii) N∈ μ-πrα-N(x), M⊃N ⇒M∈ μ-πrα-N(x).                                                                         

(iv) N∈μ-πrα-N(x) ⇒there exists M∈ μ-πrα-N(x) such that M⊂ N and M ∈μ-πrα-N(y)for 

every y∈M. 

Proof: (i) Since X is a μ-πrα-open set, it is a μ-πrα-nbhd of every x∈X. Hence there exists 

atleast one μ-πrα-nbhd for each x∈X. Hence μ-πrα-N(x)≠ ∅ for every x∈X.                                                                

(ii) If N∈μ-πrα-N(x) then N is a μ-πrα-nbhd of x. So by definition of μ-πrα-nbhd, x∈N.                                                                                          

(iii) If N∈μ-πrα-N(x) and M⊃N then there is a μ-πrα-open set G such that x∈G⊂ N.           

Since N⊂M then x∈G⊂ M and so M is a μ-πrα-nbhd of x. Hence M∈ μ-πrα-N(x).   



International journal of advanced scientific and technical research                   Issue 2 volume 6, December 2012          

Available online on   http://www.rspublication.com/ijst/index.html                                             ISSN 2249-9954 
 

 Page 357 
 

(iv) If N∈μ-πrα-N(x) then there exists a μ-πrα-open set M such that x∈M ⊂ N. Since M is a 

μ-πrα-open set it is μ-πrα-nbhd of each of its points. Therefore M∈μ-πrα-N(y), for every 

y∈M. 

Theorem 3.28 If A be a subset of X, then iπp(A) = ∪{G; G is μ-πrα-open, G⊂A}.  

Proof: Let A be a subset of X.                                                                                           

x∈iπp(A) ⟺ x is a μ-πrα interior point of A.                                                                                   

⟺A is a μ-πrα-nbhd of point x.                                           

⟺there exists μ-πrα-open set G such that x∈G⊂A                                                                

⟺x ∈∪{G;G is μ-πrα-open, G⊂A}.Hence iπp(A)= ∪{G;G is μ-πrα-open, G⊂A}                                                                                                                   

Theorem 3.29 Let A and B be subsets of strong topological space X.                                    

Then (i) iπp(X) = X and iπp(∅)=∅                                                                                                

(ii) iπp(A)⊂ A.                                                                                                                          

(iii) If B is any μ-πrα-open set contained in A then B⊂ iπp(A).                                              

(iv) If A⊂B then iπp(A)⊂iπp(B).                                                                                                        

(v) iπp(iπp(A)) = iπp(A). 

Proof: (i) Since X and  ∅ are μ-πrα-open sets.                                                                                

By theorem 2.28,iπp(X) = ∪{G; G is μ-πrα-open, G⊂X}                                                           

= X ∪ {all μ-πrα-open sets} = X. That is iπp(X) = X.                                                                     

Since ∅ is the only μ-πrα-open set contained in ∅ then iπp(∅)=∅.                                               

(ii) Let x∈iπp(A) ⟹ x is a μ-πrα-interior point of A                                                                 

⟹ A is a μ-πrα-nbhd of x.                                                                                                         

⟹ x∈A. Hence iπp⊂A.                                                                                                                     

(iii) Let B be any μ-πrα-open sets such that B⊂A. Let x∈B, then since B is a μ-πrα-open set 

contained in A. x is a μ-πrα-interior point of A. Hence B ⊂iπp(A).                                                                            

(iv) Let A and B be subsets of (X, μ) such that A ⊂B.Let x∈iπp(A). Then x is a μ-πrα-interior 

point of A and so A is μ-πrα-nbhd of x. Since B⊃A, B is also a μ-πrα-nbhd of x. This implies 

that x∈iπp(B). Hence iπp(A)⊂iπp(B).                                                                                              

(v) Let A be any subset of X.                                                                                                     

By the definition of μ-πrα-interior, iπp(A)= ∩{G;A⊂G ∈ μ-πRαC(X)}.                                    

If A⊂ G ∈ μ-πRαC(X), then iπp(A)⊂G.                                                                                                     

Since G is a μ-πrα-closed set containing iπp(A), by (iii) iπp(iπp(A))⊂ G.                                                                                                                                                   

Hence iπp(iπp(A)) ⊂ ∩{G;A⊂G ∈ μ-πRαC(X)}=iπp(A). 

Theorem 3.30 If a subset A of generalized topological space X is μ-πrα open, then iπp(A) = 

A.    

Proof: Let A be a μ-πrα-open subset of X. We know that iπp(A)⊂A.Also A is μ-πrα-open set 

contained in A. By (iii) A⊂iπp(A). Hence A =iπp(A).                                                                                                                                                             

The converse of the above theorem need not be true as seen from the following example. 
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Example 3.31 Let X= {a, b, c} and μ(X)= {∅, X, {a}, {b}, {a, b}}. Note that iπp({b, c}) = 

{b} ∪{c}∪ ∅ = {b, c}. But {b, c} is not μ-πrα-open set in X. 

Theorem 3.32 If A and B are subsets of generalized topological space (X, μ) then iπp(A)∪ 

iπp(B) ⊂ iπp(A ∪B). 

Proof: We know that A⊂A∪B and B⊂A∪B. We have by theorem 2.29(iv) iπp(A)⊂ iπp(A∪B) 

and iπp(B) ⊂ iπp(A∪B). This implies that iπp(A) ∪ iπp(B) ⊂ iπp(A∪B). 

4. (μ1,μ2)-πrα- continuous functions 

Definition 4.1 A function f between the generalized topological spaces (X, μ1) and (Y,μ2) is 

called (μ1, μ2) –πrα- continuous function if f
-1

(A) ∈ μ-πrα (X, μ1) for each A∈(Y, μ2).  

Definition 4.2 A function f between the generalized topological spaces (X, μ1) and (Y, μ2) is 

called (μ1, μ2) –πrα-irresolute function if f
-1

(A) ∈ μ-πrα (X, μ1) for each A∈μ-πrα (Y, μ2). 

   

Theorem 4.3 Let f: (X, μ1)→(Y, μ2) be a function between generalized topological spaces. If 

f is (μ1,μ2)- πrα- irresolute then it is (μ1,μ2)-πrα- continuous. 

Proof: Straight forward. 

Remark 4.4 Converse of theorem need not be true as seen from the following example. 

Example 4.5 Let X = {a, b, c}, μ1(X) = {∅, X, {a}, {b}, {a, b}} and Y= {1, 2, 3},            

μ2(Y) = { ∅, X,{2, 3}, {3}}. We define a mapping f:(X,μ1) →(Y,μ2) such that f(a) = 2,      

f(b)= 3, f(c) = 1. Hence f is (μ1,μ2)- πrα-continuous but not (μ1,μ2)-πrα-irresolute.  

Theorem 4.6 If f: (X, μ1) →(Y, μ2) is (μ1,μ2)- continuous then f is (μ1,μ2)- πrα-irresolute. 

Proof: The proof is obvious from the definitions. 

Remark 4.7 Converse of theorem need not be true as seen from the following example. 

Example 4.8 Let X = Y = {a, b, c} and f: (X, μ1) →(Y, μ2) be a function defined by f(a) = a, 

f(b) = b, and f(c)= c. let μ1(X) = {∅,{a},{a ,b}, X}and μ2(Y) = {∅,{b}, Y}.                        

Then f is (μ1,μ2)- πrα-irresolute but not (μ1,μ2)- πrα-continuous .Since f
-1

{b}∈μ-πrα (X, μ1)for 

{b}∈μ-πrα (Y, μ2) and f
-1

(b) ∉(X, μ1) for {b}∈(Y, μ2). 

Remark 4.9  

(μ1, μ2)- continuity →(μ1,μ2)-πrα- irresolute → (μ1,μ2)- πrα- continuity  

Theorem 4.10 let (X, μ1) be a μ-πrα-T1/2 space. If f: (X, μ1) →(Y, μ2) is surjective and μ-πrα- 

irresolute, then (Y, μ2) is μ-πrα-T1/2 space. 

Proof: Let F be a μ-πrα closed subset of Y. Since f is μ-πrα- irresolute, we have f
-1

(F) is μ-

πrα-closed subset of X. Since (X, μ1) is a μ-πrα-T1/2 space, f
-1

(F) is a μ-pre closed subset of 
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X. It follows by assumption that F is μ-pre closed subset of Y.                                            

Hence (Y, μ2) is a μ-πrα-T1/2 space. 

Theorem 4.10 Let g:(X, μ1)→(Y, μ2) and h: (Y, μ2)→(Z, μ3) be any two functions, then         

(i) h∘g is (μ1,μ3)-πrα-continuous if g is (μ1,μ2)-πrα-irresolute and h is (μ2,μ3)-πrα-continuous.                                    

(ii) h∘g is (μ1,μ3)-πrα-irresolute if g is (μ1,μ2)-πrα-irresolute and h is (μ2,μ3)-πrα-irresolute.                                                                                 

(iii h∘g is (μ1,μ3)-πrα-continuous if g is (μ1,μ2)-πrα-continuous and h is (μ2,μ3)-πrα-irresolute. 

Proof: Straight forward.     
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