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Abstract 

In this paper, we introduce the concepts of pre*-T0, pre*-T1 and, pre*-T2 spaces using pre*-

open sets and investigate some of their basic properties and give characterizations for these 

spaces. We also study the relationships among themselves and with Ti, pre-Ti, semi-Ti, g-Ti and 

-Ti spaces. 
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1. Introduction 

Separation axioms on topological spaces are those to classify the classes of topological 

spaces. Maheswari and Prasad [6] introduced the notion of semi-Ti (i=0, 1, 2) spaces using 

semi-open sets in 1975. AskishKar and Bhattacharyya [1] introduced the concepts of pre-Ti 

(i=0, 1, 2) spaces. Maki et al. [8] introduced and studied α-Ti (i=0, 1, 2) spaces. 

Balasubramanian et al. defined the concept g-Ti. Quite recently the authors introduced a new 

class of nearly open set, namely pre*-open sets and studied some functions using these sets. 

  In this paper, we introduce pre*-Ti (i=0,1,2) spaces using pre*-open sets and investigate 

some of their basic properties. We also study the relationships among themselves and with 

known separation axioms Ti, pre-Ti, semi-Ti, g-Ti and -Ti (i=0,1, 2).  

2. Preliminaries 

 Throughout this paper (X, τ) will always denote a topological space on which no 

separation axioms are assumed, unless explicitly stated. If A is a subset of the space (X, τ), Cl(A)  

andInt(A) respectively denote the closure and the interior of A in X . 

Definition 2.1[5]: A subset A of a topological space (X, τ) is called   
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(i) generalized closed(briefly g-closed) if cl(A)⊆U whenever A⊆U and U is open in X. 

(ii) generalized open(brieflyg-open) if X\A is g-closed in X. 

Definition 2.2[3]: Let A be a subset of X. The generalized closure of A is defined as the 

intersection of all g-closed sets containing A and is denoted by cl*(A). 

Definition 2.3: A subset A of a topological space (X, τ) is called   

(i) semi-open [4] (resp. pre-open [7], α-open [9] and pre*-open [11]) if A  cl(int(A)) (resp.  

Aint(cl(A)), A  int(cl(int(A))) and A  int*(cl(A))).  

(ii) semi-closed[4] (resp. pre-closed [7], -closed [9] and pre*-closed [11]) if X\A is semi-open 

(resp. pre-open, α-open and pre*-open) or equivalently if int(cl(A))A (resp. cl(int(A))A, 

cl(int(cl(A))A and cl*(int(A))A). 

Definition 2.4:  Let A be a subset of X. Then the pre*-closure [11] of A is defined as the 

intersection of all pre*-closed sets containing A and is denoted by p*cl(A). 

Definition 2.5: A space X is said to be T0 [12] (resp. semi-T0 [6], pre-T0[1], g-T0[2] and α-T0[8]) 

if for every pair of distinct points x and y in X, there is an open (resp. semi-open, pre-open, g-

open and α-open) set in X containing one of x and y but not the other. 

Definition 2.6: A space X is said to be T1[12] (resp. semi-T1[7], pre-T1[1], g-T1[2] and α-T1[9]) 

if for every pair of distinct points x and y in X, there are open (resp. semi-open, pre-open, g-open 

and α-open) sets U and V such that U contains x but not y and V contains y but not x.  

Definition 2.7: A space X is said to be T2[12] (resp. semi-T2[7], pre-T2[1], g-T2[2] and α-T2[9]) 

if for every pair of distinct points x and y in X, there are disjoint open (resp. semi-open, pre-open 

and α-open) sets U and V in X containing x and y respectively. 

Lemma 2.8: (i) Every topological space is pre-T0. [1] 

                    (ii) A topological space (X,) is T1 if and only if {x} is closed for every xX. [15] 

Definition 2.9 [10]: A function f :X⟶Y is said to be  

(i) pre*-continuous if f 
-1

(V) is pre*-open in X for every open set V in Y.  

(ii) M pre*-continuous if f 
-1

(V) is pre*-open in X for every pre*-open set V in Y. 

           (iii) pre*-open if  f(V) is pre*-open in Y for every open set V in X. 

 (iv) pre*-closed if f(V) is pre*-closed in Y for every closed set V in X. 

(v) M pre*-open if f(V) is pre*-open in Y for every pre*-open set V in X. 

(vi) M pre*-closed if f(V) is pre*-closed in Y for every pre*-closed set V in X. 

Theorem 2.10 [11]: (i) Every open set is pre*-open. 
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        (ii)  Every g-open set is pre*-open. 

Theorem 2.11[11]: Let A⊆X and let x∈X. Then x∈p*cl(A) if and only if  every pre*-open set in 

X containing x intersects A. 

Theorem 2.12 [11]: If {Aα} is a collection of pre*-open sets in X, then ∪Aα is also pre*-open in 

X. 

3. Pre*-T0Spaces 

Definition 3.1: A topological space X is said to be pre*-T0 if for any two distinct points  

x and y of X, there exists a pre*-open set G such  that (xG and y G) or (yG and xG). 

Theorem 3.2:  Every pre-T0 space is pre*-T0. 

Proof: Let X be a pre-T0 space. Let x and y be two distinct points in X. Since X is pre-T0, there 

exists a pre-open set U such that (xU and y U) or (yU and xU). By Theorem 2.10(i), U is 

a pre*-open set such that (xU and y U) or (yU and xU). Thus X is pre*-T0. 

Corollary 3.3: Every topological space is pre*-T0. 

Proof: Follows from Lemma 2.8(i) and Theorem 3.2. 

Theorem 3.4: In a topological space X, the pre*-closures of distinct points are distinct. 

Proof: Let x and y be two distinct points of a space X. Then by Corollary 3.3, X is pre*-T0. Now 

by Definition3.1, there exists a pre*-open set U such that xU but yU or yU but xU. If 

xU and yU, then U is a pre*-open set containing x that does not intersect {y}. By using 

Theorem2.11, it follows that xp*cl({y}). But xp*cl({x}), so we get p*cl({x})≠p*cl({y}). The 

proof for the other case is similar.  

4. pre*-T1 Spaces 

 

Definition 4.1: A space X is said to be pre*-T1 if for every pair of distinct points x and y in X, 

there exist pre*-open sets U and V such that xU but yU and yV but xV. 

Proposition 4.2:  (i) Every pre-T1 space is pre*-T1. 

  (ii) Every g-T1 space is pre*-T1. 

Proof: (i) Suppose X is a pre-T1 space. Let x and y be two distinct points in X. Since X is pre-

T1, there exist pre-open sets U and V such that xU but yU and yV but xV. By Theorem 

2.10(i), U and V are pre*-open sets such that xU but yU and yV but xV. Hence X is 

pre*-T1. 
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(ii) Suppose X is a g-T1 space. Let x and y be two distinct points in X. Since X is g-T1, there 

exist g-open sets U and V such that xU but yU and yV but xV. By Theorem 2.10(ii), U 

and V are pre*-open sets such that xU but yU and yV but xV. Thus X is pre*-T1. 

Remark 4.3: The converse of the above proposition is not true as shown in the following 

examples. 

Example 4.4: Consider the space (X, ), where X= {a, b, c, d} and ={ϕ, {a}, X}. Then (X, ) 

is pre*-T1 but not pre-T1. This shows that pre*-T1 does not imply pre-T1. 

Example 4.5: Consider the space (X,), where X= {a, b, c, d} and = {ϕ, {a, b, c}, X}. Then 

(X,) is pre*-T1 but not g-T1. This shows that pre*-T1 does not imply g-T1. 

Remark 4.6: The concepts of pre*-T1 and semi-T1are independent as shown in the following 

examples.  

Example 4.7: Consider the space (X,), where X= {a, b, c, d} and = {ϕ, {a}, {b}, {c}, {a, b}, 

{a, c}, {b, c}, {a, b, c}, X}. Then (X,) is semi-T1 but not pre*-T1. This shows that semi-T1 

does not imply pre*-T1.  

Example 4.8: Consider the space (X,), where X= {a, b, c, d} and  = {ϕ, {a, b}, {a, b, c},  

{a, b, d}, X}. Then (X,) is pre*-T1 but not semi-T1. This shows that pre*-T1 does not imply 

semi-T1.  

From the above discussions we have the following diagram. 

Diagram 4.9:                                     

                   α- T1                                          pre -T1                                             semi-T1  

 

      

        T1                      Pre*-T1                                              g-T1 

 

Theorem 4.10: For a topological space X the following are equivalent: 

(i) X is a pre*-T1 space. 

(ii) Each singleton set is pre*-closed in X. 

(iii)The intersection of all pre*-open sets containing the set A is A. 

(iv)The intersection of all pre*-open sets containing the point xX is{x}. 

Proof: (i)⇒(ii): Let X be a pre*-T1 space and xX. Then for every y≠x there exists a pre*-open 

set Uy in X such that containing y but not x. That is yUy⊆X\{x}. Therefore  
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X\{x}=∪{Uy : yX\{x}} is pre*-open in X by Theorem 2.12. It follows that {x} is pre*-closed. 

(ii)⇒(iii): Let A⊆X. Then for each xX\A, {x} is pre*-closed in X and hence X\{x} is pre*-

open. Clearly A⊆X\{x} for each xX\A. Therefore A⊆∩{X\{x}:xX\A}. On the other hand, 

if yA then yX\A and yX\{y}. Therefore y∩{X\{x}:xX\A} and hence  

∩{X\{x}:xX\A}⊆A . This proves (iii). 

(iii)⇒(iv): Take A={x}. Then A={x}=∩{U:U is pre*-open and xU}. This proves (iv). 

(iv)⇒(i): Let x, yX and y≠x. Then y{x}=∩{U:U is pre*-open and xU}. Hence there exists 

a pre*-open set U containing x but not y. Similarly, there exists a pre*-open set V containing y 

but not x. Thus X is a pre*-T1 space.  

Theorem 4.11: Let f :XY be a function. 

            (i) If f is a pre*-closed surjection and X is T1, then Y is pre*-T1. 

 (ii) If f is a M pre*-closed surjection and X is pre*-T1, then Y is pre*-T1. 

(iii) If f is a pre*-continuous bijection and Y is T1, then X is pre*-T1. 

 (vi) If f is a M pre*continuous bijection and Y is pre*-T1, then X is pre*-T1. 

Proof: (i) Suppose f is pre*-closed and X is T1. Let yY. Since f is onto, there exists xX, 

such that f(x)=y. Since X is T1, by Lemma 2.8(i), {x} is closed in X. Since f is a pre*-closed 

map, f({x})={y} is pre*-closed. Since every singleton set in Y is pre*-closed, by Theorem 4.12, 

Y is pre*-T1. 

(ii) Suppose f is M pre*-closed and X is pre*-T1. Let yY. Since f is onto, there exists xX, 

such that f(x)=y. Since X is pre*-T1, by Theorem 4.12, {x} is pre*-closed in X. Since f is M- 

pre*-closed, f({x})={y} is pre*-closed in Y. Since every singleton set in Y is pre*-closed, again 

by Theorem 4.12, Y is pre*-T1. 

 (iii) Suppose f :XY is a pre*-continuous bijection and Y is T1.  Let x1, x 2X with x1≠x 2. 

Let y1=f(x1) and y2=f(x2). Since f is one-to-one, y1≠y2. Since Y is T1, there exist open sets U and 

V such that y1U but y2U and y2V but y1V. Again since f is a bijection, x1f 
-1

(U) but 

x2f
-1

(U) and x2f
-1

(V) but x1f
-1

(V). Since f is pre*- continuous, f 
-1

(U) and f
-1

(V) are pre*-

open sets in X. This shows that, X is pre*-T1.  

(vi) Suppose f :XY is a M-pre*continuous bijection and Y is pre*-T1.  Let x1, x 2X with  
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x1≠x 2. Let y1=f(x1) and y2=f(x2). Since f is one-to-one, y1≠y2. Since Y is pre*-T1, there exist 

pre*-open sets U and V such that y1U but y2U and y2V but y1V. Again since f is a 

bijection, x1f 
-1

(U) but x2f
-1

(U) and x2f
-1

(V) but x1f
-1

(V). Since f is M-pre*continuous,  

f 
-1

(U) and f
-1

(V) are pre*-open sets in X. This shows that, X is pre*-T1.  

 

5. Pre*-T2 Spaces 

In this section we introduce pre*-T2 spaces and investigate some of their basic properties. 

Definition 5.1: A space X is said to be pre*-T2if for every pair of distinct points x and y in X, 

there are disjoint pre*-open sets U and V in X containing x and y respectively. 

Theorem 5.2:  (i) Every pre-T2 space is pre*-T2. 

  (ii) Every g-T2 space is pre*-T2. 

Proof: (i) Let X be a pre-T2 space. Let x and y be two distinct points in X. Since X is pre-T2, 

there exist disjoint pre-open sets U and V such that xU and yV. By Theorem 2.10(i), U and 

V are disjoint pre*-open sets such that xU and yV. Hence X is pre*-T2. 

(ii) Suppose X is a g-T2 space. Let x and y be two distinct points in X. Since X is g-T2, there 

exist disjoint g-open sets U and V such that xU and yV. By Theorem 2.10(ii), U and V are 

disjoint pre*-open sets such that xU and yV. Hence X is pre*-T2. 

Remark 5.3: The converse of the statements (i) and (ii) of the above theorem is not true as 

shown in the following examples. 

Example 5.4: Consider the space (X,), where X={a, b, c} and ={ϕ, {a}, X}. Then (X,) is 

pre*-T2 but not pre-T2. This shows that pre*-T2 does not imply pre-T2. 

Example 5.5: Consider the space (X,) where X={a,b,c,d}and ={ϕ, {a,b}, X}. It can be 

verified that (X,) is pre*-T2 but not g-T2. This shows that pre*-T2 does not imply g-T2. 

Remark 5.6: The concepts of semi-T2 and pre*-T2 are independent as shown in the following 

examples.  

Example 5.7: Consider the space (X,) where X={a,b,c,d}and ={ϕ, {a}, {b}, {a,b}, {a,b,c}, 

{a,b,d},X}. It can be verified that (X,) is semi-T2 but not pre*-T2. This shows that semi-T2 

does not imply pre*-T2.  

Example 5.8: Consider the space (X,), where X={a, b, c,d} and ={ϕ, {a, b},{a,b,c} X}. 

Then (X,) is pre*-T2 but not semi-T2. This shows that pre*-T2 does not imply semi-T2.  
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Remark 5.9: It can be verified that the space (X,) in Example 4.8 is pre*-T2 but not α-T2. This 

shows that pre*-T2 does not imply α-T2.  

From the above discussions we have the following diagram: 

Diagram 5.10: 

                   α- T2                                          pre –T2                                                semi-T2  

 

      

        T2                      Pre*-T2                                                 g-T2 

Theorem 5.11: Every pre*-T2 space is pre*-T1. 

Proof: Let X be a pre-T2 space. Let x and y be two distinct points in X. Since X is pre-T2, there 

exist disjoint pre-open sets U and V such that xU and yV. Since U and V are disjoint, xU 

but yU and yV but xV. Hence X is pre*-T1. 

However the converse is not true as shown in the following example. 

Theorem 5.12: For a topological space X the following are equivalent: 

(i) X is a pre*-T2 space. 

(ii) Let xX. Then for each y≠x there exists a pre*-open set U such that xU and  

yp*cl(U). 

(iii) For each xX, ∩{p*cl(U) : UP*O(X) and xU}={x}. 

Proof: (i)⇒(ii): Suppose X is a pre*-T2 space. Then for each y≠x there exist disjoint pre*-open 

sets U and V such that xU and yV. Since V is pre*-open, X\V is pre*-closed and U⊆X\V. 

This implies that, p*cl(U)⊆X\V. Since yX\V, yp*cl(U). 

(ii)⇒(iii): If y≠x, then there exists a pre*-open set U such that xU and yp*cl(U). Therefore 

y∩{p*cl(U) : UP*O(X) and xU}. This proves (iii). 

(iii)⇒(i): Let y≠x in X. Then y{x}=∩{p*cl(U) : UP*O(X) and xU}. This implies that 

there exists a pre*-open set U such that xU and yp*cl(U). Let V = X\p*cl(U). Then V is 

pre*-open and yV. Now U∩V=U∩(X\p*cl(U))⊆U∩(X\U)=ϕ. Therefore X is a pre*-T2 space. 

Theorem 5.13: Let f :XY be a bijection. 

            (i) Iff is pre*-open and X is T2, then Y is pre*-T2. 

(ii) If f is M pre*-open and X is pre*-T2, then Y is pre*-T2. 

(iii) Iff is pre*-continuous and Y is T2, then X is pre*-T2. 



International journal of advanced scientific and technical research                           Issue 2 volume 6, December 2012          

Available online on   http://www.rspublication.com/ijst/index.html                                                     ISSN 2249-9954 

 Page 562 
 

(iv) Iff is M pre*-continuous and Y is pre*-T2, then X is pre*-T2. 

Proof: Let f :XY be a bijection. 

(i) Suppose f is pre*-open and X is T2. Let y1≠y2Y. Since f is a bijection, there exist x1, x 2 in 

X such that f(x1)=y1 and f(x2)=y2 with x1≠x 2. Since X is T2, there exist disjoint open sets U and 

V in X such that x1U and x2V. Since f is pre*-open,  f(U) and f(V) are pre*-open in Y such 

that  y1=f(x1)f(U) and y2=f(x2)f(V). Again since f is a bijection,  f(U) and f(V) are disjoint in 

Y. Thus Y is pre*- T2. 

(ii) Suppose f is M pre*-open and X is pre*-T2. Let y1≠y2Y. Since f is a bijection, there exist 

x1, x 2 in X such that f(x1)=y1 and f(x2)=y2 with x1≠x 2. Since X is pre*-T2, there exist disjoint 

pre*-open sets U and V in X such that x1U and x2V. Since f is a M pre*-open bijection,  

f(U) and f(V) are disjoint pre*-open sets in Y containing y1and y2 respectively.  Therefore Y is 

pre*- T2. 

(iii) Suppose f :XY is pre*-continuous and Y is T2. Let x1, x 2X with x1≠x 2.  

Let y1=f(x1) and y2=f(x2). Since f is one-to-one, y1≠y2. Since Y is T2, there exist disjoint open 

sets U and V containing y1 and y2 respectively.  Since f is a pre*- continuous bijection, f
-1

(U) 

and f
-1

(V) are disjoint pre*-open sets in X containing x1 and x 2 respectively. Thus X is pre*-T2.  

(iv) Suppose f :XY is M pre*-continuous and Y is pre*-T2.  Let x1, x 2X with x1≠x 2. Let 

y1=f(x1) and y2=f(x2). Since f is one-to-one, y1≠y2. Since Y is pre*-T2, there exist disjoint pre*-

open sets U and V in Y containing y1 and y2 respectively.  Since f is a M pre*-continuous 

bijection,  f
-1

(U) and f
-1

(V) are disjoint pre*-open sets in X containing x1 and x 2 respectively. 

This shows that X is pre*-T2.  
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