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Abstract 

Images are often corrupted by noise due to errors generated in noisy sensors or communication channels. It is 

important to eliminate noise in the images before some subsequent processing. This paper uses expansive 

complex wavelet transform to denoise the images corrupted by additive white Gaussian noise. Experiments 

demonstrate that the neighsureshrink denoising algorithm using the complex wavelet transform achieves better 

results thandiscrete wavelet transform. 

 

Keywords: Discrete Wavelet Transform (DWT), Complex wavelet Transform (CWT), Root Mean Square Error 

(RMSE) and  Peak Signal to Noise Ratio (PSNR).  

  

1. Introduction 

Image denoising is a method of removal of noise while retaining as much as possible important information. It is 

the method of producing a good estimate of the original image from noisy observations. There are two basic 

approaches to image denoising, namely spatial filtering methods and transform filtering methods. Spatial 

Filtering methods try to remove the noise by manipulating the image in the spatial domain itself whereas 
transform filtering methods are using some transform to manipulate the image in transform domain. In 

transform domain, Wavelets give a superior performance in image denoising due to its properties such as 

sparsity, energy compaction and multi-resolution structure. So, the focus was shifted from the spatial and 

Fourier domain to the wavelet transform domain. In wavelet transform, the small coefficients are more likely 

due to noise and large coefficients are more likely due to important feature of the image. These small 

coefficients can be thresholded without affecting the significant features of the image. Thresholding is a simple 

non-linear technique, which operates on one wavelet coefficient at a time. In its most basic form, each 

coefficient is thresholded by comparing against threshold, if the coefficient is smaller than threshold, set to zero; 

otherwise it is kept or modified. Replacing the small noisy coefficients by zero and inverse wavelet transform on 

the result may lead to reconstruction with the essential signal characteristics and with less noise. .  But, wavelet 

transform suffers due to poor directionality and does not provide a geometrically oriented decomposition in 

multiple directions. One way to generalize the discrete wavelet transform so as to generate a structured 
dictionary of base is given by the Discrete Wavelet Packet Transform (DWPT). This benefit comes from the 

ability of the wavelet packets to better represent high frequency content and high frequency oscillating signals in 

particular. However, it is well known that both DWT and DWPT are shift varying. The Dual Tree Complex 

Wavelet Transform (DTCWT) introduced by Kingsbury is approximately shift -invariant and provides 

directional analysis. In this paper, it is proposed to combine two thresholding techniques namely Neighshrink 

and Sureshrink to denoise an image corrupted by additive white Gaussian noise using DTCWTand the 

performance of DTCWT for the denoising of images are evaluated using RMSE and  PSNR.  

 

2. Discrete Wavelet Transform 

Wavelet transforms provide a framework in which a signal is decomposed, with each level corresponding to a 

coarser resolution, or lower frequency band. There are two main groups of transforms, continuous and discrete. 
Discrete transforms are more commonly used and can be subdivided in various categories. Although a review of 

the literature produces a number of different names and approaches for wavelet transformations, most fall into 

one of the following three categories: decimated, un-decimated, and non-separated. A continuous wavelet 

transform is performed by applying an inner product to the signal and the wavelet functions. The dilation and 

translation factors are elements of the real line. For a particular dilation a and translation b, the wavelet 

coefficient Wf (a,b) for a signal f can be calculated as  
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Wavelet coefficients represent the information contained in a signal at the corresponding dilation and 

translation. The original signal can be reconstructed by applying the inverse transform: 
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where Cψ is the normalization factor of the mother wavelet. Although the continuous wavelet transform is 

simple to describe mathematically, both the signal and the wavelet function must have closed forms, making it 
difficult or impractical to apply. The discrete wavelet is used instead. The term discrete wavelet transform 

(DWT) is a general term, encompassing several different methods. It must be noted that the signal itself is 

continuous; discrete refers to discrete sets of dilation and translation factors and discrete sampling of the signal. 

For simplicity, it will be assumed that the dilation and translation factors are chosen so as to have dyadic 

sampling, but the concepts can be extended to other choices of factors. At a given scale J, a finite number of 

translations are used in applying multi resolution analysis to obtain a finite number of scaling and wavelet 

coefficients. The signal can be represented in terms of these coefficients as 
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where cJkare the scaling coefficients and djk are the wavelet coefficients. The first term in Eq. (3) gives the low-

resolution approximation of the signal while the second term gives the detailed information at resolutions from 

the original down to the current resolution J. The process of applying the DWT can be represented as a bank of 
filters, as in figure 4.  In case of a 2D image, a single level decomposition can be performed resulting in four 

different frequency bands namely LL, LH, HL and HH sub band and an N level decomposition can be 

performed resulting in 3N+1 different frequency bands and it is shown in figure 1. At each level of 

decomposition, the image is split into high frequency and low frequency components; the low frequency 

components can be further decomposed until the desired resolution is reached. When multiple levels of 

decomposition are applied, the process is referred to as multi-resolution decomposition. In practice when 

wavelet decomposition is used for image fusion, one level of decomposition can be sufficient, but this depends 

on the ratio of the spatial resolutions of the images being fused.  

 

 

Figure.1:  2D-Discrete Wavelet Transform 

 

The conventional DWT can be applied using either a decimated or an un-decimated algorithm. In the decimated 

algorithm, the signal is down sampled after each level of transformation. In the case of a two-dimensional 

image, down-sampling is performed by keeping one out of every two rows and columns, making the 

transformed image one quarter of the original size and half the original resolution. The decimated algorithm can 

therefore be represented visually as a pyramid, where the spatial resolution becomes coarser as the image 

becomes smaller. The decimated algorithm is not shift-invariant, which means that it is sensitive to shifts of the 
input image. The decimation process also has a negative impact on the linear continuity of spatial features that 

do not have a horizontal or vertical orientation. These two factors tend to introduce artifacts when the algorithm 

is used in applications such as image denoising. 
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3. Stationary Wavelet Transform  

The critically sampled DWT is not a shift-invariant discrete transform, but the Dual Tree Complex Wavelet 

Transform (DT-CWT) introduced by Kingsbury is approximately shift -invariant and provides directional 

analysis whereas the Stationary Wavelet Transform (SWT) is an exactly shift-invariant transform. It does so by 

suppressing the down-sampling step of the decimated algorithm and instead up-sampling the filters by inserting 

zeros between the filter coefficients. In the decimated algorithm, the filters are applied first to the rows and then 
to the columns. In this case, however, although the four images produced (one approximation and three detail 

images) are at half the resolution of the original, they are the same size as the original image. The approximation 

images from the un-decimated algorithm are therefore represented as levels in a parallelepiped, with the spatial 

resolution becoming coarser at each higher level and the size remaining the same. The un-decimated algorithm 

is redundant, meaning some detail information may be retained in adjacent levels of transformation. It also 

requires more space to store the results of each level of transformation and, although it is shift-invariant, it does 

not resolve the problem of feature orientation. A previous level of approximation, resolution J−1, can be 

reconstructed exactly by applying the inverse transform to all four images at resolution J and combining the 

resulting images. Essentially, the inverse transform involves the same steps as the forward transform, but they 

are applied in the reverse order. In the decimated case, this means up-sampling the approximation and detail 

images and applying reconstruction filters, which are inverses of the decomposition scaling and wavelet filters, 

first by columns and then by rows. For example, first the columns of the Vertical Detail image would be up-
sampled and the inverse scaling filter would be applied, then the rows would be up-sampled and the inverse 

wavelet filter would be applied. The original image is reconstructed by applying the inverse transform to each 

deconstructed level in turn, starting from the level at the coarsest resolution, until the original resolution is 

reached. Reconstruction in the un-decimated case is similar, except that instead of up-sampling the images, the 

filters are down-sampled before each application of the inverse filters. Shift-invariance is necessary in order to 

compare and combine wavelet coefficient images. Without shift-invariance, slight shifts in the input signal will 

produce variations in the wavelet coefficients that might introduce artifacts in the reconstructed image. Shift-

variance is caused by the decimation process, and can be resolved by using the un-decimated algorithm. This 

can be visualized in the following figure 2. However, the other problem with standard discrete wavelet 

transforms is the poor directional selectivity, meaning poor representation of features with orientations that are 

not horizontal or vertical, which is a result of separate filtering in these directions.  
 

 
Figure.2:  2D-Stationary Wavelet Transform 

 

 

4. Dual Tree Complex Wavelet Transform 

 

The Dual Tree Wavelet Transform (DTWT) overcomes the limitations of DWT like poor directionality and shift 

invariance. It can be used to implement 2D wavelet transforms that are more selective with respect to orientation 

than the separable 2D DWT. For example, the 2D DTWT transform produces six subbands at each scale, each 

of which is strongly oriented at distinct angles. There are two versions of the 2D DTWT transform namely Dual 

Tree Discrete Wavelet Transform (DTDWT) which is 2-times expansive, and Dual Tree Complex Wavelet 

Transform (DTCWT) which is 4-times expansive.  

4.1Dual Tree Discrete Wavelet Transform 

The DTDWT of an image is implemented using two critically sampled separable DWT in parallel. Then for 

each pair of subbands, the sum and difference are taken. The six wavelets associated with DTDWT are 
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illustrated in figure 5 as gray scale images.  Note that each of the six wavelets is oriented in a distinct direction. 

Unlike the critically-sampled separable DWT, all of the wavelets are free of checker board artifact. Each 

subband of the 2-D dual-tree transform corresponds to a specific orientation. 

 

 
Figure.3: Directionality of DTDWT 

 

4.2 Dual Tree Complex Wavelet Transform 

The DTCWT also gives rise to wavelets in six distinct directions and two wavelets in each direction. In each 

direction, one of the two wavelets can be interpreted as the real part of a complex valued wavelet, while the 

other wavelet can be interpreted as the imaginary part of a complex-valued wavelet. Because the complex 

version has twice as many wavelets as the real version of the transform, the complex version is 4-times 

expansive. The DTCWT transform is implemented as four critically sampled separable DWTs operating in 

parallel. However, different filter sets are used along the rows and columns. As in the real case, the sum and 

difference of subband images is performed to obtain the oriented wavelets. The twelve wavelets associated with 

the real 2D dual-tree DWT are illustrated in the following figure as gray scale images. The wavelets are oriented 

in the same six directions as those of DTDWT. However, there are two in each direction. If the six wavelets 
displayed on the first row are interpreted as the real part of complex wavelets, then the six wavelets displayed on 

the second row can be interpreted as the complex part of complex wavelets.  

 

 
Figure.4: Directionality of DTCWT 

 

The filter bank structure of the DTCWT has CWT filters which have complex coefficients and generate 

complex output samples. This is shown in figure 5, in which each block is a complex filter and includes down 

sampling by 2 (not shown) at its outputs. Since the output sampling rates are unchanged from the DWT, but 

each sample contains a real and imaginary part, a redundancy of 2:1 is introduced. The complex filters may be 
designed such that the magnitudes of their step responses vary slowly with input shift only the phases vary 

rapidly. The real part is an odd function while the imaginary part is even. The level 1 filters, Lop and Hip in 

figure 5, include an additional pre filter, which has a zero at z =-j, in order to simulate the effect of a filter tree 

extending further levels to the left of level 1. 

 
Figure.5: Four levels of Complex Wavelet Tree for real 1-D input signal x 
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Extension of complex wavelets to 2-D is achieved by separable filtering along rows and then columns. 

However, if row and column filters both suppress negative frequencies, then only the first quadrant of the 2-D 

signal spectrum is retained. Two adjacent quadrants of the spectrum are required to represent fully a real 2-d 

signal, so we also need to filter with complex conjugates of either the row or column filters. This gives 4:1 

redundancy in the transformed 2-D signal. If the signal exists in m-d (m > 2), then further conjugate pairs of 

filters are needed for each dimension leading to redundancy of 2m:1. The most computationally efficient way to 
achieve the pairs of conjugate filters is to maintain separate imaginary operators, j1 and j2, for the row and 

column processing, as shown in figure 6. This produces 4-element `complex' vectors: {r, j1, j2, j1j2} (where r 

means `real'). Each   4-vector can be converted into a pair of conventional complex 2-vectors, by letting j1 = j2 = 

j in one case and j1 = -j2 = -j in the other case. This corresponds to sum and difference operations on the {r, j1j2} 

and {j1,j2} pairs in the summation blocks in figure 6 and produces two complex outputs, corresponding to first 

and second quadrant directional filters respectively. Complex filters in multiple dimensions provide true 

directional selectivity, despite being implemented separably, because they are still able to separate all parts of 

the m-D frequency space. For example a 2D DTCWT produces six band pass sub-images of complex 

coefficients at each level, which are strongly oriented at angles of ± 15o, ± 45o, ± 75o, shown by the double-

headed arrows in figure 6. The DTCWT consists of two wavelet transforms operating in parallel on an input 

signal as illustrated in Figure 7. We denote the wavelet associated with the first wavelet filter bank as (t) and 

the wavelet associated with the second filter bank as ’(t). The wavelet (t) is defined by 
 

 
Figure.6: Two levels of the Complex Wavelet tree for a real 2-D input image x giving 6 directional bands                  
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The second wavelet, ’ (t), is defined similarly in terms of {h’0(n), h’1(n)}. For the ideal DT-CWT, the second 

wavelet, ’(t), is the Hilbert transform of the first wavelet, (t), 

)}({)(' tHt                                                        (5) 

If the low-pass filter h’0(n) is equal to the half-sample delayed version of h0(n), then the wavelets generated by 

the DTCWT satisfy as desired. If the given wavelets, (t) and ’(t), are orthogonal to its integer translates, then 
the Hilbert relation is satisfied if and only if , 

  wforeHeeH jwwjjw )()( 0
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Recall that for an orthonormal wavelet basis, the lowpass and high-pass filters are related as 
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equivalently h1(n)=(-1)nh0(d-n), where ‘d’ is an odd integer. Hence, it follows from that for the ideal DT-CWT, 

the high-pass filters satisfy 
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Figure.7:  Implementation of DTCWT using Two Wavelet Filters 

 

 

5. Wavelet Based Image Denoising  

 

All digital images contain some degree of noise. Image de-noising algorithm attempts to remove this noise from 
the image. Ideally, the resulting de-noised image will not contain any noise or added artifacts. De-noising of 

natural images corrupted by Gaussian noise using wavelet techniques is very effective because of its ability to 

capture the energy of a signal in few energy transform values. The methodology of the discrete wavelet 

transform based image de-noising has the following three steps as shown in figure 8. 1. Transform the noisy 

image into orthogonal domain by discrete 2D wavelet transform. 2. Apply hard or soft thresholding the noisy 

detail coefficients of the wavelet transform 3. Perform inverse discrete wavelet transform to obtain the de-noised 

image. Here, the threshold plays an important role in the de-noising process. Finding an optimum threshold is a 

tedious process. A small threshold value will retain the noisy coefficients whereas a large threshold value leads 

to the loss of coefficients that carry image signal details. Normally, hard thresholding and soft thresholding 

techniques are used for such de-noising process. Hard thresholding is a keep or kill rule whereas soft 

thresholding shrinks the coefficients above the threshold in absolute value. It is a shrink or kill rule. The 

different types of thresholding techniques in wavelet domain are discussed here.  

 

Figure 8. Wavelet Based Image Denoising 

 
5.1. VisuShrink  

 
VisuShrink is thresholding by applying the Universal threshold proposed by Donoho and Johnstone. This 

threshold is given by σ 
2

logM where σ is the noise variance and M is the number of pixels in the image. It is 

proved that the maximum of any M values iid as N(0,σ 
2 

) will be smaller than the universal threshold with high 
probability, with the probability approaching 1 as M increases. Thus, with high probability, a pure noise signal 

is estimated as being identically zero.  
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5.2 Bayesshrink  

BayesShrink is an adaptive data-driven threshold for image denoising via wavelet soft-thresholding. The 

threshold is driven in a Bayesian framework and assumed generalized Gaussian distribution (GGD) for the 

wavelet coefficients in each detail subband and try to find the threshold T which minimizes the Bayesian Risk.  

 

5.3 Neighshrink 

 For each noisy wavelet coefficient W
i,j 

to be shrinked, it incorporates a square neighbouring window Bij 

centered at it. The neighbouring window size can be represented as LXL, where L is a positive odd number. The 

Neighshrink shrinkage formula can be represented as  
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where ji, is the estimator of the unknown noiseless coefficient, and λ is the universal threshold. (g)
+ 

is defined 

as (g)
+ 

= max (g,0). Different wavelet coefficient subbands are shrinked independently, but the threshold λ and 

neighbouring window size L keep unchanged in all subbands. When 2
, jiS  summation has pixel indexes out of 

the wavelet subband range, the corresponding terms in the summation are omitted. The shortcoming of this 

method is that using the same universal threshold λ and neighbouring window size L in all subbands is 

suboptimal. 
 

5.4 SureShrink  

SureShrink is a thresholding technique in which adaptive threshold is applied to subband, a separate threshold is 

computed for each detail subband based upon SURE (Stein’s unbiased estimator for risk), a method for 

estimating the loss in an unbiased fashion. The optimal λ and L of every subband should be data-driven and 

minimize the mean squared error (MSE) or risk of the corresponding subband. Fortunately, Stein has stated that 

the MSE can be estimated unbiasedly from the observed data. NeighShrink can be improved by determining an 

optimal threshold and neighbouring window size for every wavelet subband using the Stein’s unbiased risk 

estimate (SURE). For ease of notation, the Nsnoisy wavelet coefficients from subband ‘s’ can be arranged into 

the 1-D vector. Similarly, we combine the Ns unknown noiseless coefficients from subband ‘s’ into the 

corresponding 1-D vector. Stein shows that, for almost any fixed estimator θs 
based on the data ws, the expected 

loss (i.e. risk) 
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5.5 Neighsureshrink 

The quantity  
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is an unbiased estimate of the risk on subband s where L is the neighbourhood window size (L is an odd number 

and greater than 1, for example, 3, 5, 7, 9, etc.):  LswSUREEssE ,,(
2

2
 









 . Then, it can be choosen 

the threshold λ
s 

and neighbouring window size L
s 

on subband ‘s’ which minimizes SURE(w
s
, λ, L). 

6. Experimental Work  

 

Quantitatively assessing the performance in practical application is complicated issue because the ideal image is 

normally unknown at the receiver end. So this paper uses the following method for experiments. Two original 

images, namely cameraman and lena, are applied with Gaussian noise with different variance. The methods 

proposed for implementing image de-noising using wavelet transform take the following form in general. The 

image is transformed into the orthogonal domain by taking the wavelet transform. The detail wavelet 

coefficients are modified according to the shrinkage algorithm. Finally, inverse wavelet is taken to reconstruct 
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the de-noised image. In this paper, different wavelet bases are used in all methods. For taking the wavelet 

transform of the image, readily available MATLAB routines are taken. In each sub-band, individual pixels of 

the image are shrinked based on the threshold selection. A de-noised wavelet transform is created by shrinking 

pixels. The inverse wavelet transform is the de-noised image.  

 

7. Results  

To verify the performance of DTCWT, we compared its results with DWT. The noisy images were 

contaminated with Gaussian random noise with standard deviations 10, 20, 30, 40 and 50. We assumed that the 

noise variances were known in order to focus on the denoising techniques themselves. Generally, noise 

variances are unknown, but they can be estimated. We measured the experimental results by the peak signal- to-

noise ratio (PSNR) in decibels (dB), which is defined as  

 

PSNR= 10LOG 
10 

(255) 
2

/(RMSE)
2 

(DB) 

As expected, the PSNR of the proposed Neighsureshrink method using DTCWT are substantially higher than 

those that of DWT. Its results become inferior as noise levels increaseIn most cases, the proposed method 

performs better than DWT also. The results are tabulated in Table I. 

 

 

 

Figure 9: Results of Image Denoising 

(A). Original Image (B) Noisy Image            (C) Denoised Image using DWT 

(D) Denoised Image using DTCWT 
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Table I : Results of Image Denoising 
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Cameraman       

    RMSE     PSNR   

Variance Noisy DWT DTCWT Noisy DWT DTCWT 

10 10.0003 9.2847 6.8543 28.1306 28.7754 31.4115 

20 20.0005 13.2141 12.3082 22.11 25.7101 26.3269 

30 30.0008 17.3268 16.6555 18.5881 23.3564 23.6996 

40 40.0011 22.2389 20.3337 16.0894 21.1885 21.9665 

50 50.0013 27.1423 24.257 14.1512 19.4579 20.4341 

      Lena       

    RMSE     PSNR   

Variance Noisy DWT DTCWT Noisy DWT DTCWT 

10 10.0003 9.1313 6.7822 28.1306 28.9201 31.5035 

20 20.0005 12.4324 12.0668 22.11 26.2397 26.4989 

30 30.0008 17.0656 15.8808 18.5881 23.4884 24.1134 

40 40.0011 21.9238 19.7063 16.0894 21.3125 22.2387 

50 50.0013 26.7674 23.7353 14.1512 19.5787 20.6229 

       


