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1. INTRODUCTION 

 

Research on the field of generalized closed sets was developed by many authors in the last 

two decades. The theory was extensively developed in the the 1990’s. Several new concepts were 

studied and investigated. Generalized homeomorphisms via generalized closed sets and 𝑔𝑐-

homeomorphisms in terms of preserving generalized closed sets were first introduced by Maki, 

Sundaram and Balachandran in [7]. Every homeomorphism is a generalized homeomorphism but not 

vice versa [6]. The two concepts coincide when both the domain and the range satisfy the weak 

separation axiom 𝑇1/2. The class of 𝑔𝑐-homeomorphism is properly placed between the classes of 

homeomorphism and 𝑔-homeomorphism [7]. For more generalizations of homeomorphisms and 

relations among of them, the reader may refer to [1]. 

 

R.Devi, V.Kokilavani and P.Basker [2] introduced the concepts of 𝛼𝛿-closed sets in 

topological spaces. They also introduced and studied the properties of 𝛼𝛿-continuous and 𝛼𝛿-

irresolute[2]. In this paper we study some properties of 𝛼𝛿#𝔥𝔪𝔰 and the pasting lemma for 𝛼𝛿-

irresolute maps. 

 

2. PREMILINARIES 

Throughout this present paper, spaces 𝑋 and 𝑌 always mean topological spaces. Let 𝑋 be a 

topological space and 𝐴, a subset of 𝑋. The closure of 𝐴 and the interior of 𝐴 are denoted by 𝑐𝑙(𝐴) 

and i𝑛𝑡(𝐴), respectively. A subset 𝐴 is said to be regular open (resp. regular closed) if 𝐴 =
𝑖𝑛𝑡(𝑐𝑙(𝐴)) (resp. 𝐴 = 𝑐𝑙(𝑖𝑛𝑡(𝐴)), The 𝛿-interior [2] of a subset 𝐴 of 𝑋 is the union of all regular 

open sets of 𝑋 contained in 𝐴 and is denoted by 𝐼𝑛𝑡𝛿(𝐴). The subset 𝐴 is called 𝛿-open [2] if 𝐴 =
𝐼𝑛𝑡𝛿(𝐴), i.e., a set is 𝛿-open if it is the union of regular open sets. The complement of a 𝛿-open set is 

called 𝛿-closed. Alternatively, a set 𝐴 ⊂  𝑋, 𝜏  is called 𝛿-closed [2] if 𝐴 = 𝑐𝑙𝛿(𝐴), where 𝑐𝑙𝛿 𝐴 =
 𝑥/𝑥 ∈ 𝑈 ∈ 𝜏 ⇒ 𝑖𝑛𝑡(𝑐𝑙(𝐴))⋂𝐴 ≠ 𝜑 .  

 

The family of all 𝛿-open (resp. 𝛿-closed) sets in 𝑋 is denoted by 𝛿𝑂(𝑋) (resp. 𝛿𝐶(𝑋)). A 

subset 𝐴 of 𝑋 is called 𝛼-open if 𝐴 ⊂  𝑖𝑛𝑡  𝑐𝑙 𝑖𝑛𝑡 𝐴    and the complement of a 𝛼-open are called 𝛼-

closed. The intersection of all 𝛼-closed sets containing A is called the  𝛼-closure of 𝐴 and is denoted 

by 𝛼𝑐𝑙 𝐴 , Dually, 𝛼-interior of 𝐴 is defined to be the union of all 𝛼-open sets contained in 𝐴 and is 

denoted by 𝛼𝑖𝑛𝑡 (𝐴). 

 

We recall the following definition used in sequel. 
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Definition 2.1. A subset 𝐴 of a space 𝑋 is said to be 

(a) An 𝛼-generalized closed [2] (𝛼𝑔-closed) set if 𝛼𝑐𝑙(𝐴)  ⊆  𝑈 whenever 𝐴 ⊆  𝑈 and 𝑈 is 𝛼-

open in (𝑋, 𝜏). 

(b) A 𝛼𝛿-closed set [2] if 𝑐𝑙𝛿(𝐴) ⊆  𝑈 whenever 𝐴 ⊆  𝑈 and 𝑈 is 𝛼𝑔-open in (𝑋, 𝜏). 

 

Definition 2.2. A function 𝑓: (𝑋, 𝜏) → (𝑌,𝜎) is called 

 

(a) 𝛼𝛿-continuous [2] if 𝑓−1(𝑉)  is 𝛼𝛿-closed in (𝑋, 𝜏) for every closed set 𝑉 of (𝑌,𝜎), 

(b) 𝛼𝛿-irresolute [2] if 𝑓−1(𝑉) is 𝛼𝛿-closed in (𝑋, 𝜏) for every 𝛼𝛿-closed set 𝑉 of (𝑌,𝜎)  

  

3. PROPERTIES OF 𝜶𝜹#𝖍𝖒𝖘 

 

Definition 3.1. A function 𝑓: (𝑋, 𝜏) → (𝑌,𝜎) is called 𝛼𝛿-homeomorphism (briefly. 𝛼𝛿#𝔥𝔪𝔰) if both 

𝑓 and 𝑓−1 are 𝛼𝛿-irresolute and 𝑓 is bijective. 

 

Lemma 3.2. Let 𝐵 ⊆ 𝐻 ⊆ (𝑋, 𝜏) and let 𝜏\𝐻 be the relative topology of 𝐻. 

(a) If 𝐵 is 𝛼𝛿-closed in (𝑋, 𝜏), then 𝐵 is 𝛼𝛿-closed relative to 𝐻. 

(b) If 𝐵 is 𝛼𝛿-closed in a subspace  𝐻, 𝜏\𝐻   and if 𝐻 is clopen in (𝑋, 𝜏).  

 

Note that a subset 𝐻 of topological space (𝑋, 𝜏) is 𝛼𝛿-clopen if and only if 𝐻 is open and 𝛼𝛿-

closed. We prepare some notations. Let 𝑓 ∶ 𝑋 → 𝑌 be a function and 𝐻 a subset of (𝑋, 𝜏). Let 

𝑓\𝐻 ∶ 𝐻 →  𝑌 be the restriction of 𝑓 to 𝐻. We define a function 𝑟H,K(f): 𝐻 → 𝐾 by 𝑟H,K f  𝑥 = 𝑓(𝑥) 

for any 𝑥 ∈ 𝐻, where 𝐾 = 𝑓(𝐻). Then, 𝑓\𝐻 =  𝑗 ∘ 𝑟H,K f  holds, where 𝑗 ∶  𝐾 → 𝑌 is an inclusion. 

 

Theorem 3.3. Let 𝐻 and 𝐾 be subset of (𝑋, 𝜏) and (𝑌,𝜎) respectively. 

(a) If 𝑓: (𝑋, 𝜏) → (𝑌,𝜎) is 𝛼𝛿-irresolute and if H is a 𝛼𝛿-clopen subset of (𝑋, 𝜏), then the 

restriction 𝑓\𝐻 ∶  (𝐻, 𝜏\𝐻) → (𝑌, 𝜎) is 𝛼𝛿-irresolute. 

(b) Suppose that 𝐾 is a 𝛼𝛿-clopen subset of (𝑌, 𝜎). A function 𝐾 ∶  (𝑋, 𝜏) →  𝐾,𝜎\𝐾  is 𝛼𝛿-

irresolute if and only if  𝑗 ∘ 𝑘: (𝑋, 𝜏) → (𝑌,𝜎) is 𝛼𝛿-irresolute, where 𝑗 ∶  𝐾,𝜎\𝐾 → (𝑌, 𝜎) 

is an inclusion.  

(c) If 𝑓: (𝑋, 𝜏) → (𝑌,𝜎) is a 𝛼𝛿#𝔥𝔪𝔰 such that 𝑓(𝐻)  =  𝐾 and 𝐾 are 𝛼𝛿-clopen subset, then 

𝑟H,K(f): (𝐻, 𝜏\𝐻) → (𝐾,𝜎\𝐻) is also 𝛼𝛿#𝔥𝔪𝔰. 

 

Proof. (𝑎) Let 𝐹 be a 𝛼𝛿-closed set of (𝑌, 𝜎). Since 𝑓 is 𝛼𝛿-irresolute, (𝑓\𝐻)−1  = 𝑓−1⋂𝐻, 𝐻 is 

𝛼𝛿-closed,  𝑓\𝐻 −1(𝐹) is 𝛼𝛿-closed in (𝐻, 𝜏\𝐻) by Lemma 3.2(𝑎). Therefore 𝑓\𝐻 is 𝛼𝛿 -irresolute. 

 

(𝑏) Necessity: Let 𝐹 be a 𝛼𝛿-closed set of (𝑌,𝜎). Then  𝑗 ∘ 𝑘 −1 𝐹 = 𝑘−1 𝑗−1 𝐹  = 𝑘−1(𝐹⋂𝐻) is 

a 𝛼𝛿-closed in (𝐾,𝜎\𝐾) by Lemma 3.2(𝑎). Therefore 𝑗 ∘ 𝑘: (𝑋, 𝜏) → (𝑌,𝜎) is 𝛼𝛿-irresolute. 

 

Sufficiency: Let 𝑉 be a 𝛼𝛿-closed set of  𝐾,𝜎\𝐾 . By Lemma 3.2(𝑏), 

 𝑗 ∘ 𝑘 −1 𝑉 = 𝑘−1 𝑗−1 𝑉  = 𝑘−1 𝐹⋂𝑉 = 𝑘−1 𝐹   is 𝛼𝛿-closed in (𝑋, 𝜏). Therefore 𝑘 is 𝛼𝛿-

irresolute. 

 

(𝑐) First, it suffices to prove 𝑟H,K(f): (𝐻, 𝜏\𝐻) → (𝐾,𝜎\𝐾) is 𝛼𝛿-irresolute. Let 𝐹 be a 𝛼𝛿-closed 

subset of (𝑌,𝜎).  𝑗 ∘ 𝑟H,K f  
−1

 𝐹 =  𝑓\𝐻 −1 𝐹 =  𝑓\𝐻 −1 𝐹⋂𝐾 = 𝑓−1 𝐹⋂𝐾 = 𝑓−1 𝐹 ⋂𝐾 

is 𝛼𝛿-closed in (𝐻, 𝜏\𝐻) and hence 𝑗 ∘ 𝑟H,K f  is 𝛼𝛿-irresolute. By (𝑏) 𝑟H,K f  is 𝛼𝛿-irresolute.  

 

Next we show that 𝑟H,K(f)
−1: (𝐾,𝜎\𝐾) → (𝐻, 𝜏\𝐻) is 𝛼𝛿-irresolute. Since (𝑟H,K(f))−1 =

𝑟H,K(f−1) and since 𝑓−1 is 𝛼𝛿-irresolute, then using the first argument above for 𝑓−1 we have 

(𝑟H,K(f))−1 is 𝛼𝛿-irresolute. Therefore 𝑟H,K(f) is a 𝛼𝛿#𝔥𝔪𝔰. By using Theorem 3.3, for a 𝛼𝛿-clopen 

subset 𝐻 of (𝑋, 𝜏), we have a homomorphism called restriction (𝑟𝐻)#:𝛼𝛿#𝔥𝔪𝔰(𝑋, 𝐻; 𝜏) →
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𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝜏\𝐻) as follows:  𝑟𝐻 
# 𝑓 = 𝑟H,K(f) for any 𝑓 ∈ 𝛼𝛿#𝔥𝔪𝔰 𝑋, 𝐻; 𝜏 . To prove that (𝑟𝐻)# 

is onto we prepare the following: 

 

Lemma 3.4. (PASTING LEMMA FOR 𝜶𝜹-IRRESOLUTE FUNCTIONS) 

 

Let (𝑋, 𝜏) be a topological space such that 𝑋 = 𝐴 ∪ 𝐵 where 𝐴 and 𝐵 are 𝛼𝛿-clopen subsets. 

Let 𝑓 ∶  (𝐴, 𝜏\𝐴) → (𝑌, 𝜎) and 𝑔 ∶  (𝐵, 𝜏\𝐵) → (𝑌, 𝜎) be 𝛼𝛿-irresolute functions such that 

𝑓(𝑥) = 𝑔(𝑥) for every 𝑋 ∈ 𝐴 ∩ 𝐵. Then the combination 𝑓 ∇𝑔(𝑥)  =  𝑓(𝑥) for any 𝑥 ∈ 𝐴 and 

𝑓 ∇𝑔(𝑦)  =  𝑔(𝑦) for any 𝑦 ∈ 𝐵. 

 

Proof. Let 𝐹 be 𝛼𝛿-closed set of (𝑌, 𝜎). Then   𝑓∇𝑔 −1 𝐹 = 𝑓−1 𝐹 ⋃𝑔−1(𝐹), 𝑓−1 𝐹 ∈
𝛼𝛿𝐶(𝑋, 𝜏) by using Lemma. It follows from Theorem 3.17 [2] that 𝑓−1 𝐹 ⋃𝑔−1(𝐹) is 𝛼𝛿-closed in 

(𝑋, 𝜏). Therefore  𝑓∇𝑔 −1 𝐹  is 𝛼𝛿-closed in (𝑋, 𝜏) and hence 𝑓∇𝑔 is 𝛼𝛿-irresolute. 

 

Theorem 3.5. If 𝐻 is a 𝛼𝛿-clopen subset of (𝑋, 𝜏), then (𝑟𝐻)#:𝛼𝛿#𝔥𝔪𝔰(𝑋, 𝐻; 𝜏) → 𝛼𝛿#𝔥𝔪𝔰(𝐻,
𝜏\𝐻) is an onto homomorphism. 

 

Proof. Let 𝑘 ∈ 𝛼𝛿#𝔥𝔪𝔰 𝐻, 𝜏\𝐻  . By Theorem 3.3,  𝐽1 ∘ 𝑘:  𝐻, 𝜏\𝐻 → (𝑋, 𝜏) is 𝛼𝛿-irresolute, 

where 𝐽1:  𝐻, 𝜏\𝐻 → (𝑋, 𝜏) is an inclusion. Similarly it is shown that 𝐽2 ∘ 𝑙𝑋\𝐻:  𝑋\𝐻, 𝜏(𝑋\𝐻) →

(𝑋, 𝜏) is 𝛼𝛿-irresolute, where 𝐽2:  𝑋\𝐻, 𝜏(𝑋\𝐻) → (𝑋, 𝜏) is an inclusion.  

 

By using Lemma 3.4, the combination  𝐽1 ∘ 𝑘 ∇ 𝐽2 ∘ 𝑙𝑋\𝐻 : (𝑋, 𝜏) → (𝑋, 𝜏), say 𝑘1 is 𝛼𝛿-

irresolute. It is easily shown that 𝑘1(𝑥)  =  𝑘(𝑥) for any 𝑥 ∈ 𝐻 and 𝑘1 is bijective and 𝑘1
−1 =

 𝐽1 ∘ 𝑘−1 ∇ 𝐽2 ∘ 𝑙𝑋\𝐻 : (𝑋, 𝜏) →  𝑋, 𝜏  is also 𝛼𝛿-irresolute. Therefore 𝑘1: (𝑋, 𝜏) →  𝑋, 𝜏  is the 

required 𝛼𝛿#𝔥𝔪𝔰 and  𝑟𝐻 
# 𝑘1 = 𝑘 holds and hence  𝑟𝐻 

# is onto. We define an equivalence 

relation 𝑅 on 𝛼𝛿#𝔥𝔪𝔰(𝑋, 𝐻; 𝜏) as follows:  

 

𝑓𝑅 if and only if 𝑓(𝑥)  =  (𝑥) for any 𝑥 ∈ 𝐻. Let [𝑓] be the equivalence class of 𝑓. Let 

𝐻 =   𝑓  𝑓 ∈ 𝛼𝛿#𝔥𝔪𝔰 𝑋, 𝐻; 𝜏 𝑎𝑛𝑑 𝑓 𝑥 =  𝑥 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ 𝐻 . Then, 𝐻 =  𝑘𝑒𝑟 𝑟𝐻 
# and this is 

normal subgroup of 𝛼𝛿#𝔥𝔪𝔰 𝑋, 𝐻; 𝜏 . The factor group of 𝛼𝛿#𝔥𝔪𝔰 𝑋, 𝐻; 𝜏  by 𝐻 is 𝛼𝛿#𝔥𝔪𝔰 𝑋,
𝐻; 𝜏 \𝐻 = {𝑓𝐻|𝑓 ∈ 𝛼𝛿#𝔥𝔪𝔰 𝑋, 𝐻; 𝜏 }, where 𝑓𝐻 = {𝜇(𝑓,𝑘)| 𝑘 ∈ 𝐻}  =  [𝑓]. 

 

 Since (𝑟𝐻)# is onto by Theorem 3.5, then the relation between the groups 𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝐻; 𝜏) 

is investigated as follows: 

 

Theorem 3.6. If 𝐻 is 𝛼𝛿-clopen subset of (𝑋, 𝜏), then 𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝜏\𝐻) is isomorphic to the factor 

group 𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝐻; 𝜏)\𝐻. 

 

Proof. By Theorem, (𝑟𝐻)#:𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝐻; 𝜏) → 𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝜏\𝐻) is an onto homomorphism. Thus, 

we have the required isomorphism, 𝛼𝛿𝒞(𝐻, 𝜏\𝐻) ≅ 𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝐻; 𝜏)\𝐻. 

 

Theorem 3.7. If 𝛼: (𝑋, 𝜏) → (𝑌,𝜎) is a 𝛼𝛿#𝔥𝔪𝔰 such that 𝛼(𝐻) = 𝐾, then there is an isomorphism, 

𝛼#:𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝐻; 𝜏) → 𝛼𝛿#𝔥𝔪𝔰(𝐻, 𝐻; 𝜏). 

 

Proof. The isomorphism 𝛼# is defined by 𝛼# 𝑓 = 𝛼 ∘ 𝑓 ∘ 𝛼−1. Let (𝑋\𝑅, 𝜏\𝑅) be the quotient 

topological space of (𝑋, 𝜏) by an equivalence relation 𝑅 on 𝑋 and let  𝜋: (𝑋, 𝜏) → (𝑋\𝑅, 𝜏\𝑅) be the 

canonical projection. 

 

Definition 3.8. [2] A space (𝑋, 𝜏) is called 𝛼𝛿-connected if 𝑋 cannot be expressed as the disjoint 

union of two non-empty 𝛼𝛿-closed sets. 

 

Definition 3.9. A function 𝑓: (𝑋, 𝜏) → (𝑌,𝜎) is called 𝛼𝛿-closed if 𝑓(𝐹) is 𝛼𝛿-closed in (𝑌,𝜎) for 

every closed set 𝐹 of (𝑋, 𝜏). 
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Definition 3.10. A space (𝑋, 𝜏) is called 𝑇′𝛼𝛿-space if every 𝛼𝛿-closed set is closed. 

 

Theorem 3.11. Let 𝐹 be a subset of (𝑋\𝑅, 𝜏\𝑅). If 𝜋: (𝑋, 𝜏) → (𝑋\𝑅, 𝜏\𝑅) is 𝛼𝛿-closed function 

and 𝜋−1 𝐹  is 𝛼𝛿-closed in (𝑋, 𝜏), then 𝐹 is 𝛼𝛿-closed, where (𝑋, 𝜏) is a 𝑇′𝛼𝛿- space. 

 

Proof. Let 𝜋−1 𝐹  is 𝛼𝛿-closed in (𝑋, 𝜏). Then 𝜋−1 𝐹  is closed in (𝑋, 𝜏), since (𝑋, 𝜏) is 𝑇′𝛼𝛿-space. 

Then 𝜋 𝜋−1 𝐹  = 𝐹 is 𝛼𝛿-closed in (𝑋\𝑅, 𝜏\𝑅), since 𝜋 is a 𝛼𝛿-closed map. 

 

Theorem 3.12. If 𝜋: (𝑋, 𝜏) → (𝑋\𝑅, 𝜏\𝑅) is 𝛼𝛿-continuous and the subset 𝐹 is 𝛼𝛿-closed (𝑋\𝑅,
𝜏\𝑅), then 𝜋−1(𝐹) is 𝛼𝛿-closed in (𝑋, 𝜏). 

 

Proof. Let 𝐹 be a closed set in (𝑋\𝑅, 𝜏\𝑅). Then 𝐹 is 𝛼𝛿-closed in (𝑋\𝑅, 𝜏\𝑅). Since 𝜋 is 𝛼𝛿-

continuous, Then 𝜋−1(𝐹) is 𝛼𝛿-closed in (𝑋, 𝜏). 

 

Theorem 3.13. If the bijective map 𝜋:  𝑋, 𝜏 →  𝑋\𝑅, 𝜏\𝑅  is 𝛼𝛿-continuous and (𝑋, 𝜏) is 𝛼𝛿-

connected, then  𝑋\𝑅, 𝜏\𝑅  is 𝛼𝛿-connected. 

 

Proof.  Suppose that (𝑋\𝑅, 𝜏\𝑅) is not 𝛼𝛿-connected. Therefore 𝑋\𝑅 =  𝐴⋃𝐵, where 𝐴 and 𝐵 are 

𝛼𝛿-closed set. Then 𝜋−1(𝐴)and 𝜋−1(𝐵) are 𝛼𝛿-closed in (𝑋, 𝜏) such that 𝑋 = 𝜋−1 𝐴 ⋃𝜋−1 𝐵 . 
Therefore (𝑋, 𝜏) is not 𝛼𝛿-connected. It is a contradiction. Therefore (𝑋\𝑅, 𝜏\𝑅) is 𝛼𝛿-connected. 
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