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Abstract: 

Publication of the seminal paper [1] entitled “Controlling chaos” by Ott, Grebogi and Yorke in 

1990, has created powerful insight in the development of techniques for the control of chaotic 

phenomena in dynamical systems. Although there are many methods available [55] how to 

control chaos on different models, but we take the advantage of the periodic proportional pulses 

technique [7]. Our paper aim to demonstrate the periodic proportional pulses technique to 

stabilize unstable periodic orbits embedded in the chaotic attractor of our nonlinear discrete 

model:   

532
1 2 nnnn xmxxmx                            

where ]34.1 ,0[x  and ]82.0 ,71.0[m , a control parameter and  obtain  some illuminating 

results.  
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1. Introduction 

      In chaos theory, control of chaos is based on the fact that any chaotic attractor contains an 

infinite number of unstable periodic orbits. Chaotic dynamics then consists of a motion where 

the system state moves in the neighborhood of one of these orbits for a while, then falls close to a 

different unstable periodic orbit where it remains for a limited time, and so forth. This results in a 

complicated and unpredictable wandering over longer periods of time.  

      Control of chaos is the stabilization, by means of small system perturbations, of one of these 

unstable periodic orbits. The result is to render an otherwise chaotic motion more stable and 

predictable, which is often an advantage. The perturbation must be tiny, to avoid significant 

modification of the system's natural dynamics.  
      It is known that the frame of a chaotic attractor is given by infinitely many unstable periodic 

orbits, which coexist with the strange attractor and play an important role in the system 

dynamics. The task is to use the unstable periodic orbits to control chaos. The idea of controlling 

chaos consists of stabilizing some of these unstable orbits, thus leading to regular and predictable 
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behavior.   However, in many practical situations one does not have access to system equations  

and must deal directly with experimental data in the form of a time series [3, 9].  

      In this paper we demonstrate the periodic proportional pulses technique to control unstable 

periodic orbits in strange attractor by considering the one-dimensional nonlinear chaotic model: 

                                     532
1 2)( nnnnmn xmxxmxCx                                            (1.1) 

where ]34.1 ,0[x  , a defining variable and ]82.0 ,71.0[m   , a control parameter.  

      We now highlight some useful concepts which are absolutely useful for our purpose. 

 

1.1 Discrete dynamical systems   

Any )1( kC k
 map n:UE  on the open set nU R   defines an n-dimensional discrete-

time (autonomous) smooth dynamical system by the state equation  

                                                    ,.....3,2,1 ),x(x 1 tE tt                                                     

where n
tx  is the state of the system at time t  and E  maps tx  to the next state 1x t . 

Starting with an initial data 0x , repeated applications (iterates) of E  generate a discrete set of 

points (the orbits) ,.....}3,2,1,0:)x({ 0 tE t
, where   



 times

)x(...)x(

t

t EEEE

 

[6].      

1.2 Definition: A point
n*x is called a fixed point of E  if ,x)x( **mE  for all m . 

1.3 Definition: A point
n*x is called a periodic point of E  if ,x)x( **qE  for some integer

1q . 

1.4 Definition: The closed set
n

A is called the attractor of system (1.2) if (i) there exists an 

open set AA0 such that all trajectories tx of system (1.1) or )(x t of system (1.2) beginning in

0A are definite for all 0t and tend to A for t ,that is, 0),xdist( At or 0)),(xdist( At for

,t if 00 )0(xor  x A ,where  

yxinf),xdist( y AA  

is the distance from the point x  to the set ,A  and (ii) no eigensubset of A  has this property.  

1.5 Definition: A system is called chaotic if it has at least one chaotic attractor.  

1.6 Theorem: suppose the map )(xE  has a fixed point at .*x Then the fixed point is stable if 

1)( *xE
dx

d
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and unstable if 

1)( *xE
dx

d

 
 

      Armed with all these ideas and concepts, we now proceed to concentrate to our main aim and 

objectives 

 

2.  Control of Chaos by periodic proportional pulses    

      In N. P. Chua’s paper [7] it is shown that periodic proportional pulses,  

                        ii xx (i is a multiple of q, where is a constant),                    (1.2)
 

applied once every q iterations to chaotic dynamics, 

                         ),(1 nn xx                                                                                    (1.3)                                                                                                        

may stabilize the dynamics at a periodic orbit. We note that a fixed point of (1.3) is any solution 

*x  of the equation  

                                                      )( ** xx                                                                  (1.4) 

 

and the fixed point is locally stable if   

                                                      

.1
)(

*xxdx

xd

                                                          (1.5) 

 

       The composite function )(xg  is given by  

                                                   
).()( xxg q                                                              (1.6) 

where the dynamics is kicked by multiplying its value by the factor , once every q iterations. 

As above a fixed point of )(xg  is any solution 
*x  of 

                                                         

**)( xxq                                                           (1.7) 

 and this fixed point is locally stable if 

                                                        
1

)( *

dx

xd q

                                                         (1.8)                
 

      We note that a stable fixed point of g  can be viewed as a stable periodic point of period q of 

the original dynamics , kicked by the control procedure. Now the dynamics 
 
is chaotic and 

wanted to control it so as to obtain stable periodic orbits of period q, by kicking once every q 

iterations, following equation (1.1).   

      To find a suitable point 
*x  and a factor  satisfying (1.7) and (1.8), the function )(xHq  is 

defined as   
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dx

xd

x

x
xHq

q

q

)(

)(
)(                                                  (1.9) 

Substituting from (1.7), equation (1.8) becomes 

                                                           .1)( *xHq                                                         (1.10) 

Interestingly, if a point *x  satisfies the inequalities (1.10), then with the kicking factor  

defined by equation (1.6), the control procedure will stabilize the dynamics at a periodic orbit of 

period q, passing through the given point. It is important to note that, if the the impulse  is too 

strong, it may kick the dynamics out of the basin of attraction, and in that case, the orbit may 

escape to infinity. In performing pulse control, one must have this precaution in mind.  

 

3. Periodic proportional pulses on our model 

Controlling chaos by periodic proportional pulses for stabilizing unstable periodic orbits 

embedded in a chaotic attractor can be well demonstrated by considering the nonlinear one-

dimensional 5th degree chaotic model (1.1), that is, 

532
1 2 nnnn xmxxmx  

with the control parameter value 815.0m . Our model develops chaos via the period-doubling 

bifurcation route.  

Period-doubling cascade for our model (1.1): 

Periods One of the  periodic points Bifurcation Points.  

1 x1 =1.089972242373… m1 = 0.767178057711… 

2 x2 =1.191337056772… m2 =0.786658842890… 

4 x3 =1.045288314133… m3 =0.791113613628… 

8 x4 =1.028375916681… m4 =0.792077950474… 

16 x5 =1.035431857429… m5 =0.792285006780… 

32 x6 =1.038231474079… m6 =0.792329374414… 

64 x7 =1.038805426726… m7 =0.792338877675… 

128 x8 =1.033471877356… m8 =0.792340913030… 

256 x9 =1.038030653420… m9 =0.792341348943… 

… …          …          …  …          …          …  

 

The period-doubling cascade accumulates at the accumulation point 0.79234146774….., after 

which chaos arise. For the parameter 815.0m  value our system is chaotic. The time series 

graph in the following figure (1.1) shows the chaotic behavior of our system:  
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         Fig. 1.1 Time series graph for parameter 0.815m  and initial point 1.0x0  

 

For 1q  and 815.0m  the control curve )(1 xH  is drawn in figure 1.2. The range is restricted 

to 1  ,1)(1 * qxHq  and in this interval we can stabilize orbits of period one (fixed points 

of period-one) at every point 
*x  in the range about (0.902774, 1). This range is obtained by 

solving the equations 1  ,1)( qxHq  and 1  ,1)( qxHq  using simple MATHEMATICA 

programs given in Table 1.1: 

Table 1.1 

 

m=0.815; 

q=1; 

cm[x_]=(m)2 x+2(m) x3-x5; 

g=Nest[cm ,x, q]; 

d=D[g, x];  (Derivative of g w.r.t x)     

Hq=x/g*d; 

NSolve[Hq == 1, x] 

 

This implies solutions as 902774.0x  

 

m=0.815; 

q=1; 

cm[x_]=(m)2 x+2(m) x3-x5; 

g=Nest[cm, x, q]; 

d=D[g, x];  (Derivative of g w.r.t x)     

Hq=x/g*d; 

NSolve[Hq == -1, x] 

 

This implies solutions as 12343.1x  
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         Fig. 1.2 Control curve for parameter 0.815m  

Taking 99.0*x   in the above stated range, the value of the kicking factor 768526.0  is 

calculated and the control procedure stabilizes the dynamics at a periodic orbit of period-one, 

passing through the given point as shown in the figure 1.3. 
 

 

         Fig. 1.3 Time series graph for parameter 0.815m  and initial point 1.0x0  
Again for 2q  and 815.0m  the control curve )(2 xH  is drawn in figures 1.4. Here also the 

range is restricted to 2  ,1)(1 * qxHq  and the figure 1.5 shows that we can stabilize orbits 

of period-two at point 
*x only in the range (0.756795, 0.844063) of 

*x  values. This range is 
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found from the same program in the Table 8.1 taking q = 2. For this purpose the kicking factor is 

found as 611869.0 , taking the given point as .8.0*x   

 
        Fig. 1.4 Control curves for parameter 0.815m  

 

 
         Fig. 1.5 Time series graph for parameter 0.815m  and initial point 1.0x0  

Similarly for 4,3q  and  815.0m  the control curves )(3 xH , )(4 xH  are drawn in figures 1.6 

and 1.7.  

0.0 0.2 0.4 0.6 0.8 1.0 1.2
 1.0

 0.5

0.0

0.5

1.0

x

H
2
x


Parameter value 0.815

0 20 40 60 80 100 120

0.6

0.8

1.0

1.2

1.4

Number of iterations

It
e
ra

te
d

v
a
lu

e
s

Parameter m 0.815, Initial point 1.0, Value of 0.611869...



International journal of advanced scientific and technical research                               Issue 2 volume 5,October 2012          

Available online on   http://www.rspublication.com/ijst/index.html                                                     ISSN 2249-9954 

 Page 89 
 

 
Fig. 1.6 Control curves for parameter 0.815m

 

 
         Fig. 8.7 Control curves for parameter 0.815m

 

These figures indicate that there are 3 and 7 acceptable narrow ranges of 
*x  values of periods 3 

and 4 respectively. We note that the control ranges are getting smaller and smaller as the 

periodicity increase. For 3q  in the interval (-1, 1) we can stabilize orbits of period-three at 

points 
*x  in the ranges about (0.656967, 0.686838), (0.801731, 0.809704) and (0.916807, 

0.931257). With the kicking factor is found as 701273.0 , the control procedure stabilizes the 

dynamics at periodic orbits of period-3, as shown in the figure 1.8. 
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         Fig. 1.8 Time series graph for parameter 0.815m  and initial point 1.0x0  

4. Conclusion 

    By the above technique, we can conclude that an irregular orbit of any period can be 

controlled. But in practice, chaos control always deals with periodic orbits of low periods, say

5,4,3,2,1q . There are other powerful methods for controlling chaos. The three historically 

earliest and most actively developing directions of research such as (i) the open-loop control 

based on periodic system excitation, (ii) the method of Poincare map linearization (OGY 

method), and (iii) the method of time delayed feedback (Pyragas method) are worth mentioning. 

The basic results obtained within the frame work of the traditional linear, nonlinear and adaptive 

control, as well as the neural network systems and fuzzy systems are also very important in this 

field of research. 
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