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Abstract 
 

            The performance of task manipulation by the tool or the end effector of robotic manipulator needs the 

solution of the problem of trajectory or path plan, with the use of mathematical models of forward kinematics 

formulation gives the description of tool position and orientation within the work envelope. The manipulator hand 

moves through a series of position and orientation starting from a initial location to a final location generating in its 

path as a well defined space curve. The issue of trajectory generation is only applicable to robots with continuous 

path control. It does not arise if the robot simply reproduces a straight line path in 3-dimensional space between two 

points which have been programmed the way of generating a path in this case is to use a linear interpolation to 

create a string of closely spaced points along the desired straight line. A more difficult but related task, which is 

particularly useful for welding circular seems such as the joint between the end of a pipe and a flange, is to draw a 

circle. So we focused on the work related to circular trajectory for a welding application. In this connection, we 
simulated the desired trajectories for a 2 degree freedom planer manipulator by using Cartesian space oriented 

approach. However, Cartesian space-oriented approaches are more computationally expensive to execute .since at 

run time; inverse kinematics must be solved at the path update rate. That is, after the path is generated in Cartesian 

space, as a last step the inverse kinematics calculation (Geometric approach) is performed to calculate desired joint 

angles. 

 

Key words: Forward kinematics-trajectory generation-Cartesian space approach-inverse kinematics-geometric 

approach-  Simulation. 
 
1. Introduction 
 
   The trajectory or path refers to a time history of position, velocity and acceleration of all possible movements of 
the manipulator. The internal functions and the computing systems represents the path or trajectory generation. The 
manipulator hand moves through a series of position and orientation starting from an initial location to a final 
location generation in its path as a well defined space curve. So far, trajectories have been discussed mainly in terms 
of the path of the end effectors in three dimensional spaces, but as remarked earlier a trajectory includes the 
orientation of the payload as well, and one of the important aspects of trajectory calculation is keeping the payload 
in the correct attitude while it translates in space. A common requirement is to keep the orientation constant. The 
issue of trajectory generation is only applicable to robots with continuous path control. It does not arise if the robot 
simply reproduces a straight line path in 3-dimensional space between two points which have been programmed the 
way of generating a path in this case is to use a linear interpolation to create a string of closely spaced points along 
the desired straight line. A more difficult but related task, which is particularly useful for welding circular seems 
such as the joint between the end of a pipe and a flange, is to draw a circle. The circle may be specified by giving 
three or four points on its periphery by leading through, from which the rest of  the circle can be calculated or if 
specified by  off line programming ,its centre radius and orientation in space will be given, and in either case a set of 
closely space points along its circumference can be calculated. 
 

 

2. Robot arm kinematics 

 

   Robot arm kinematics deals with the analytical study of the motion of a robot arm with respect to 

a fixed reference coordinate system as a function of time. the mechanical manipulator can be modeled as an open 
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loop articulated chain with several digit links connected in series by either revolute or prismatic joints driven by the 

actuators. 

   For a manipulator, if the position and orientation of the end effector are derived from the given 

joint angles and link parameters, the scheme is called the forward kinematics problem. If on the other end the joint 

angles and the different configuration of the manipulator are derived from the position and orientation of the end 

effector, the scheme is called as inverse kinematics problem. 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Figure 1 Illustrate scheme of forward and inverse  kinematics parameter 

 
3. Inverse kinematics of the 2-degree of freedom arm: 
 

 

Figure 2 Two link planar manipulator 

 
In many cases it is more important to be able to deliver the joint angles given the end of arm positions in 

world space. the typical situation is where the robots controller must commutate joint angles required to move its 

end of arm to a point in space defined by the points coordinates.For the two link manipulator we have developed, 

there are two possible configuration for reaching the point(X,Y) ie.Elbow up position,Elbow down position.Some 

strategy must be developed to select the appropriate configuration ,For our case study,We assumed that the 2 is 
positive as shown in fig. 

 

Using the trigonometric identities 

Cos (A+B) =cosAcosB-sinAsinB 

Sin (A+B) =sinAcosB+sinBcosA 
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From forward kinematics solution, the coordinates x and y of the end of the arm(point pw)in world 

space, 

X=L1cos1+L2cos (1+2)    Eq. (1) 

Y=L1sin1+L2sin (1+2)    Eq. (2) 

X=L1cos1+L2cos1cos2-L2sin1sin2 

Y=L1sin1+L2sin1cos2+L2cos1sin2 

Squaring on both sides and adding the two equations yields, 

X2= L1
2cos21+L2 

2cos2 (1+2) +2L 1L 2cos1cos (1+2) 

Y2= L1
2sin21+L2

2sin2 (1+2) +2L 1L 2 sin 1sin ( 1+ 2)  

X2+Y2=L1
2(sin2+ cos2)+L2

2(sin2(1+2)+cos2(1+2))+2L1L 2(cos1cos(1+2)+ sin .sin( 1+ 

2)) 

X2+Y2= L1
2+ L2

2+2L 1L 2 (cos(1 –(1 +2 ))) 

X2+Y2= L1
2+ L2

2+2L 1L 2 (cos-2) 

X2+Y2= L1
2+ L2

2+2L 1L 2 (cos2) 

cos2 = (X2+Y2 –L1
2 

 – L2
2)/ 2L 1L 2 

2 = cos -1((X2+Y2 –L1
2

 – L2
2)/ 2L 1L 2)       

From fig tanα = L2sin2/L2cos2+L1 

 
By deriving the above equation we get  

tan1= ((Y(L1+(L2*cos(2)))-(X*L2*sin(2)))/((X*(L1+(L2*cos(2))))+(Y*L2*sin(2)))))/p 

1= tan-1((y*(L1+ (L2*cos(2)))-(X*L2*sin(2)))/((X*(L1+(L2*cos(2)))+(Y*L2*sin(2)))))/p 

                   

Knowing the link lengths L1 and L2
 we are now able to calculate the required joint lengths to place the arm at a 

position (X,Y) in world space 

 

4. Planning of manipulator trajectories: 

 

 

 

 

 

                                           

 

Figure 3 Block diagram for trajectory planner 

 Trajectory planning can be conducted either in the joint variable space or in the Cartesian space. For joint-

variable space planning, the time history of all joint variables and their first two time derivatives are planned to 

describe the desired motion of the manipulator. For Cartesian space planning, the time history  of the manipulator 

hand’s position, velocity and acceleration are planned and the corresponding joint positions, velocities and 

accelerations are derived from the hand information.A systematic approach to the trajectory planning problem is to 

view the trajectory planner block diagram as shown in Fig(5.1.1) above. The trajectory planner accepts input 
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variables which indicate the constrains of the path and outputs a sequence of time-based intermediate configuration 

of the manipulator hand(position and orientation, velocity and acceleration) expressed either in joint or Cartesian 

coordinates, from the initial location to the final location. 

  

Two common approaches used to plan manipulator trajectories. 

1. Joint space approach 
2. Cartesian space approach 

 

 The first approach requires the user to explicitly specify a set of constraints(e.g:continuity and smoothness) on 

position, velocity and acceleration of the manipulators generalized coordinates at selected locations(called knot 

point of interpolation points)along the trajectory .The trajectory planner then selects a parameterized trajectory from 

a class  of functions. In the second approach the user explicitly specifies the path that the manipulator must traverse 

by an analytical function, such as a straight-line path in Cartesian coordinates, and the trajectory planner determines 

a desired trajectory either in joint coordinates or Cartesian coordinates that approximates the desired path. In the first 

approach, the constraint specification and the planning of the manipulator trajectory are performed in joint 

coordinates. Since no constraints are imposed on the manipulator hand, it is difficult for the user to trace the path 

that the manipulator hand traverses. Hence the manipulator hand may hit obstacles with no prior warning. In the 

second approach, the path constraints specified in Cartesian coordinates and the joint actuators are served in joint 
coordinates. Hence, to find a trajectory that approximates the desired path closely, one must convert the Cartesian 

path constraints to joint path constraints by some functional approximations and then find a parameterized trajectory 

that satisfies the joint path constraints. 
 

5. Cartesian space-oriented approach 

  The Cartesian space – oriented approach has the advantage of being a straight forward concept, 

and a certain degree of accuracy is assured along the desired straight line path. However, since all the available 

control algorithms are invariably based on joint coordinates because, at this time there are no sensors capable of 

measuring the manipulator hand in Cartesian coordinates; Cartesian path planning requires transformations between 

the Cartesian and joint coordinates in real time. 
 

6. Flow chart for Cartesian space  
                                                                                                                

 

 

 

 

 

 

 

 
 

 

 

 

 

    

 

                                                                              

 

 

 
 

 

 

                                                                 

 

Figure 4  Flow chart for Cartesian space approach 
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7. Case study and program simulation: 

 

In this work, we had considered a 2-link planar robotic manipulator, for that we simulated the desired circular end 

point trajectory by giving joint variables. Here, we obtained the forward kinematic equation by using DH parametric 

table and by using geometric approach method. We found the inverse solution. Simulation of trajectory is done by 

using graphics in ‘C’ language. later we discussed the results. Assumed given data 

 

L1= 90 mm   

L2=80mm 

 r=35mm 

 θ10=5.03253 

 θ20=110.63836 

 X=55.00000 

Y=80.0000 

Xd=Xo=55.00000 

Yd=Yo=80.0000 

X=90 - rcos2𝜋t 

 Y=80 rsin2 𝜋t 

 t=1sec 

t=1/48=0.0208333 sec 

 Radius r = 35 mm 

 

Consider a point P on end effector of the manipulator moving around the circumference of a circle of radius r with 

an angular velocity ωo rad/sec. The point starts from the point A and moves anti-clockwise. 

 

Let P be the position of the particle after a time ’t’ and ‘’ be the corresponding angle swept out by the radius vector 
OA. 

 

Therefore,    = ωot Let p1 be the projection of the particle p on the x-axis. The x-axis being chosen to lie along the 
diameter A1OA of the circle. As the point P moves along the circumference of the circle its projection P1 oscillates 

along the diameter A1OA. 

 
Figure 5    Showing the end effector position which results in a circular trajectory. 
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The displacement X of the point P1, at any time‘t’ from the mean position ‘O’ on the X-axis is given by  

               

  X = op1 = rcosθ,  

                 X = r cos ωo t, 

Similarly  

  Y =   r sin ωo t,    

                          ωo = 2 π/ t 

Assume time period is 0 to 1 sec 

 Then    

    ωo = 2 π 

Therefore,    

    X = r cos 2 π t  

    Y = r sin 2 π t 

But we define this point P(X,Y) with respect to base frame i.e, at a distance of (90,80) from that point which lies on 

end effector. 

Therefore, 

    X= 90 + r cos 2 π t    

    Y= 80 + r sin 2 π t 

If x and y are measured along negative direction of the axis then         

   X= - r cos 2 π t+90     

   Y= - r sin 2 π t + 80 

 

8. Results and discussions 
 

In this paper, we had considered a 2-link planar robotic manipulator, for that we simulated the desired circular end 

point trajectory by giving joint variables. Here, we obtained the forward kinematic equation by using DH parametric 

table and by using geometric approach method. We found the inverse solution. 

Simulation of trajectory is done by using graphics in ‘C’ language and obtained the results as shown in table 1 and 

figure  

 

Table 1 Simulation Results 

S.NO t X Y 1 2 

0 0.0000 55.00000 80.0000 5.03253 110.6383 

1 0.020833 55.29941 75.43167 2.114003 113.5459 

2 0.041666 56.19254 70.94152 -0.999837 115.9898 

4 0.08333 59.68891 62.50033 -7.56676 119.2287 

8 0.166666 72.49933 49.68949 -19.00845 118.0674 

12 0.25 89.99804 45.0000 -22.67665 107.6902 
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16 0.33333 107.4986 49.68834 -17.65911 91.89263 

20 0.416666 120.3099 62.49834 -7.17759 74.36819 

24 0.5 125.0000 79.99771 5.256818 58.49816 

28 0.58333 120.3122 97.49767 16.13861 48.82375 

32 0.666666 107.5036 110.3093 22.23489 50.16273 

36 0.75 90.00348 115.0000 23.11206 61.70690 

40 0.83333 72.50337 110.3128 20.28733 78.27919 

44 0.916666 59.69125 97.50371 14.39420 95.70110 

47 0.979166 55.30003 84.57296 7.72824 107.3319 

48 1 55.0000 80.0000 5.03253 110.6383 

 

9. Simulation of the Path:                                                                                                                                                  

                     

 
 

Figure 6     ∆t = 1/8 sec 
 

 
        Figure 8    ∆t = 1/16 sec 

 
              

Figure 7         ∆t = 1/32 sec 

 

 
       Figure 9           ∆t = 1/48 sec 
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10. Conclusions 

 
Homogeneous transformation matrix approach gives the best results while planning of Cartesian space-oriented 

trajectories. But here, we implemented geometric approach for inverse kinematics. some of the solutions are fall 

under singularities, to avoid these singularities optimization techniques must be needed by increasing the 

manipulability measure maximum for the end effector.For this we described low-degree polynomial function for 

generating (circular trajectory) joint interpolated trajectory set points for the control of a manipulator. For a more 

sophisticated robot system, programming languages are developed for controlling a manipulator to accomplish a 

task. In such systems, a task is usually specified as sequences of Cartesian knot points through which the 

manipulator hand or end effector must pass. Thus in describing the motions of the manipulator in a task, we are 

more concerned with the formalism of describing the target positions of which the manipulator hand has to move as 

well as the space curve(or path) that it traverses. 

 

Nomenclature 
P(X,Y)   position of the end effector with respect to base  frame 

θi angle between the links 

L1            length of the first link 

L2            length of the second link 

r              radius 

ωo           angular velocity 

t              time 

∆t                  time increment 

H (t) where the manipulator hand should be at time t; 

Q [H(t)]  joint solution corresponding to H(t); 
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