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Abstract 

 

 This paper deals about direct sum, generate and external directs sums of commutative 

semiring S, sum theorems based on direct sums and external direct sums  
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Introduction: 

Definition: 

 A semiring (S, +,.) is a nonempty set S on which we have defined operations of 

additional and multiplication satisfying the following conditions: 

(1) (S, +) is a commulative monoid with indentity conditions  0; 

(2) (S, .) is a monoid with  identity element 1 ≠ 0; 

(3)  a b c ab ac    and  a b c ac bc    for all , , ;a b c S  

(4) 0 0 0a a   for all a S  

The semiring S is commutative if the monoid  ,.S  is commutative.  

 We shall consider only semirings that are Commutative. As is usual, we shall write 

such semirings additively. Then 0 denotes the identity element of the semiring, y  denotes 

the inverse of y   and ny  denotes then n-fold sum ....... .y y   
 

Definition of generate of S:  

 Suppose S commutative semiring, and  
J

S 
 is an indexed family of sub semirings 

of S. We say that the groups S  generate S is every element  y of S can be written as a finite 

sum of elements of the semirings S . Since S is commutative, we can always rearrange such 

a sum to group together terms that belong to a single S ; hence we can always write y in the 

form  

1
........

n
y y y      

Where the indicates i  are distinct. In this case, we often write y as the formal sum 

,Jy y   where it is understood that y =0 if   is not one of the indicates 1 ,….. n .  
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Definition of Sum of S:  

 If the semirings S  generate S, we often say that S is the sum of the semirings S ,  

writing JS S   in general or 1 ........ nS S S    in the case of the finite index set 

{1,…….n}.  

Definition of Direct Sum:  

 Now suppose that the semirings S  generate S, and that for each y S , the 

expression yy    for y is unique. That is, suppose that for each y S , there is only one  J- 

tuple  
J

y 
 with 0y   for all finitely many   such that .yy    Then S is said to be the 

direct sum of the semirings ,S  and we write  

,Sa
J

S S


   

 Or in the finite case, 1 ....... nS S S   .  

Example:1 

 The Cartesian product R  is an Commutative semirings under the operation of 

coordinate- wise addition. The set nS  consisting of those tuples  iy  such that 0iy   for 

i n  is a sub semirings isomorphic to R. The semirings nS  generate the sub semirings 

;R of R
 indeed, R  is their direct sum.  

A useful characterization of direct sum is given in the following theorem; we call it 

the extension condition for direct sums: 

Theorem:1  

 Let S be an Commutative semirings ; let  S  be a family of sub semirings of S. if S 

is the direct sum of the semirings
 
S , then S satisfies the following condition: 

1. Given any Commutative semirings T and any family of homomorphism : ,t S T    

there exists a homomorphism :t S T  whose restriction to S  equals t , for each .  

Further more, t is unique. Conversely, if the semirings S  generate S and the extension 

condition (1) holds, then S is the direct sum of the semirings
 
S .  

Proof:  
We show first that if S has the states extension property, then S is the direct sum of 

the S . Suppose ;y zy  
    we show that for any particular index  , we have y  = z

. Let T denote the semirings ;S  and let :t S T    be the trivial homomorphism for 

,   and the identity homomorphism for   . Let :t S T  be the hypothesized 

extension of the homomorphism .t  Then  

    ,t y t y y       

So that y z  .  

 Now we show that if S is the direct sum of the aS , then the extension condition holds. 

Given homomorphism at , we define  t y  as follows: If ,tt   set    t y t y   . 

Because this sum is finite, it makes sense; because the expression for y is unique, t is well – 

defined. One checks readily that h is the desired homomorphism. Uniqueness follows by 

nothing h must satisfy this equation if it is a homomorphism that equals t on S   for each  .  

This theorem  makes a number of results about direct sums quite easy to prove:  
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Corollary :1  

 Let  1 2.S S S   Suppose 1S  is the direct sum of sub semirings
 
T  for ,Z  and 2S  

is the direct sum of sub semirings
 
T  for ,K   where the index sets Z and K are disjoint. 

Then S is the direct sum of the sub semirings
 

,yT  for .Z K     

Proof:  

 If :t T T    and :t T T    are families of homormorphims, they extend to 

homormorphims 1 1:t S T  and 2 2:t S T  by the preceding lemma.  

Then 1t  and 2t  extend to homomorphism :t S T .  

This corollary implies, for example,  that  

   1 2 3 1 2 3 1 2 3S S S S S S S S S        .  

Corollary 2:  

If 1 2 ,S S S   then 2/S S  is isomorphic to 1S .  

Proof: Let 1T S , Let 1 1:t S T  be the identity homomorphism, and let 2 2:t S T  be the 

trivial homomorphim. Let :t S T  be their extension to S. Then t is surjective with kernel 

2S .  

In many situations, one is given a family of commutative semirings
 
 S  and one 

wishes to find a semirings
 
S that contains sub semirings

 
'S  isomorphic to the semirings

 
S , 

such that S is the direct sum of these sub semirings. This can in fact always be done; it leads 

to a notion called the external direct sum.  

 

Definition external direct sum of S:  

Let  
J

S 
 be an indexed family of Commutative semirings. Suppose that S is an 

Commutative semirings, and that :i S S    is a family of monomorphims, such that S is 

the direct sum of the semirings
 

 i S  . Then we say that S is the external direct sum of the 

semirings
 
S , relative to the monomorphims i .  

The semirings
 

S is not unique, of course; we show later  that is unique up to 

isomorphism. Here is one way of constructing S.  

 

Theorem 2:  

Given a family of Commutative semirings
 
  ,

J
S 

 there exists an Commutative 

semirings
 
S and a family of monomorphims :i S S    such that S is the direct sum of the 

semirings
 

 i S  .  

 

Proof:  

Consider first the Cartesian product.  

;
a J

S


   

It is an Commutative semirings
 
if we add two J – tuples by adding them coordinate –

wise. Let S denote the sub semirings
 
of the Cartesian product consisting of those tuples 

 a J
y


 such that 0y  , the identity element of S , for all but finitely many values of  . 

Given an index ,  define :i S S    by letting  i x  be the tuple that has y  as its  th 

coordinate and 0  as its  the coordinate for all   . It is immediate that i  is a 
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monomorphim. It is also immediate that since each element y  of G has only finitely many 

non zero coordinates, y  can be written uniquely as a finite sum of elements from the 

semirings
 

 .i S    
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