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ABSTRACT

In this paper we introduce new classes of sets (i,j) — ¥*, (i,j) — ¥ and (i, j) — P*- Closed Sets in
Bitopological Spaces. Properties of these sets are investigated and we introduce nine new spaces
namely, (i,j)-Tg-space, (i,j)- Tg+-space, (i,j) — Ty+-space, (i,j)- Ty -space, (i,j) — Tg*-space, (i,))-
Ty~ -space, (i,j)- oI'g~-space, (i,j)- ;Tg-space and (i,j)- « T —space.

Keywords: (i,j) —¥*, (i,j) — ¥ and (i, j) — P*- closed Sets, (1L.)-Tw, (iL))- Tg+ () — Ty, (ij)-
Ty, (i) = Ty, (b))~ To+", (i)~ oTg. (i0)- T and (i,j)-«T spaces.

1. INTRODUCTION

Atriple (X, Ty , T2) where X is a non empty set and t; and T, are topologies in X is called a
bitopological space and Levine[10] introduced the class of generalized closed sets, a super class of
closed sets in 1970.Purpose of this paper is to introduce the concept of (i, j) — W* closed sets, (i,j) —
W closed sets and (i, j) — P*- Closed Sets, (i,j)-Tg, (ij)- T, (i) — T+, (iL)-To', (L)) — Ty ,
(i.))- Ty, (i,j)- oI5 (i.J)- Ty and (i,j)- T spaces in bitopological spaces and investigate some

of their properties.
2. PRELIMINARIES
Definition 2.1: A subset A of a topological space (X,7) is called

1. asemiopen set [9] if Accl(int(A)) and a semi closed set if int(cl(A))SA

2. ageneralized closed set [10] (briefly g-closed) if cl(A) €U whenever ACU and U is open in
X,7).

3. ageneralized semi closed set[2]( briefly gs-closed) if scl(A) SUwhenever ACU and U is
open in (X,7).

4. aa—open set[13] if A cint(cl(int(A))) and a a-closed set if cl(int(cl(A))) €A

5. a generalized a closed set[12](briefly ga-closed) if acl(A) SUwhenever ACU and U is a-
open in (X,7).
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6. asemi generalized closed set[3](briefly sg-closed) if scl(A) €U whenever ACU and U is
semiopen in (X,7) .

7. A ageneralised closed set[11] (briefly ag-closed) if acl(A) € U whenever ACU and
U is open in (X,7).

8. ag -closed set[15] if cI(A) € U whenever ACU and U is g-open in (X,7).

9. a V- -closed set[16] if scl(A) < U whenever ACU and U is sg-open in (X,7).

10. a g’s-closed set[4] if scl(A) € U whenever ACU and U is gs-open in (X, ).

11. a Y*-closed set [17] if scl(A) € U whenever ACU and U is y-open in (X,7).

12. a P-closed set [17] if cl(A) € U whenever ACU and U is sg-open in (X,7).

13.a P closed set [17] if cl(A) € U whenever ACU and U is P-open in (X,7).

If A is a subset of X with topology t, then the closure of A is denoted by z-cl(A) or cl(A).
The interior of A is denoted by z-int (A) or int (A) and the complement of A in X is denoted
by A°

Definition 2.2: A subset A of a bitopological space (X,z; 7;) is called

(i,))-g-closed [7] if 7;-cl (A) < U whenever ACU andUet;.

(i,))-w-closed [8] if 7;-cl (A) < U whenever AcU and U is semi open in ;.
(i,j)-g"s-closed [14] if 7;-scl (A) € U whenever AcU and U is gs-open in ;.
(i,))-sg-closed[5] if 7;-scl(A) < U whenever AcU and U is semi-open in ;.
(i,))-ag-closed[6] if 7;-acl(A) < U whenever ACU and Uer;.

(.))-y-closed [1] if 7;-scl (A) & U whenever AcU and U is sg-open in ;.

o akr wbdrE

Defnition 2.3: A bitopological space (X,z; 7;) is called

an (i,j)-Ty /. space[7] if every (i,j)-g-closed set in it is 7; -closed.

an (i,j)-Tospace[6] if every (i,j)-gs-closed set in it is 7; -closed.

an (i,j)-Tq.space[6] if every (i,j)-gs-closed set in it is (i,j)-g-closed.
an (i,j)-«Tn-space[6] if every (i,j)-ag-closed set init is 7; closed.

an (i,j)-.Tq-space[7] if every (i,j)-ag-closed set in it is (i,j)- g-closed

o s~ wbd P

3. (i,j)) —W*,(i,j) — ¥ and (i, j) — P*-Closed sets.
We introduce the following definitions.

Definition 3.1: A subset A of a bitopological space (X,ty,7;) is called (i,j)-¥*-closed if 7;-scl(A) <
U whenever AcU and U is t;-W-open.

Definition 3.2: A subset A of a bitopological space (X,t; ;) is called (i,j)-¥ -closed if 7-cl(A) € U
whenever ACU and U is 7;-sg-open.

Definition 3.3: A subset A of a bitopological space (X,ty 1) is called (i,j)-¥" -closed if 7-cl(A) € U
whenever AcU and U is t; — W-open.

Remark 3.4: By setting 71 =t in definitions 3.1, 3.2 and 3.3,
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a (i,j)-Wr-closed set is W*-closed,

a (i,j)-%¥ —closed set is ¥ —closed &

a (i,j)-¥" -closed set is ¥" -closed.

Proposition 3.5: Every 7;-closed subset of a bitopological space (X,7y 77) is

0] (i,j)- W*-closed,
(ii) (i,j)-¥ —closed &
(i) (i,j)-¥ "-closed.

The following example shows that the converse of the above proposition is not true.
Example 3.6: Let X={a,b,c}, 71 = {X,9,{a}}, 72 = {X,0,{b,c}}. Then the set {b,c}
is (1,2)-y"-closed, (1,2)- ¥-closed & (1,2)- ¥ -closed but not 7,-closed.
Proposition 3.7: Every (i,j)- W*-closed set is (i,j)- gs-closed .

Converse of the above proposition is not true as seen in the following example.

Example 3.8: LetX={a,b,c}, t;={X,¢,{a}} ,7.={X,9,{b,c}}. Then the set {a,b} is (1,2)-gs-closed but
not (1,2)-¥"-closed. Hence every (1,2)-gs-closed set need not be (1,2)-¥"-closed.

Proposition 3.9: Every (i,j)- W-closed set is (i,j)- gs-closed .
The converse of the above proposition is not true as seen in the following example.

Example 3.10: Let X={a,b,c}, 7, = {X,9,{a}}, 72 = {X,¢,{b,c}}. Then the set {b} is (1,2)- gs-closed
but not (1,2)-¥-closed.

Proposition 3.11: Every (i,j)- ¥ -closed set is (i,j)- gs-closed .
The converse of the above proposition is not true.

Example 3.12: Let X={a,b,c}, 1= {X,0,{a,b},{a}}, 7,= {X,$,{b}}. Then the set{a} is (1,2) gs-
closed but not (1,2)-% “-closed.

Proposition 3.13: In a bitopological space (X, 7y, 7,) every (i,j)- P-closed set is (i) (i,j)- sg-

closed, (ii) (i,j)- g-closed, (iii) (i,j)- ag-closed, (iv) (i,j)- ¥-closed, (v) (i,j)- ¥ -closed,(vi) (i,j)-
w-closed and (vii) (i,j)-g s-closed.

The following examples support that the converse of the above proposition is not true.

Example 3.14: Let X={a,b,c}, 7, = {X,¢,{a,b}.{a}},7. = {X,0,{b}}. The set {a} is (1,2)- sg-closed
but not (1,2)-¥ -closed.

Example 3.15: Let X={a,b,c}, t1= {X,¢,{a}}, o= {X,0,{b,c}}. The set {b} is (1,2)- g closed but not
(1,2)-¥-closed.
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.Example 3.16: Let X={a,b,c}, t; = {X,¢,{a}}, 7, = {X,0,{b,c}}. Then the set {a,c} is (1,2)- ag-
closed but not (1,2)-W-closed.

Example 3.17: Let X={a,b,c}, 1 = {X,9,{a,b}.{a}}, 2 ={X,¢,{b}}. Then set {a} is (1,2)-y -closed
but not (1,2)-¥-closed.

Example 3.18: Let X={a,b,c}, 7; = {X,0.{a}}, 75 = {X,0,{b,c}. Then the set {a,b} is (1,2)-¥"-closed
but not (1,2)-¥-closed.

Example 3.19: Let X={a,b,c}, 71 = {X,9,{a}.{b,c}}, 72 = {X,9,{b}}. Then the set {a,b}is (1,2)- w-
closed but not (1,2)-¥-closed.

Example 3.20: Let X={a,b,c}, 7; = {X,0,{a}.{b,c}}, t, = {X,9,{b}}. Then the set {c} is
(1,2)- g"s-closed but not (1,2)-¥ closed.

Proposition 3.21:Every (i,j)- g*s-closed set is (i,j)- v -closed .But the converse is not true.

Example 3.22:Let X={a,b,c}, 7; = {X,0.{a}.{b,c}}, 7, = {X,d,{c}}. Then the set {a,c} is (1,2)- y -
closed but not (1,2)- g's-closed.

Proposition3.23: Every (i,j)- y-closed set is (i,j)- v"-closed . Converse of this proposition is not true.

Example 3.24: Let X={a,b,c}, 7; = {X,0,{a}.{b.c}}, 7, = {X,d,{c}}. Then the set {a,c} is (1,2)-y " -
closed but not (1,2)-y-closed.

All the above results can be represented by following diagram.

(i,i)-g-closed (i,j)-ag-closed (i,i)-W-closed

A

A 4

(i,j)-g"s-closed

(i,j)-¥"-closed

(ij)-w-closed [~ (i,j)-W-closed

v

\‘

5

r]--closed

(i.i)-¥ -closed

(i,j)-sg-closed $l

(i,j)-gs-closed

where A- —— B represents A implies B and A —/—» B represents A does not imply B

Theorem 3.25: If A and B are (i,j)- y -closed then AUB is (i,j)- v -closed.

Proof:.Let U be y-open in 7; such that AUBS U.Then AcUand B<U.Since A and B are (i,j)- v -
closed sets 7;-scl(A) € U and 7;-scl(B)< U.Hence 7;-scl(AuB)< U.Therefore z;-scl(AUB)< U
whenever AUBCS U and U is y-open in 7;. Hence AUB is (i,j)- v -closed.
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Theorem 3.26: If A and B are (i,j)- W-closed then AUB is (i,j)- ¥-closed.

Proof:Let U be sg-open in 7; such that AUBS U.Then ACU and BSU.Since A and B are (i j)- ¥-
closed sets 7;-cl(A) < U and 7;-cl(B) € U.Hence t;-cl(AUB)< U.Therefore 7;-cl(AuB)< U

whenever AUBC U and U is sg-open in 7;.Hence AUB is (i,j)- W-closed.
Theorem 3.27:1f A and B are(i,j)- ¥"-closed then AUB is (i,j)- ¥ -closed.

Proof: Since 7;-cl(AUB)< 7;-cl(A) U 7;-cl(B) , 7;-cI(AUB)< U whenever AUB< U and U is -
open in 7;.Hence AUB is (i,j)- ¥"-closed.

Definition 3.28
A subset A of a bitopological space (X,t 73) is called (i,j)-¥*-open if A®is (i,j)-¥*-closed.

Theorem 3.29: If A and B are (i,))- W*-open sets in (X,71 7,), then ANB is also an (i,j)-¥*-
open- set in (X,7y 7).

Proof: Let A and B are (i,j)- ¥*-open sets in (X,71 ;). Then A and B® are (i,j)-¥*-closed. By
theorem 3.25,A° UB® is (i,j)-¥*-closed in (X,71 75).(ie) (ANB )" is(i,j)-¥*-closed in (X,71,7) and
hence ANB is (i,j)-W*-open set in (X,71,72).

Definition 3.30: A subset A of a bitopological space (X,z; 77) is called (i,j)-% —open if A®is (i,j)- ¥ —
closed.

Theorem 3.31:1f A and B are (i,j)- ¥ -open sets in (X,717;) then ANB is also an (i,j)- ¥ -open set in
(X,71,72).

Proof follows from theorem 3.26.

Definition 3.32:A subset A of a bitopological space (Xt 7,,) is called (i,j)-¥" -open if A%is (i,j)-¥ "-
closed set in (X,71,72).

Theorem 3.33: If A and B are (i,j)- ¥ -open sets in (X,71,72), then ANB is also an (i,j)- W _open set
in (X,7,72).

Proof follows from theorem 3.27.
Theorem 3.34: For each element x of ( X,7q 72),

Q) {x} is either 7; y-closed or {x}°is (i,j)-y -closed,
(i) {x} is either ;- sg-closed or {x}°is (i,j)- P-closed &
(iii)  {x} is either 7;-P-closed or {x}°is (i,j)- ¥ -closed

Proof (i): If {x} is not 7; y-closed, then {x}° is not 7; -y-open and the only z; -y-open set containing
{x}°is X. Also 7;-scl({x}) € X. Therefore {x}°is (i,j)-y -closed.

Proof (ii): If {x} is not 7;-sg-closed, then {x}° is not ; -sg-open and the only z; -sg-open set
containing {x}“is X. Also 7;-cl({x}°) € X. Therefore {x}“ is (i,j)- ¥-closed.
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Proof (iii): If {x} is not 7;-W¥ -closed, then {x}° is not ; -W-open and the only 7; -¥-open set
containing {x}°is X. Also 7;-cl({x}°) € X. Therefore {x}° is (i,j)- ¥ -closed.

Theorem 3.35: If A'is an (i,j)- W*-closed set of (X,7y,7;) such that Ac B< 7;-scl(A) then B is also
(1,J)- W*-closed in (X,71 73)

Proof: Let U be ; y-open such that BEU. Then A<U. Since Ais an (i,j)- W*-closed, 7; -scl(A)<U.
We have 7;-scl(B)< T;-scl(A)<cU. .. 7;-scl(B)<U,whenever BEU and U is 7; y-open. Thus B is also
(i,j)- W*-closed in (X,71,72) .

Theorem 3.36: If A is an (i,j)-® -closed set of (X,7; 7;) such that Ac B< 7;-Cl(A), then B is also
(i,j)' Y-closed in (X,Tl'Tz)

Proof: Let U be 7;-sg -open set such that BEU. Then AcU.Since A is (i,j)- P-closed, 7;-cl(A)<U.
We have 7;-cl(B)< 7;-cl(A)<U.Therefore ;-cl(B)<U,whenever BSU and U is 7;-sg- open. Thus B
isalso (i,j)- P-closed in (X,11,77).

Theorem 3.37: If Ais an (i,j)-¥ -closed set of (X, 7;) such that AC BS 7;-Cl(A), then B is also
(i.j)- ¥ ~closed in (X,71 75)

Proof: Let U be 7;-P-open set such that BEU. Then ACU.Since A is (i,j)- P"-closed, 7i-cl(A)SU.We
have 7;-cl(B)< 7;-cl(z;-cl(A)) SU.Therefore 7;-cl(B)<U,whenever BSU and U is 7;-¥- open.Thus
Bisalso (i,j)- ¥ -closed in (X,71 1)

Theorem 3.38: If Ais (i,j)- W*-closed set, then 7;-scl(A)-A contains no non empty t; y-closed set.

Proof: let A be (i,j)- W*-closed set and F be a 7; y-closed subset of 7;-scl(A)-A. Now F < ;-
scl(A)-A.Then F < (z;-scl(A))n A". Therefore F € 7;-scl(A) and FEA®. Then A € F* .Since F°is ;
y-open set and Ais (i,j)- W*-closed set,;-scl(A) SF°.Then FS(z;-scl(A))".Hence F < (z;-scl(A))n
FS(z;-scl(A))°= @, (ie) F= ®. Thus T;-scl(A)-A contains no non empty 7; y-closed set.

Theorem 3.39: If A is (i,j)-¥ -closed set, then 7;-cl(A)-A contains no non empty 7;-sg-closed set.

Proof: let A be (i,j)- P-closed set and F be a t;-sg -closed subset of 7i-Cl(A)-A. Now F < 7;-cl(A)-
A.Then F < (7;-cl(A))n A°.Therefore F € 7;-cl(A) and FEA®. Then A € F° .Since F® is 7;-sg-open
set and A is (i,j)- P-closed set,7;-Cl(A) SF° (ie) FE(t;-cl(A))“.Hence F < (1;-cl(A))n FE(7;-cl(A)) =
®, Therefore F= ®.Hence 7;-cl(A)-A contains no non empty t;-sg-closed set.

Theorem 3.40: If A is (i,j)-¥" -closed set, then 7;-Cl(A)-A contains no non empty T; -W-closed set.

Proof: let A be (i,j)- ¥ -closed set and F be a 7;-¥ -closed subset of 7;-Cl(A)-A. Now F < 7;-Cl(A)-
AThen F ¢ (7;-cl(A))n A°.Therefore F < 7;-cl(A) and FEA® . Then A € F® .Since F®is t; -W-open
set and A is (i,j)- ¥"-closed set,7;-cl(A) SF° (ie) F<(z; -cl(A))".Hence F < (1;-cl(A))n FE(1;-cl(A))°
= @, Therefore F= @. Hence t;-cl (A)-A contains no non empty T; -Y-closed set.
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4. Applications of (i,j) — ¥*, (i,j) — ¥ and (i, j) — P*- Closed Sets.

As Applications of (i,j) —¥*,(i,j) — ¥ and (i, j) — P*- Closed Sets, nine new space namely (ij)-
Tg-space, (i.j)- Tg+-space, (i,j) — Ty--space, (i,j)- Ty -space, (i,j) — Ty -space, (i,j)- T+ -space,
(1.J)- oTz+-space, (i,j)- ¢T-space, (i,j)- T —space are introduced.

We introduce the following definitions:

Defnition 4.1: A bitopological space (X,t; 7,) is said to be an (i,j)- Ty+-space if every (i,j)-y*-closed
set is 7;-closed.

Defnition 4.2: A bitopological space (X,74 ;) is said to be an (i,j)- Tg-space if every (i,j)-¥-closed
set is 7;-closed

Defnition 4.3: A bitopological space (X,7y,77) is said to be an (i j)- Tg+-space if every (i,j)@* closed
set is 7;-closed

Defnition 4.4: A bitopological space (X,t;,75) is said to be an (i,j)- Tg*-space if every (i,j)-a*-closed
set is (i,j)-¥-closed.

Defnition 4.5: A bitopological space (X,74 1) is said to be an (i,j)-Ty+ -space if every (i,j)-y*-closed
set is (i,j)-¥-closed.

Defnition 4.6: A bitopological space (X,4,7;) is said to be an (i,j)-oT-space if every (i,j)-g-closed
set is (i,j)-¥-closed.

Defnition 4.7: A bitopological space (X,74 1) is said to be an (i,j)-Ty -space if every (i,j)-y -closed
set is (i,j)-v -closed.

Defnition 4.8:A bitopological space (X,t; 7,) is said to be an (i,j)—ng*—space if every (i,j)-gs-closed

set is-(i,j)-¥"-closed

Defnition 4.9:A bitopological space (X, ;) is said to be an (i,j)-.T -space if every (i,j)-ag-closed
set is (i,j)-¥-closed.

Theorem 4.10: Every (i,j)- Ty+-space is (i,j)-Ty -space but not conversely.

Example 4.11: Let X={a,b,c}, 71 = {X,¢,{a,b}.{a}}, 12 = {X,¢.,{b,c}{b}}. Then (X,7y 15)isa (ij)-
Ty "-space. But it is not a (i,j)- Ty--space since A={c} is (1,2)-y  closed but not 7,-closed.

Theorem 4.12: Every (i,j)—Tﬁ* space is (i,j)- T{——space but not conversely.

Example 4.13: Let X={a,b,c}, 7; = {X,0.{a,c}}, 7, = {X¢.{a,b}}. Then (X,71 75) is (i,j)-Tw e
space. But it is not a (i,j)-Tg+ space since {b,c} is (1,2)- W closed but not 7,-closed.
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Theorem 4.14: Every (i,j)-Ty+ space is (i,j)-Ty -space but not conversely.

Example 4.15: Let X={a,b,c}, 7; = {X,¢.,{a,c}}, v2 = {X,¢,{b},{a,b},{b}}. Then (X,z; ;) is (i,j)-
Ty -space. But it is not a (i,j)-Ty+ " space since {b,c} is (1,2)- ¥ -closed but not ¥-closed.

Theorem 4.16: Every (i,j)-To- space is (i,j)- oT5+-space but not conversely.

Example 4.17: Let X={a,b,c}, 71 = {X,¢.{a,b}.{a}}, v, = {X,¢,{b,c},{b}}.Then (X,ty 7;) is (i,j)-
oI space. But it is nota (i,j)- T, —space, since the set {c} is (1,2)- gs closed but not ,-closed.

Theorem 4.18: Every (i,j)- Ty /o- space is (i,j)- 4T -space but not conversely.

Example 4.19: Let X={a,b,c}, 7 = {X,¢,{a,b},{a}}, 72 = {X,0,{b,c}.{b}}. Then (X 7y 13) s (i,j)-
oI space.But it is nota (i,j)- T; , —space, since the set {b,c} is (1,2)- g closed but not z,-closed.

Theorem 4.20: Every (i,j)- «To- space is (i,j)- « Ty -Space but not conversely.

Example 4.21: Let X={a,b,c}, t; = {X,¢.{a.b}.{a}}, 2 = {X,0.{b,c}.{b}}.Then (X,z{ 1,) is (i,})-
«T space.But it is not a (i,j)- . Tr—space, since the set{b,c} is (1,2)- ag closed but not 7,-
closed.

Theorem 4.22: Every (i,j)-«T5- space is (i,j)- «Ta -space but not conversely.
Example 4.23:

Let X={ab,c}, 7; = {X¢.{a}}, v, = {X,¢,{b,c}}. Then (X,7; ;) is (i,j)- «Ta Space.But it is
nota (i,j)- «Ty —space, since the set {a,b} is (1,2)- ag closed but not (1,2)- Welosed.
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