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Abstract: In this paper, pre-connected space, pre-connected modulo I space are introduced and the  

relationship between  these concepts are studied. 
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1.Introduction 

A.S.Mashhour, M.E Abd El.Monsef and S.N.El-Deeb [6] introduced a new class of pre-open sets in  

1982. Ideal topological spaces have been first introduced by K.Kuratowski [3] in 1930.In this paper 

pre-connected spaces ,pre-connected modulo I  are defined and their properties are investigated. 

2.Preliminaries 

Definition 2.1:[6] A set in a topological space (X,) is called pre-open if A int(cl(A)). The 

class of all pre-open sets in X will be denoted by PO(X,). 

Definition2.2:[6] Let  f: (X,)(Y,) be a function ,then f is said to be  

1) Pre-continuous   if  f
-1

(V) is pre-open  in X ,for every open set  V in Y.  

2) Pre-irresolute  if  f
-1

(V) is pre-open  in X ,whenever  V  is pre-open in Y. 

3) Pre-resolute if f(V) is pre-open in Y,whenever  V  is pre-open in  X. 

Definition 2.3: [3] An ideal  on a non empty set X is a collection of subsets of X which 

satisfies the following  properties: a) A , B    AB   b) A , BA  B.             

A topological space (X,) with an ideal   on X is called an ideal topological space and is 

denoted by (X,,  ).  

Definition 2.4:[6] Let  (X,) is said to be 

1) finitely pre additive if finite union of pre-closed set is pre-closed. 

2) Countably pre additive if countable union of pre-closed set is pre-closed. 

3) pre additive if arbitrary union of pre-closed set is pre-closed. 

Definition 2.5:[2] Let A be a subset of a topological space (X,) ,pre-closure of A is defined 

to be the intersection of all pre-closed sets containing A. It is denoted by pcl(A). 
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Definition 2.6:[8] Let (X,)  be a  topological  space  and  xX .Every pre-open set 

containing  x is said to be a pre-neighbourhood  of  x. 

Definition 2.7:[5] Let  A  be a subset of X . A point  xX  is  said  to  be  pre-limit  point  of  

A  if every pre-neighbourhood  of  x  contains  a point of  A other than  x. 

3. PRE-CONNECTED SPACE 

Definition:3.1 X=AB is said to be  a pre-separation  of  X  if A  and  B are non empty  disjoint  and  

pre-open  sets .If there is no pre-separation  of  X,  then  X  is said to be pre-connected. Otherwise       

it  is said to be  pre-disconnected. 

Note: 3.2  If  X=AB is a pre-separation  then A
c
 = B and  B

c
 = A. Hence  A and  B are pre-closed. 

Remark: 3.3  (X,)  is pre-connected if and only if  the only subsets which are  both pre-open and 

pre-closed  are  X and  . 

Proof: Let  (X,) be a pre-connected space. Suppose that  A is  a proper  subset which  is both         

pre-open  and pre-closed , then X=AA
c
  is a pre-separation  of X which  is contradiction. 

Conversely, let   be the only subset  which is both pre-open and pre-closed.Suppose   X  is not       

pre-connected  , then X=AB where  A and B are non empty  disjoint pre-open subsets  which  is 

contradiction. 

Example: 3.4 Any indiscrete topological space (X,) with more than one point is not pre-connected .                  

X = {a}  {a}
c
  is a pre-separation,since every subset is pre-open. 

Theorem: 3.5 Every pre- connected space is connected   

Proof:  Let (X,) be  pre-connected .Suppose X=AB is a separation then it is a pre-separation. 

since every  open set is pre-open.This is a contradiction to the fact that (X,) is pre-connected.  

  (X,) is connected. 

Remark: 3.6  The converse of the theorem ( 3.5) is not true as seen from example (3.7). 

Example: 3.7 Any  indiscrete  topological space (X,) with more than one point  is not pre-connected. 

since every subset  is  pre-open .But it is connected , since the  only open sets  are X  and   

Definition: 3.8 Let  Y  be a subset  of X. Then  Y =AB  is said to be a pre-separation of Y  if  A and 

B  are non empty  disjoint  pre-open sets  in X. If  there  is no  pre-separation  of  Y then  Y  is said  to 

be  pre-connected  subset  of X. 
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Theorem: 3.9  Let (X, )  be a finitely pre- additive topological space  and  X = AB be a  

pre-separation of  X. If  Y  is  a pre-open and pre-connected  subset  of  X  then Y  is completely 

contained in either A or  B. 

Proof:  X = AB  is  a pre-separation of  X . Suppose Y intersects  both  A and  B then 

Y=(AY)(BY) is a   pre-separation of Y.Since X is finitely pre-additive. This  is a contradiction. 

Theorem: 3.10 Let  (X,)  and (Y,)  be two topological  spaces and  f: (X,)  (Y,) be bijection. 

Then 

 1) f is pre- continuous and  X is pre-connected  Y is connected. 

 2) f is  continuous  and  X is pre-connected  Y is connected. 

 3) f is strongly  pre-continuous  and  X is connected  Y  is pre-connected.  

 4) f is pre-open  and  Y is pre-connected  X is connected. 

 5) f is open  then   X is connected  Y is pre-connected. 

 6) f is pre-irresolute  then   X is pre -connected  Y is pre-connected. 

 7) f is pre-resolute then  Y is pre-connected  X is pre-connected. 

 Proof:1) Suppose  Y =AB  is a separation  of Y ,then X=f 
-1

(Y) = f 
-1

(A)  f 
-1

(B)  is  a  

 pre-separation  of  X  which is contradiction .Therefore  Y  is connected . 

 Proof  for (2) to (7)  are similar  to the above proof. 

 

Remark: 3.11 From theorem (3.10), (6) and(7) follows that “pre-connectedness “is a pre topological 

property. 

Theorem: 3.12 A topological space  (X,) is pre-disconnected if and only if there exists a               

pre-continuous map of  X onto discrete  two point  space  Y = { 0,1} . 

Proof: Let (X,) be pre-disconnected  and  Y = { 0,1} is a space with discrete topology. Let X=AB 

be  a pre-separation  of X. Define  f:XY such that  f(A) =0 and  f(B) =1.Obviously  f  is onto ,      

pre-continuous  map . Conversely, let  f:XY  be pre-continuous  onto map.  

Then X = f 
-1

(0)f 
-1

(1) is a  pre-separation of X. 

Theorem: 3.13 Let (X,) be a finitely pre-additive topological space.If {A} is an arbitrary  family of            

pre-open pre-connected subset of X with the common point  p. then  A  is  pre-connected . 

Proof: Let    A = BC  be a pre-separation  of   A . Then B and C  are disjoint non empty       

pre-open  sets in X. p  A   pB or pC  .Assume that pB .Then by theorem (3.9 )  A  is 

completely contained  in  B for all  (since  pB) .Therefore  C is empty  which  is contradiction. 
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Corollary: 3.14 Let (X,) be a finitely pre-additive topological space. If  {An} is  a sequence  of  pre-

open pre-connected subsets of  X such that An  An+1 ,for all  n .Then   An  is pre-connected . 

Proof: This  can be proved by induction  on  n. By theorem(3.13) ,the result  is true for    n=2 

.Assume  that  the result to be true  when n=k. Now to prove  the result when n=k+1.By the 

hypothesis  𝐴𝑖
𝑛
𝑖=1  is  pre-connected.  Now   ( 𝐴𝑖)

𝑛
𝑖=1      𝐴𝑘+1  . Therefore by theorem (3.13) 

  𝐴𝑖
𝑘+1
𝑖=1   is pre-connected .By induction  hypothesis the result  is true  for  all n. 

Corollary: 3.15  Let (X,) be a finitely pre-additive topological space. Let {A } be an arbitrary  

collection  of pre-open,  pre-connected  subsets  of  X. Let  A be  a  pre-open  pre-connected  subset of  

X .If  AA   for all  then A( A)  is    pre-connected. 

Proof: Suppose  that  A( A)=BC  be a pre - separation  of the subset  A( A)   Since  

ABC  by theorem ( 3.13) ,AB or AC . Without loss of generality assume  that   AB .          

Let    be  arbitrary . A  BC, by theorem (3.9) , A  B or A  C. But A A    A  B. 

Since  is arbitrary,  A  B  for all . Therefore    A( A)  B   which implies C = .which is a 

contradiction.  Therefore   A( A) is pre-connected . 

Definition: 3.16 A space (X,) is said to be totally pre-disconnected  if its only pre-connected subsets 

are one point  sets. 

Example: 3.17 Let (X,) be an indiscrete topological space with more than one point .Here all subsets 

are pre-open .If A={x1, x2} then A={x1}{x2}  is pre-separation  of A.Therefore any subset with 

more than one point is pre-disconnected .Hence (X,) is totally pre-disconnected. 

Remark: 3.18  Totally pre-disconnectedness implies pre-disconnectedness. 

 Definition: 3.19 In a topological space (X,)  a  point  xX is said to be in pre-boundary of A           

(p Bd(A)) if every pre-open set containing  x intersects both A  and X-A. 

Theorem: 3.20 Let (X,) be a finitely pre-additive topological space and let A be a subset of X. If C  

is pre-open  pre-connected subset of X that intersects both A and X-A then C intersects pBd(A). 

 Proof: It is given  that  C  A   and  C  A
c
  . Now C= (C  A)  ( C  A

c
 ) is a non empty  

disjoint  union .Suppose   both  are  pre-open  then it is  a contradiction  to the  fact  that  C is         

pre-connected.  Hence  either  C  A  or C  A
c
  is not pre-open . Suppose  that C  A  is not pre-

open. Then there exists  x  C  A which is not a  pre-interior point  of C  A . Let  U be a pre-open 

set containing  x. Then  UC is a pre-open set containing  x. and hence ( UC )  ( C  A
c
 ) .  

This implies U  intersects   both A and  A
c
  and therefore  xpBd(A).  Hence CpBd(A)  . 
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Theorem: 3.21 (Generalisation of intermediate Value theorem)  

Let f:XR be a pre-continuous  map where  X is a pre-connected  space  and  R with usual topology. 

If  x ,y are two points of  X , a=f(x) and  b=f(y) then every real number  r  between  a  and  b  is 

attained at a point  in X. 

Proof: Assume the hypothesis of the theorem. Suppose there is no point cX  such that  f(c)=r.                       

Then A=(-,r) and B=(r,) are disjoint open sets in R , since f is pre-continuous ,f
-1

 (B) are pre-open 

in X .  X = f 
-1

(A)  f 
-1

(B) which is a pre-separation of  X. This is a contradiction to the fact that X is 

pre-connected.   Therefore there exists cX such that  f(c)=r. 

4 . PRE-CONNECTED MODULO     

Definition:4.1 Let (X,,  ) be an ideal topological space then X =AB is said  to be  pre-connected  

modulo    if  A and B  are non empty  pre-open subset  of  X such that  A  B   .(X,,  ) is said to 

be  pre-connected  modulo   if there is no pre-separation  modulo   for X. 

Definition: 4.2  Let Y be a subset of X .Y =AB  is said  to be pre- separation modulo    of  Y  if A 

and  B are non empty  pre-open  subset of X and AB  .If  there is no pre-separation modulo     for 

Y then we say  Y is pre-connected  modulo    subset. 

Theorem: 4.3 Let  X=A  B  is pre-separation  of X implies X=A  B is pre-separation modulo   of 

X for any  ideal   . 

Proof: It  follows   since  . 

Theorem: 4.4 (X,,  ) is pre-connected modulo   for  some ideal   implies  (X,) is  pre-connected. 

Equivalently ,(X,) is pre-disconnected (X,,I)  is  pre-disconnected modulo I  for any ideal I 

Proof: Let  (X,, ) be pre-connected modulo  .Suppose (X,) is not pre-connected , let X=AB is                 

pre-separation  of X. Then  X=AB is pre-separation modulo   for any ideal  . This is a 

contradiction. 

Remark: 4.5  The converse is not true.The following example(4.6) shows connectedness  need not 

imply pre-connected modulo I. 

Example: 4.6 Let (X,)  be a infinite cofinite topological space  and  =(X) then (X,) is connected. 

On the other hand  X-{x} ,Y-{y} are pre-open  and non empty,  X= ( X-{x})  (Y-{y})  and                                         

(X-{x})  (Y-{y}) = X-{x,y}.     X=  (X-{x})  (Y-{y})  is pre-separation modulo    of X . 

Therefore (X,,  ) is not pre-connected modulo  . 
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Theorem: 4.7 Let  (X,, ) be a finitely pre additive topological space, X = A  B is pre-separation  

of X modulo   and Y is a pre-open , pre-connected subset of X modulo   ,then Y  A or Y  B . 

Proof:  

X=A  B is pre-separation of  X modulo    .Therefore  A and B are non empty pre-open sets  and     

A  B   .Now Y=(YA)  (YB) . Since (X,,I ) is finitely pre-additive ,(YA)  and  (YB) are 

pre-open sets and  (YA)  (YB) =Y (A  B)   .  If (YA)  and  (YB) are both non empty  

then   Y= (YA) (YB) is a pre-separation of Y modulo   which is a contradiction.                                      

Therefore  (YA) =  or (YB) =  . Hence  Y  B or Y  A. 

Theorem: 4.8
 
 Let (X,, )  and (Y,,J ) be two topological spaces and  f: (X,, )  (Y,,J ) be  a  

bijection where J=f(  ) then 
 

1) f  is pre-continuous then X is a pre-connected modulo   Y is connected  modulo J . 

2) f  is continuous then X is pre-connected modulo    Y is connected modulo J. 

3) f  is  strongly pre-continuous then X is connected  Y is pre-connected modulo J . 

4) f  is pre-open  then Y  is pre-connected modulo J   X  is connected modulo   . 

5) f  is open  then X is connected modulo    Y is pre-connected modulo J.  

6) f  is pre-irresolute then X is pre connected modulo   Y is pre-connected modulo J. 

7) f  is pre-resolute then Y is pre-connected modulo J   X is pre-connected modulo .  

Proof:  

1)Suppose that Y is not connected modulo J. Let Y = A  B be a pre- separation modulo J.    

Therefore A and  B  are disjoint  open sets in Y. Since f is  pre-continuous. f
-1

(A) and f
-1

(B)  are      

pre-open in X  and A  B J . Then  X = f 
-1

 (A)  f 
-1

 (B) is  pre-separation modulo  ,                                        

Since  f 
-1

 (A)  f 
-1

 (B)= f 
-1

 (AB)  which is a contradiction .Therefore Y is connected  modulo J.   

Proof  for (2) to (7) are similar to the above . 

Remark: 4.9  From theorem(4.8) ,(6) and (7) it follows that “pre-connected modulo I” is a              

pre topological property. 
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