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Abstract: In this paper, g**-isolated point, g**-compact, g**-locally compact, g**-compact
modulo I, g**- sequentially compact, g**- sequentially compact modulo I, g**-countably
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1. Introduction
Levine [1] introduced the class of g-closed sets in 1970 and M.K.R.S. Veerakumar[5] introduced
g*-closed sets in 1991. Ideal topological spaces have been first introduced by K. Kuratowski [2] in
1930. In this paper g**-compact spaces, g**-locally compact spaces, g**-compact modulo I
spaces, g**- sequentially compact spaces, g**- sequentially compact modulo | spaces, g**-
countably compact spaces, g**-countably compact modulo | spaces are defined and their
properties are investigated.
2. Preliminaries
Definition 2.1: A subset A of a topological space(X, 1) is called

1) generalized closed (briefly g-closed)[1] if cl(A) < U whenever A — U and U is open in

(X, 7).
2) generalized star closed (briefly g*-closed)[7] if cl(A) < U whenever Ac U and U is g-

open in (X, 1).
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3) generalized star star closed (briefly g**-closed)[4] if cl(A) < U whenever Ac U and U
IS g*- open in (X, 1).
Definition 2.2: A function f: (X, 1) — (Y, o) is called
1) g**-irresolute [4] if f (V) is a g**-closed set of (X, 1) for every g**-closed set V of
(Y, o).
2) g**-continuous [4] if f'(V) is a g**-closed set of (X,7)for every closed set V of
Y,0).
3) g**-resolute [6] if f(U)Iis g**-open inY whenever U is g**-open in X.
Definition 2.3: An ideal[2] | on a non empty set X is a collection of subsets of X which
satisfies the following properties.(i) Ael, Bel = AuBel (ii))Ael, Bc A = Bel

/A topological space (X,7z) with an ideal 1 on X is called an ideal topological space and is
denoted by (X,z,1).

Definition 2.4:[6] Let (X,7z) be a topological space and x e X . Every g**—open set
containing X is said to be a g **—neighbourhood of x.

Definition 2.5:[6] Let A be a subset of X. A point x € X is said to be a g**— limit point of A
if every g**—neighbourhood of x contains a point of A other than x .

Definition 2.6:[6] Let A be a subset of a topological space (X,z). g**cl(A) is defined to be
the intersection of all g**—closed sets containing A.

Note: [6] g **cl(A) need not be g**—closed , since intersection of g**—closed sets need not
be g**—closed . But if Ais g**—closed then g**cl(A) = A.

Definition 2.8:[6] A topological space (X,7) is said to be g**—multiplicative if arbitrary
intersection of g**—closed sets is g **—closed . Equivalently arbitrary union of g**—open
setsis g**—open.

Note: If (X,7) is g **—multiplicative then A= g**cl(A) if and only if A isg**—closed .
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Definition 2.9:[2] A collection G of subsets of X is said to have finite intersection property if for
every sub collection {C,,C,......... C,}of G the intersection C, NC, N......... NC, isnonempty.

Definition 2.10:[5] An ideal topological space (X,z,1) is called g~ | —compact if for every
9”1 —open cover {A /aeQ} in (X,z,1) there exists a finite subset Q, of Q such that

X=UA,.

aeQ)
Definition 2.11:[6] A topological space (X,z) is said to be a g**- T, space if for every pair of
distinct points X, yin X there exists disjoint g**-open sets U and V in X such thatxeU and
y eV.

3. g**-compact space

Definition 3.1: A collection{U_} _. of g**-open sets in X is said to be g**-open cover of X if

aelA

X=uU,

aeA

Definition 3.2: A topological space (X,7) is said to be g**-compact if every g**-open covering
of X contains a finite sub collection that also covers X. A subset A of X is said to be g**-
compact if every g**-open covering of A contains a finite sub collection that also covers A

Remark 3.3: An ideal topological space (X,z,1) is
(1) g**I —compact = g **— compact = compact
Proof: Since every open set is g**-open and every g**-open set is g **I -open.

(2) Any topological space having only finitely many points is necessarily

g **I —compact, g **—compact and compact.

The inverse implications of (1) of remark (3.3) are not true as seen in the following example.

Example 3.4: Let (X,7)be an infinite indiscrete topological space. In this space all subsets are

g**-open. Obviously it is compact. But {x},_, is a g**-open cover which has no finite sub cover.

xeX

Hence it is not g**-compact and hence not g**I compact.
Example 3.5: Let (X, 7)be an infinite cofinite topological space. ThenG**I10(X) ={p, X, A/ A°

is finite} = G**O(X). Let {U,},.,be an arbitrary g**-open cover for X. Let U, be one g**-

aelA

open (g**I —open) set in the open cover {U_} Then X -U, is finite, say

aeA *
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X0 X5, Xg e X,}. Choose U such that x, eU for i=12...n. Then

X=U, wU, u.... VU, . The space is g**-compact (g**I —compact) and hence compact.
Theorem 3.6: A g**-closed subset of g**-compact space is g**-compact.

Proof: Let A be a g**-closed subset of a g**-compact space (X,z)and {U_},_,be a g**-open

aelA

cover for A. Then {{U_} _..(X —A)}is a g**-open cover for X. Since X is g**-compact, there

aeA?

exists Oy Oy a, €A such that X=U, U.... VU, V(X -A).
~AcU, vU,_  u...uU,_  which proves A is g**-compact.

Remark 3.7: The converse of the above theorem need not be true as seen in the following
example.

Example 3.8: Let X ={a,b,c,d},z ={p,{a}, X}. Here G**O(X) ={p.{a}, X}. (X,7)is g**-
compact. Y ={b,c}is g**-compact but not g**-closed.

Theorem 3.9: Let (X,7)be a g**-multiplicative g** T,-space. Then every g**-compact subset
of X is g**-closed.

Proof: Let Y be a g**-compact subset of g** T,-space X. Let x, € X —Y. For each point y €Y,

there exists disjoint g**-open sets U and V containing y and X, respectively. .{U /y eY}is

\Y :vai . Then V is g**-open. Since X is g**-multiplicative, U is g**-open. Obviously

UNY =¢...Vis ag**-neighbourhood of x,contained in X — Y. Therefore X — Y is g**-open
and hence Y is g**-closed.

Note: The converse of theorem (3.9) is true if (X,7)is g**-multiplicative and g** T».

Remark 3.10:

(1) In theorem (3.9), the condition g**-T, is necessary. An infinite cofinite topological space is
g**-multiplicative but not g**-T,. In this space all subsets are g**-compact but only finite sets
are g**-closed.

Theorem 3.11: Let Y be a g**-compact subset of a g** T,-space X and X, €Y . Then there

exists disjoint g**-open sets U and V of X containing x,and Y respectively.
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Proof: The g**-open sets U and V discussed in the proof of theorem (3.9) are disjoint g**-open
sets containing Y and x, respectively.
Theorem 3.12: Let (X,7) and (Y,o) be two topological spaces and f : (X,7) —(Y,o) be a
function. Then
1. fis g**-irresolute and A is a g**-compact subset of X = f (A)is a g**-compact subset of Y.
2. fis one to one,g**-resolute and B is a g**-compact subset of Y = f *(B)is a g**-compact
subset of X.
3. fis g**-irresolute , X is g**-compact, Y is g**-multiplicative and g**-T, = f isa

g**- resolute function.
4. fisg**-resolute and Y is g**-compact and X is g**-multiplicative and g**-T, = f isa

g**- irresolute function.
Proof: (1) & (2) Obvious from the definitions.
(3) Proof follows from (1) and theorem (3.9).
(4) Proof follows from (2) and theorem (3.9).
Theorem 3.13: A topological space (X,7) is g**-compact if and only if for every collection G
of g**-closed sets in X having finite intersection property, n._. C of all elements of G is non-
empty.
Proof: Let (X,z) be g**-compact and G be a collection of g**-closed sets with finite

intersection property. Suppose N¢.. C=¢ then N (X -C)= X ...{X —C}.is a g**-open
cover for X. Then there exists C,,C,,........ C, € G such that gi(x -C)=X... QCi = ¢ which

is a contradiction. .. ig) C # ¢.Conversely, assume the hypothesis given in the statement. To

prove X is g**-compact. Let {U,},., be a g**-open cover for X. Then

U, =X= mA(X—Ua):go. By the hypothesis there exists o, a,,......... o, such that

n
aeA

QX -U, =0 - _k_Jlua, = X. .. X is g**-compact.
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Corollary 3.14: Let (X,7)  be a g**-compact space and let

C,2C, o 2C, 2C . D be a nested sequence of non-empty g**-closed sets in X.

n+l =

Then ~ C, is non-empty.

nez*

Proof: Obviously {C} . has finite intersection property. ... By theorem (3.13) ~ C,is non-

nez
empty.
Theorem 3.15: Let f :(X,7) — (Y,o)be a funtion, then

(1) fisg**-continuous, onto and X is g**-compact =Y is compact.

(2) fiscontinuous, onto and X is g**-compact =Y is compact.

(3) fisg**-irresolute, onto and X is g**-compact =Y is g**-compact.

(4) fisstrongly g**-irresolute, onto and X is compact =Y is g**-compact.

(5) fisg**-open, bijection and Y is g**-compact = X is compact.

(6) f isopen, bijection and Y is g**-compact = X is compact.

(7) fisg**-resolute, bijection and Y is g**-compact = X is g**-compact.

Proof:(1): Let {U, } be an open cover for Y. Then {f *(U_) } is a g**-open cover for X.

aeA aeA

Since X is g**-compact, there exists OOy such that

X c Y f ‘1(Uwi )...Y =f(X) < guai . Therefore Y is compact.

Proof for (2) to (7) are similar to the above.

4. g**-countably compact space

Definition 4.1: A subset A of a topological space (X,7) is said to be g**-countably compact if

every countable g**-open covering of A has a finite sub cover.

Example 4.2: An infinite cofinite topological space is g**-countably compact.

Example 4.3: A countably infinite indiscrete topological space is not g**-countably compact.
Remark 4.4: Every g**-compact space is g**-countably compact.

Theorem 4.5: In a g**-countably compact topological space every infinite subset has a g**-limit

point.
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Proof: Let (X,7)be g**-countably compact. Suppose that there exists an infinite subset which
has no g**-limit point. Let B ={a, /n € N} be a countable subset of A. Since B has no g**-limit
point of B, there exists a g**-neighbourhood U, of a, such that BnU, ={a,}.Now {U.} is a
g**-open cover for B. Since B is g**-open, {B° {U,} _,.}is a countable g**-open cover for X.

But it has no finite sub cover which is a contradiction, since X is g**-countably compact.
Therefore every infinite subset of X has a g**-limit point.

Corollary 4.6: In a g**-compact topological space every infinite subset has a g**-limit point.
Proof follows from theorem (4.5), since every g**-compact space is g**-countably compact.
Theorem 4.7: A g**-closed subset of g**-countably compact space is g**-countably compact.
Proof is similar to theorem (3.6)

Definition 4.8: In a topological space (X,z)a point x € X is said to be a g**-isolated point of A

if every g**-open set containing x contains no point of A other than x.
Theorem 4.9: Let X be a non empty g**-compact g**-T, space. If X has no g**-isolated points
then X is uncountable.

Proof: Let x, € X. Choose a point y of X different from x. This is possible since {x,}is not a
g**-isolated point. Since X is g**-T, , there exists g**-open sets U, and V, such that
U, NV, =¢;xeU,,yeV,. Therefore V, is g**-open and x, ¢ g **cl(V,). By repeating the same
process with V, in the place of X and x, in the place of y we get a point x # X, and a g**-open set
V,such that V, is g**-open and X, ¢ g **cl(V,).In general, given V__, which is g**-open and
non empty, choose V, to be a non empty g**-open set such that V, <V, ,and x, ¢ g **cl(V,).
Hence we get a nested sequence of g**-closed sets such that g **cl(V,) 2 g**cl(V, ;) D..coerene
Since X is g**-compact ng**cl(V,) = @. Therefore there exists x € ng **cl(V,). But x = x, for
every n, since X, ¢ g**cl(V,)and xeg**cl(V,) . Define f:Z, — X such that f(n)=x,.
Then x € X has no pre image. Therefore f is not onto and hence X is uncountable.

Note: The converse of Theorem 4.5 is true in a g**-T space.
Theorem 4.10: In a g**-T; space X ,if every infinite subset has a g**-limit point then X is

g**-countably compact .
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Proof: Let every infinite subset has a g**-limit point. To prove X is g**-countably compact. If not
there exists a countable g**-open cover {U } such that it has no finite sub cover .Since U, # X.
there exists x, ¢U,;SinceX =U, UU,. there existsx, ¢ U, UU,. Proceeding like this there exists
X, ¢U, uU, u.....uU,_ forall n. A={x_}is an infinite set. If x e X then x €U  for some n. But
X, U, forall k>n.  Up—{Xy,Xa,.....xn-1} IS @ g**-0pen set (since X is g**-T;) containing X
which does not have a point of A other than x.Therefore xis not a limit point of A which is a

contradiction.

Theorem 4.11: A topological space (X,7) is g**- countably compact if and only if for every
countable collection G of g**-closed sets in X having finite intersection property, n._. C of all
elements of ‘G is non-empty.

Proof: Similar to the proof of Theorem 3.13

Corollary 4.12: X is g**-countably compact if and only if every nested sequence of g**-closed

nonempty sets C, oC, o.......... has a non empty intersection.

Proof: Obviously {C,} _.has finite intersection property. .. By theorem (4.11) ~ C,is non-

nez*

empty.

5. Sequentially g**-compact space

Definition 5.1: A subset A of a topological space (X, 7) is said to be sequentially g**- compact

if every sequence in A contains a subsequence which g**-converges to some point in A.
Example 5.2: Any finite topological space is sequentially g**-compact.
Example 5.3: An infinite indiscrete topological space is not sequentially g**-compact.

Theorem 5.4: A finite subset A of a topological space (X,7)is sequentially g**-compact.

Proof: Let {x,}be an arbitrary sequence in X. Since A is finite, at least one element of the
sequence say X, must be repeated infinite number of times. So the constant subsequence x,, X,
e must g**-converges to X, .

Remark 5.5: Sequentially g**-compactness implies sequentially compactness but the inverse

implication is not true as seen in the following example.
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Example 5.6: Any infinite indiscrete space is sequentially compact but not sequentially g**-
compact.
Theorem 5.7: Every sequentially g**-compact space is g**-countably compact.

Proof: Let (X,7)be sequentially g**-compact. Suppose X is not g**-countably compact. Then

there exists countable g**-open cover {U} . which has no finite sub cover.Then X = U U, .

nez*

n-1
Choose x, eU,,x, eU, -U;,X; eU, —UU, .......... X, €U, —ului.This Is possible since {U,}
i=1,2 1=

has no finite sub cover. Now {x, }is a sequence in X. Let x € X be arbitrary. Then x U, for
some k. By our choice of {x,}, x, U, for all i greater than k.Hence there is no subsequence of
{x,}which can g**-converge to X.Since X is arbitrary the sequence {x,}has no convergent

subsequence which is a contradiction. Therefore X is g**-countably compact.
Theorem 5.8: Let f:(X,7) — (Y,o)be a function, then

(1) fis g**-resolute, bijection and Y is sequentially g**-compact = X is sequentially g**-

compact.

(2) fis onto, g**-irresolute and X is sequentially g**-compact = Y sequentially g**-

compact.

(3) fis onto, g**-irresolute and X is sequentially g**-compact =Y is sequentially g**-

compact.

(4) fisonto, continuous and X is sequentially g**-compact =Y is sequentially compact.
(5) f is onto, strongly g**-continuous and X is sequentially g**-compact = Y is

sequentially g**- compact.

Proof: (1): Let {x,}be a sequence in X. Then {f (x,)}is a sequence in Y. It has a g**convergent
subsequence {f(x, )} such that f(xnk)g—**>y0 in Y. Then there exists X, € X such that
f(X,) =Y,.Let U be a g**-open set containing x,. Then f(U)is a g**-open set containing y, .
Then there exists N such that f(x,)efU) for all k> N.
wf o f(x,)ef o f(U)..x, eUfor all k>N.This proves that X is sequentially g**-

compact.

Proof for (2) to (5) is similar to the above.
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6. g**-locally compact space

Definition 6.1: A topological space (X,7)is said to be g**-locally compact if every point of x is
contained in a g**-neighbourhood whose g**closure is g**-compact.

Remark 6.2: Any g**-compact space is g**-locally compact but the converse need not be true
as seen in the following example.

Example 6.3: Let (X,7)be an infinite indiscrete topological space. It is not g**-compact. But

for every x e X {x} is a g**-neighbourhood and {x} ={x}is g**-compact. Therefore it is g**-
locally compact.

Theorem 6.4: Let (X,7)be g**-multiplicative g**-T, space. Then X is g**-locally compact if
and only if each of its points is a g**-interior point of some g**-compact subset of X.

Proof: Let X be g**-locally compact and x € X.Then x has a g**-neighbourhood N such that
g**cl(N) is g**-compact. Conversely, let every point x € X be a g**- interior point of some
g**compact subset of X. Given x e X , there exists g**-compact subset N such that x e
g**int(N). So, N is a g**-neighbourhood of x.By the hypothesis and theorem (3.9), N is g**-
closed. Therefore X is g**-locally compact.

7. g**-compact modulo |

Definition 7.1: An ideal topological space (X,z,1)is said to be g**-compact modulo I if for
every g**-open covering {U_},., of X, there exists a finite subset A, of A such that

X-uU, el

ael,
Remark 7.2: g**-compactness implies g**-compact modulo | for any ideal I but not conversely.

Example 7.3: Let (X,z, 1) be an indiscrete infinite topological space where | =g(X). Let
{U,}...be a g**-open cover for X. Let o, € A. Then X -U_ e l.Therefore(X,z,1) is g**-
compact modulo | but not g**-compact.

Note: When | ={¢} the concepts “g**-compact modulo | and “g**-compact” coincide.
Remark 7.4: g**I — compact modulo | implies g**-compact modulo | and g**-compact
modulo | implies compact modulo |

Proof: Obvious, since 7 < G**O(X) < G**I0(X).

Example 7.5: An indiscrete space (X,z,{¢})is compact modulo I but not g**-compact modulo

{o}.
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Theorem 7.6: If | < J,then (X,z,1)is g**-compact modulo I implies (X,z,J)Iis g**-compact
modulo J.
Proof is obvious.

Theorem 7.7: Let | denote the ideal of all finite subsets of X. Then (X,7)is compact if and
only if (X,z,1.)is compact modulo I..
Proof: Necessity: Follows since{p}e I ..

Sufficiency: Let {U_},.,be a g**-open cover for X. then there exists a finite subset A,of A

aeA

such that X — U, el.. . X— U U, ={x,X,,...x, }. Choose ¢;such that x; eU_ for i =

ael, aelq
1,2,........ n. Then X ={ v Ua}u{_gluai}.Therefore X is g**-compact modulo | .

8. g**-countably compact modulo |

Definition 8.1: An ideal topological (X,z,1) is said to be g**-countably compact modulo 1 if for

every countable g**-open covering {U _},.,0f X, there exists a finite subset A,of Asuch that

aelA

X-uU, el

ael,

All the results, from Remark (7.2) to theorem (7.7) are true in the case when (X,z,1)is g**-

countably compact modulo 1.
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