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ABSTRACT

The focus of this paper is to introduce a new class of sets known as bl™ open sets, defined in the
light of simple expansion topology and ideal topology. This set is investigated and found to be a
weaker form of bl open sets.We have also generalized this concept and studied its properties.

1.INTRODUCTION

Levine [9] , in 1963 defined simple expansion of topology t by a non open set B where B €1 as
1[B]={ OU (O N B)/ 0,0 €t} . In 1990, Jankovic and Hamlett [8 ] introduced the notion of |

open sets in ideal topological space. M.E Abd.EIl-Monsef et al [2] further investigated | open
sets and | continuous function.

In 1999 Dontchev [6 ] introduced the notion of pre | open sets which is a combination of pre
open set and an ideal and found that to be weaker than that of |1 open sets. The concept of pre
open set was introduced by Corson and Micheal [4] who used the term “locally dense”. This set
defined by Corson was redefined by the name “pre- open set” by A. S. Mashhour. M.E Abd Ed.

The other notions of oopen set, Semi-open set, B open set, t set, b open and * perfect sets were
introduced and studied by many topologists in [12],[10], [1], [13], [5]

These sets defined above were idealized as ol open, semil-open and BI -open by Hatir and
Noiri [7]. Caksu Guler and Aslim[3] have introduced the notion of bl open sets and bl
continuous functions.

The prerequisites of the paper are defined as follows:
A set A of a ideal topological space is said to be

1.1 lopen|[8] if A cint(A")
1.2 «lopen[12] if Agint(clz(int(A)))
1.3 Prel-open[6] if A cint(cl (A))

1.4 Semil-open[7] if A ccl'(int (A))

1.5 blopen[3] if  Acint(cl (A)) u cl'(int (A))
1.6 Blopen[7] if A ccl (int(cl'(A))

1.7 *perfect[5] if A=A
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In this paper we have made an attempt to extend these concepts of | openness, «I openness,

pre-openness, semi-openness,tl openness, BI openness and bl openness in simple expansion
topology.

2.bl" OPEN SETS

Definitions:

Let A be a subset of a SEITS, then A is said to be
1. b openif  Acint(cl” (A)) U cl’(int (A))
2. I"openif  Acint(A")
3. al®openif A cint(cl(int(A")))
4. Prel*openif A cint(cl'"(A))
5. Semil*open if A c cl*’(int (A))
6.t1" openif int(cl”(A)) = int(A)
7.pI"openif A ccl” (int(cl(A))
8. bl*openif A cint(cl”"(A)) u cl*(int (A)).

In all the above definitions the interior refers to the interior in usual topology and cI*’(A)
denotes the closure with respect to the ideal topological space under simple expansion.

Here a new local function is defined on the simple expansion ideal topological space (SEITS)

and it is denoted as A*” ={xe X/ UnAgI for each neighbourhood U of x in t*(B)} and known as
extended local function with respect to * and 1. Also we define the closure operator as

cl”(A) =AUA""

A subset A of (X, t',1) is called *+ perfect if A=A""
Theorem 2.1:

i)Every open set is bl* open.

ii)Every bl™ open set is bl open.

iii)Every 1" open set is bl* open

Proof:

i)Let A be any subset of ( X, t°,1) if A is open in T, we have,
A= int(A)

ie., A c int(cl'"(A))

ie., A cint(cl”(A)) U cI(int (A))

= Ais bl® open

ii) By the definitions of bl* openand bl open sets and the condition that cl*"(A) < cl'(A),
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every bl* open set is bl open.
iii) Proof is obvious.
Remark 2.2:

From the above theorem we note that the class of bl™ open sets is properly placed between an
open set and a bl open set.

But the converses of the above theorem are not true .
Example 2.3:
X={a,b,c} t= {0,X,{a}{a,b}}; 1={9, {b}}; B={b};7"(B)= {¢,X,{a},{b}.{a,b}}.
Here {a,c} is bl" open but not open in the topology t and t*(B).
Example 2.4:
X={a,b,c} ©= {¢,X,{a},{b}.{a,b}}1={¢.{a}}; B={b.c}:t"(B)= {¢.X,{a}.{b}.{a,b} {b.c}}.
Here {a},{b,c},{a,b} are blI" open but not I open.
Example 2.5:
X={a,b,c} T= {¢,X,{a},{b}.{a,b}}1={¢.{c}}; B={b,c}:t"(B)= {¢.X.{a}.{b}.{a,b} {b.c}}.
Here {a,c} is bl open but not bl* open.
Theorem 2.6:
For an SEITS ( X, ",1) and AcX we have the following:
i) If1=¢then Aisbl™ open if and only if A is b* open
i) If1=P(X) then Ais bl" open if and only if A is open in T
iii) 1f1=Nthen Aisbl® open if and only if A is b* open
Proof:
i)If 1= ¢ then A""= cI*(A) for any subset A of X and hence
cl™ (A)=A"UA=cl*(A).Hence we have A*"= clI"(A)=cl'" (A).
Thus (i) follows immediately.
i) 1f 1= P(X) then A*"= ¢ for any subset A of X.
Since A is bl* open we have , A c int(cl”(A)) U clI”(int (A))
ie., A < int(A""UA) U[ (int (A) T)uint(A)]
Acint(d UA) Ul b uint(A)]
A cint (A) =A is open in 1.
iii)Every bl™ open set is b* open .
Let A be a bl™ open set then,
A cint (cI(A)) U cl*(int (A))
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A cint (A"UA) U [ (int (A) T)uint(A)]
A cint (cI'(A) UA) U [ cl(int (A) uint(A)]
A c int (cI'(A)) U cl’(int (A))
= Alis b"open.
Hence (iii) is proved.
Now let us consider | = N and A is b* open
If I=N , then A™" = cI*” (int(cl*"(A))
Since Aisbopen = A cint(cl"(A) U cl*(int (A)
Then A c int (Aucl(int(cl” (A))) U cl'(int (A)
< int (Aucl(int(cl™ (A))) U eI (int (A)
< int (AUA+*) U cl™(int (A)
A cint (I (A)) U cl"(int (A))
= Ais bl "open. Hence the proof.
Theorem 2.7:
Let A be a subset of a SEITS (X, t,1) then the following properties are true
a)Every semi I" open set is bl open
b)Every pre I* open set is bl* open
c) Every b 1" open set is BI" open.
d)Every ol®open set is BI" open.
Proof:
(a) & (b) are obvious from the definition of bl* open set
c) Let Abeab I" open set then we have,
A c int(cl(A)) U cl*"(int (A))
ie.,  Accl”{ (int(cl""(A)) U[(int (A) “U int(A)]}
A ccl”{ (int(cl”(A)) L el [(int (A) YU int(A)]}
A el (int(cl(A)) L cI [(int (A) 7]
A ccl”(int(cl"(A))
ie., A is BI" open.
d)Proof is obvious.
Remark:2.8:

Openint — al’open — semilopen
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\ \

I open _» prel’open — bl*open —  BI"open

Some of the reverse implications are not ture as shown by the following examples.
Example 2.9:

X={a,b,c} ©= {¢,X,{a},{b}.{a,b}}1={¢.{a}}; B={b,c}:t"(B)= {¢.X.{a}{b}.{a,b}{b,c}}.
Here {b,c} is bl* open but not prelopen .

Example 2.10:

X={a,b,c} 1= {¢,X,{c}:I={.{c}}; B={a};t"(B)= {¢,X.{a}{c}{a c}}.

Here {a, c} is bl* open but not semi I open.

Example 2.11

X={a,b,c} ©= {¢,X,{a},{b}.{a,b}}1={4.{a} }; B={b,c}:;t"(B)= {$.X.{a}{b}.{a,b}{b,c}}.
Here {b,c} is bl* open but not al*open .

Theorem 2.12:

Let (X ,t',]) beaSEITS with I and J as ideals on X and let A & B be subsets of X then we
have the following

a) AcB=A"cB"

b) Ici=A*()cA"()

c) AT=cl(A™) < cl(A)

d) (A +*) +*g A+*

e) (AUBY"=A"UB"

f) Uet = UnA"=UNUNA)" < (UnA)"
g) lel=(Aul)= AT =(A\I)"

Proof:
Obvious using the definition of A"
Theorem 2.13:
Let (X, t,1) beaSEITSand let AU € X .If Aisabl opensetand U e 1, then AU is a
bl* open set.
Proof:
By assumption let A be a bl* open set then, A cint(cl*"(A)) L cl"(int (A)) and Uc intU
By theorem 2.12 (f) we have
ANU < [int(cl"(A) U el (int (A)] A intU
< [int(cl"(A)) A intU] U [cl"(int (A))  intU]
=[int(A*" N U)U(ANU_T U [int (A) ™~ intU] U [int (A) N intU]
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< int[(An U) 7 U(ANU)_] U [int (AnU) 7 uint(ANU)]
A c int(cl”(AnU)) U cl(int (AnU))

= Aisis UnA s is bl open.

Theorem 2.14:
Let (X, t',1) beaSEITS .Then the following hold
a) Union of arbitrary family of bl” open sets is bl* open.
b) Intersection of arbitrary family of bl” closed sets is bl* closed.
c) IfAeBI'O(X,1, 1) andBe t,then AnB € BI'O( X, 1", 1)
Proof:
a)Let {AJacA} be a family of bl* open sets then,
A, cint(cl”( Ax)) L cl(int (Ay)
Hence UA, = U, [int(cl™( Ay)) L el (int (A)]
< o [ int(el”( Au)] U [Ug (eI (int (A))]
C Nt U (7 A)) U (g int (Ad))
< int( (el (Ua Ag)) U el ((int (UaAd))
= UlA,, is bl* open.
b) Let {B./a.cA} be a family of bl* closed sets.
Then {B,/a.cA} be a family of bl* open sets. By (a) U,B,  is bl open.
Hence (MeBo)® =(UaBo)®is bl open.
=("By) is bl” closed set. Hence the proof.
c) Let A e BI'O(X,t",1) and B e t.Then A c int(cl”(A)) U cl*"(int (A)) and
A~ B c [int(cl(A)) L eI (int (A))] N B
= [(int(cI"(A)) A B)] U [cl*(int (A)) N B]
= [int (AU A™) A B] U [(int(A) U (int(A) ™) A B]
c [int[(ANB) U (A"~ B)]] U [(int(A N B) U int(An B) "] (using theorem 3.9)
[ int cI** (A~B)] U [cI™( int(A A B)]
Hence AN B e BI'O( X, 1", 1) .Hence the proof.

If (X,7',1) beaSEITS and A is a subset of X, we denote by t/4, the relative topology on A
and I/a ={Anl :lel} is clearly an ideal on A.
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Lemma 2.15:
Let (X,t",1) beaSEITS and A B are subsets of X such that B  A.
Then B (t*/a, I/a) = B (", 1) n A

Theorem 2.16:

Let (X,t,1) beaSEITSand ifUetand V € BI'O( X, 1", 1) then
U Ve BI'O(U, t'/a, I/a).
Proof:

Since U is open, we have int,A = int A for any subset A of U. By using this fact and theorem
2.15 we have,

UNnV < Un (I (int (V) uint(cl(V)))

[U N [(int(V) U (int(V))))] U [U N int (VOV]]

{Un [U~ int(V) U U A(@int(V)" 13w { Un [U A fint (VoV}

{Un [U~ int(V) U (Un intV)" T U { U [U A Tint (VOV}
c  {UnTinty(U nV) U (Un int y(UNV)"T U { UN [ [int(UnV)uUnV) 11}
={[int y(UnW)] U [int y(UAW)1 (0, mp]} © { U [ [int(UNV)UUAV) T}
=cI"[int y(UNV)] U [int y(cl”( UnV))]

This shows that U 'V eBI'O( U , t'/a, 1/4).

Definition 2.17:

A point xe X is said to be an I* limit point of A if for every 1" open set U in X,UN(A\X)#¢.

The set of all I limit point of A is called the I" derived set of A denoted by D,"(A)

Definition 2.18:

Let A be a subset of (X, t",1). A point xeX is said to be an bl” limit point of A if for every bl”
open set U in X, UN(A\X) # ¢.

The set of all bl™ limit point of A is called the bl” derived set of A denoted by Dy, (A)

Since every open set is prel*open and every prel open is bl* open we have

n N

IN

Dui*(A) < D (A) for any subset AcX. Moreover ,since every closed set is bl™ open we have
Ac bl'cl(A) c cl(A)

Lemma 2.19:

If D (A) = Dy"(A),then we have cl(A)= bl*cl(A)

Proof: Straightforward
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Corollary 2.20:

If D (A) < Dy"(A), for every subset A of X. Then for any subset F and B of X , we have
bI*cl(FUB) = bl*cl(F) U bl*cl(B).

Theorem 2.21:

If A be a subset of ( X, T°,1), then xe bl*cl(A) if and only if every bl* open set U containing x
intersects A.

Proof:

Let us prove that xg bl*cl(A) if and only if there exists a bl* open set U containing x which does
not intersect A.

ie.xg bl'cl(A) = xeX\ bl*cl(A) which does not intersect A.

Conversely, let U be a bl* open set U containing x which does not intersect A.Then (X\U) is a
bl* open set U containing A and x&((X\U) but bl*cl(A) < X\U.

Therefore ,x e bl*cl(A).

Theorem 2.22:

bI*cl(A) = AU Dy*(A).

Proof: If x € Dy (A).

Then for every bl+ open set U containing x ,we have Un{A\{x}}#¢.Therefore xe bl*cl(A)
ie., AU Dy "(A) < bl'cl(A) — (1)

Conversely ,let xe bl*cl(A)

If x € Athen x € AU Dy"(A).Let xgA ,since xe bl*cl(A) every bl” open set U containing x
intersect A. But x ¢ A = UN{A\{x}}=¢. Therefore x € D" (A)

ie., bI*cI(A) = AU Dy(A) > (2

From (1) and (2) we get bl*cl(A) = AU Dy "(A).Hence the proof.
Theorem 2.23:

In a SEITS ( X, t',1) then Dy, "(A) = D,"(A) for every subset A of X.
Proof:

Let xe Dy "(A) and let U be an open set in A containing x, then U is bl™ open.
Therefore ,U is bl™ open set containing X.

Hence UNn{A\{x}}#0.

ie., xe D;"(A). Hence Dy"(A) < D" (A).
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3.GENERALISED bl" CLOSED SETS

Definition3.1: A subset A of a SEITS ( X, t',1) is said to be a gbl” closed if bl'cl(A) c U
whenever Ac U and U is open in t".

The collection of all gbl™ closed sets of X is denoted as GBI*C(X)

Example 3.2:

Let X= {a,b,c} ©= {¢,X{a}.{a,b}}={¢.{b}}; B={b};" (B)= {$,X.{a}.{b} {a,b}}.

Here bl” open sets are {¢,X,{a},{a,b},{a,c}}and gbl” closed sets are {¢,X,{b},{c}.{b,c}.{a,c}}.
Note:

Since every I* closed set is bl™ closed we have bl*cl(A) < I'cl(A)

Theorem 3.3:

i)Every 1" closed set is gbl™ closed.

if)Every bl" closed set is gbl™ closed.

Proof:

Let Ac U and U is open in T".

Since A is I" closed we have A= I"cl(A) < U .By the above note we have bl*cl(A) c Icl(A)
ie., bI"cl(A) < U whenever Ac U and U is open in T*. Hence the proof.

i) Let A be a bl” closed set. Then bl*cl(A) =Ac U. Hence A is a gbl” closed.

But the converse need not be true.

Example 3.4:

Let X= {a,b,c} ©= {$,X,{a}.{a,b}}={¢.{b}}; B={b};"(B)= {p,X.{a}.{b} {a,b}}.

Here {a,c} is gbl” closed but not bl* closed.

Theorem 3.5:

If Ais a gbl” closed set of a SEITS ( X, t',1), then bl*cl(A) \A does not contain any non empty
closed set .

Proof:

Let F be a closed set such that F< bl*cl(A) \A. Then(X\F) is open and
Fcblcl(A) A — (1)

= FcA°

=(X\ F) DA. Since A is gbl” closed we have bl*cl(A) < (X\F).
Hence Fc X\bl'cllA) — 5 (2

From (1) & (2) we have
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Fc (X\bl*cl(A)) N bI'cl(A) = ¢ ie., F= ¢.Hence bl*cl(A) \A does not contain any non empty
closed set . Hence the proof.

Theorem 3.6:

If A be agbl” closed set of a SEITS ( X, t',1) and AcBc bl*cl(A) then B is also

gbl” closed.

Proof:

Let A be agbl” closed set ) and A < B < bl*cl(A).Then bl*cl(A) < bl*cl(B) = bl*cl(A)

which implies bl*cl(A) = bl*cl(B) let us now consider U to be a open set in ( X, *,1) containing
B. Then Ac U and A is gbl” closed .

= bl'cl(A)c U

= bl*cl(B )c U = B is gbl” closed.

We now provide a necessary and sufficient condition for a gbl™ closed set to be bl™ closed.
Theorem 3.7:

A gbl” closed set Ais bl* closed if and only if bI*cl(A) \A is closed.

Proof:

Let A be bl* closed , then A= bl*cl(A).

= if bl*cl(A) \A=¢ which is closed.

Conversely , let bI*cl(A) \A is closed. By theorem 3.5 we know that bl*cl(A) \A does not
contain any non empty closed set. Therefore bl*cl(A) \A = = bl*cl(A) =A. Hence A is bl”
closed.

Theorem 3.8 :

If Aand B are gbl® closed sets such that D (A) < Dy "(A) and D (B) — Dy *(B) .Then AU B is
gbl” closed.

Proof:

Let U be an open set such that Au B < U .Then since A and B are gbl” closed sets we have
bl*cl(A) < U and bl*cl(B) < U. Since D (A) < Dy *(A), thus D (A) = Dp"(A) and by

lemma 2.19 , cl(A) = bl*cl(A) and similarly cl(B) = bl™cl(B).

Thus bl*cl(AUB) < cl (AuUB)=cl(A) U cl(B) = bl*cl(A) U bl*cl(B) < U.

This implies AUB is gbl™ closed.

Definition 3.9:

Let B = A < X. The set B is said to be gbl™ closed relative to A if bl*cla (B) = U whenever
B < Uand U isopen in A, where bl*cla (B) = A n bl*cl(B)
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Theorem 3.10:

If B< Ac XandA isgbl” closed and open ,then B is gbl™ closed relative to A if
and only if B is gbl” closed in X.

Proof:

Let A be gbl” closed and open. Let B be gbl™ closed relative to A. Since A is gbl” closed and
open, we have bl*cl(A) c A.

Therefore bl*cl(B) < bl*cl(A) c A
Therefore bl*cl A(B) < bl*cl(B) n A = bl*cl(B).
Now let U be open in X and BcU.
Then Un A isopenin Aand B < U n A. Since B is gbl™ closed relative to A we have
bl*cl A(B) = UNA. Hence bl*cl o(B) = U N A < U. Therefore B is gbl™ closed.
Conversely, let B be gbl” closed in X.
Consider U be openin Aand B < U. Then U= VN A where V is open in (X,t",1).
Now BV and B is gbl” closed in X. This implies bl*cl(B) N AcVNA = U.
ie., bl*cl A(B) < U.
Therefore B is gbl™ closed relative to A. Hence the proof.
Definition 3.11:
A set A is said to be gbl* open if and only if (X\A) is gbl” closed.
The family of all gbl* open subsets of X is denoted by GBI"O(X).
The largest gbl* open set contained in X is called the gbl™ interior of A and is denoted by
gbl*(int(A)).Also A is gbl™ open if and only if gbl*(int(A)=A.
Theorem 3.12:
bI*cI(X \A) = X\ bI*(int(A)
Proof:
Let xe blcl(X \A)
<> every bl” open set U containing X intersects (X\A)
<> there is no bl™ open set containing x and contained in A.
< x e X\bl*(int(A)
Theorem 3.13:

A subset A of a SEITS ( X, ©7,1) is gbl™ open if and only if F< bl*(int(A) whenever F is closed
and FCA.
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Proof:

Let A be gbl” open and suppose that F is closed and FZA. Then (X\A) is gbl” closed and
(X\F)o(X\A).Now (X\F) is open and (X\A) is gbl™ closed. Therefore bl*cI(X \A) c(X\F).
By theorem 3.12, bI*cI(X \A) = X\ bI*(int(A).

Hence X\ bl*(int(A) c(X\F).

ie,F< bI*(int(A).

Conversely , let F< bl*(int(A) whenever F is closed and FCA.

Now to prove A is gbl* open is the same as proving (X\A) is gbl™* closed .Let G be an open set
containing (X\A) then F= (X\G) is a closed set such that FCA.

Therefore , Fc bl*(int(A)

ie., (X\F) o (X\ bI*cl(X \A)) = bl*cl(X \A)

bI*cI(X \A) c G.

Therefore (X \A) is gbl” closed.ie., A is gbl” open . Hence the proof.
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