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1. Introduction: ldeal topological spaces have been first introduced by K. Kuratowski[4] in
1930. R. Vaidyanathaswamy,[8] introduced local function in 1945 and defined a topology t*.
Andrijevic[2]introduced a new class of b-open sets in atopological space in 1996. Pauline
Mary Helen, et.al [6], ,introduced b-local function and obtained t** -topology in *b-finitely
additive space .In this paper, the characterization of basic open sets and subbasic open sets are

introduced and discussed in T*? - topology.
2. Preliminaries and definitions

Definition 2.1:[3]An ideal 7 on a nonempty set X is a collection of subsets of X which satisfies

the following properties:(i)AeJ and BCA implies BeJ(ii)A€J and BEJ implies AUBET
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Definition 2.2:[3]A topological space (X, t) with an ideal 7 on X is called an ideal topological
space and is denoted by (X, 1,7). Let Y be a subset of X. Then, 7y = {INY/I €7} is an ideal on Y
and 7y = {GNY/G €t} is a topology on Y. By (Y, t /Y,Jy ) we denote the ideal topological

subspace.

Definition 2.3:[9]Let P(X) be the power set of X , then a set operator ( )*:P(X)— P(X), called
the local function of A with respect to T and J is defined as follows: For AcX, A*(J, 1) ={x €

X/UNAgJ for every open set U containing x}.

We simply write A* instead of A*(J, 1) in case there is no confusion. X* is often a proper subset

of X.

Definition 2.4:[3]A Kuratowski closure operator cl*( ) for a topology t*(9, 1), called the T *-
topology is defined by cl*(A)= Au A*.t*(J) is finer than t and B(J, 1) = {U-1/U€E 1, I€T) is a

basis for t*(7).

Definition 2.5:[3]A subset A of an ideal topological space (X, t, J) is said to be t* -closed or

simply *-closed if A*c A.

For a subset A of X, cl(A) denotes the closure of A in (X, 1). Similarly cl*(A) and int*(A) will

represent the closure of A and the interior of A in (X,t*) respectively.

Definition 2.6:[2] A subset A of X is said to be b-open if A ccl int (A)uint cl(A).The
complement of b- open set is called b- closed. The collection of all b-open sets and b-closed sets

are denoted by BO(X, 1) and BC(X, 7).

Note 2.7:[2]
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1.Arbitrary union of b-open sets is b-open.

2. Intersection of b-open sets need not b-open.Equivalently union of b-closed sets need not b-

closed.

Definition 2.8:[6]Let (X, 1, 7) be an ideal topological space and A subset of X. ThenA* (7, t)={x
eX/ANUgJ for every UeEBO(X, x)} is called the b-local function of A with respect to 7 and t,

where BO(X, x) = {UeBO(X)/ x €U}.cl*?(A) is defined to be AUA*®.

Remark 2.9:[6]Let (X, 1, 7) be an ideal topological space and A, B subsets of X. Then, for the b-

local function, the following properties hold:

1. If AcB, then A**cB*P.

2. A*™®=Dbcl (A™) cbel(A) and A*™ is b-closed in X
3. (A®) ca®,

4, (AuUB)™c A®PUB*P,

In general (AU B)*? # A** UB*?.

cl*b (A) satisfies the following properties.

L cl*™ (¢)=¢
2. cl*b( cl*b (A))=cl* (A)
3. cl*b (AUB) ccl* (A)Ucl* (B)

4.4 C cl*(A)

Definition 2.10:[6]An ideal topological space (X, 1, ) is said to be
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(1) *b- finitely additive if[U7Z, 4;]= U2, (A )™ .

(2) *b-Countably additive if [U7~, 4;]""=U2,(A )™ .

(3) *b—additive if (U, 4,)*?= U, (4,,) " for arbitrary collection{4, }.
Note 2.11: [6]In a *b- finitely additive space,

cl*?(AUB)= (AUB) U(4 U B)*’= (AUB) U (4*" U B*?)= cl**(A) ucl*?(B)

If (X, 1, 7) is *b-finitely additive, thencl*’(A) satisfies the Kurtowski closure axiom.

Therefore t*2= {A X/cl*? (X-A)= X-A} is a topology on X.
Definition 2.12:[2]Let £:(X, 1)—(Y, o) be a map. Then, fis said to be

@ b-continuous if f~1 (A) is b-open whenever A is open in Y.
2 b-open if f (A) is b-open whenever A is open in X.

3 Strongly b-continuous if f=1 (A) is open in X whenever A is b-open in Y.
(@) b-irresolute if f=1 (A) is b-open in X whenever A is b-open in Y.
5) b-resolute if f (A) is b-open whenever A is b-open in X.

Definition 2.13:[7]Let f:(X, t1)—(Y, o) be a map. Then, fis said to be b-homeomorphism if f is a

i)bijection ii) b-irresolute iii) b-resolute.

Definition 2.14:[7]Any property of X which is entirely expressed in terms of the topology of X
yields,(via the b-homeomorphism f) the corresponding property for the space Y is called a b-

topological property of X.
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Definition 2.15:[4] A subset Y of an ideal topological space (X, t, J) is said to be b-compact if
for every cover {G,/a € Q} of X by b-open sets G, in X, there exist a finite subset 0, of Q such

that X = Ugep, Gq -

Definition 2.16:[7]A topological space (X, 1) is said to be b- Lindelof if for every b- open

cover {Ug }oen OF X there exists a countable subset (2 of Q such that X -U,ep, U,.

Definition 2.17:[8 ]An ideal topological space (X, t, J) is said to be Lindelof modulo 7 if for
every open cover{U,},eo Of X there exists a countable subset 2, of Q such that X —

UQE.QO UL( 6.7

Definition 2.18:[7] A collection B of b-open sets is said to be a b- basis for X if for every b-open
set U and x €U there exist BEB such that x eBS U. The members of B are called basic b-open

sets.

Definition 2.19:[8] A topological space (X, 1) is said to be bT, if for any two points x # y in X

there exist b-open set G such that x €G, y G or ye G, x €G.

Definition 2.20:[8]An ideal topological space (X, t, J) is said to be Tomodulo 7 if for any two
points X # y in X, there exist a open set G such that X € G and GN{y} €7 or y € G and GN{x}

€J.

Definition 2.21:[7] A topological space (X, 1) is said to be bTj if for every two points x # y in X
there exist b-open sets U, V€ 1 such that xe U\V, ye V\U. Equivalently, every singleton set is

b-closed.
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Definition 2.22:[8]An ideal topological space (X, t, J) is said to be Tymodulo 7 if for any two
points x # y in X, there exist a open sets U, V€ 1 such that x€ U\V, ye VAU and UN{y} €7 and

VN{x} €7.

Definition 2.23:[7] A topological space (X, t) is said to be bT, if for every two points x # y in X

there exist disjoint b-open sets U,V in X such that xe U, ye V.

Definition 2.24 :[8]An ideal topological space (X, t, J) is said to be T,modulo 7 if for every

points x# y in X, there exist a open sets U, V in X such that x€ U\V, ye V\U and UNV €7.

Definition 2.25:[7]A topological space (X, 7) is said to be a bT;space or b-regular space,if

(1)X'is b T;space and

(2)For any b-closed subset F of X and every point x ¢F there exist disjoint b-open sets G, H in X

such that x eH, FCSG.

Definition 2.26:[8]An ideal topological space (X, t, J) is said to be a T;modulo J space or

regular modulo an ideal space. If

(1) Xis Tymodulo 7 and

(2) For any semi closed subset F of X and every point x ¢F there exist b-open sets G, H such

that x eH\G, FEG-H and GNH €7.

Definition 2.27:[7]A topological space (X, t) is said to be b-normal if

@ X is semi Ty space.

(2 For any two disjoint semi closed sets G, H in X, there exist disjoint b-open sets
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U, V such that G €U, H cV.
Definition 2.28:[8] An ideal topological space (X, t, ) is said to be normal modulo 7 if
(1) Xis Tymodulo 7.

(2) For any two disjoint closed sets G, H in X, there exists open sets U, V such that G

cU\V, H €V\U and GNH €7.
3.Basic open sets and sub-basic open sets in 2 Topology
Definition 3.1[7]: A topological space (X, 1) is said to be

(1) finitely b-additive if finite union of b-closed sets is b-closed.
(2) Countablyb-additive if finite union of b-closed sets is b-closed.

(3) b-additive if arbitrary union of b-closed sets is b-closed.
Remark 3.2[7] :b-additive =Countably b-additive = Finitely b-additive.

Example 3.3:Let (X, 1) be an infinite cofinite topological space. Then,=={¢, X, A/A° isfinite},

BOX)= {¢, X, A/A is infinite}. In this space a set A is b-closed & A° is infinite.
This space is not finitely b-additive and hence it is not countably b-additive andb-additive.

Theorem 3.4:1f (X, 1, ) is finitely *b-additive and finitely b-additive space then B = {V-I/Ve

BO(X), 1€7} is a basis for the topology 7*°.

Proof:If (X, 1, 9) is *b-finitely additive then t** is a topology. U €t**< X-U is t**—closed
X -NPeX-U sUcX-(X-U)P-.xeU=xe¢(X— U)P>there exist V € BO(X, X)

such that VN(X-U) €7. Let I=V N (X-U) then x & | which implies x € V-1 € U.
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It is enough to prove: Intersection of two members of B is again in B.Let x € (V; -I;) N (V,-1,)
where Vi, V,e BO(X) and I, ,€3.Then, (V; ) N (-L) = VinIif nv,N I
=(VinVy) N (L UL)=(V;nV,) - (I; UIL)EB, since V; NV, is b-open and I; U ,€J.~B is a

basis for 7*°.

Note 3.5:If (X, 1, J) is finitely *b-additive and not finitely b-additive then B is only a sub basis

fort*b.

Example 3.6:Let(X, 1) be an infinite cofinite topological space and 7 = P(X).Then A™=¢ for
any subset A and BO(X) = { ¢,X.all infinite subsets}.Therefore (X, t) is not finitely b-
additive.But cI™(A) = A UA™= A for all A< X. Therefore (X, t, 7) is finitely "b additive. So in

this space B need not be a subbasis for 7*?
Theorem 3.7: In (X, 1) a set is b-open if and only if it is union of b-basic open sets.

Proof:Let U be b-open. For every xe U there exist B,€B such that x €B,SU.ThereforeU =
U.ey B,.Conversely ,union of b-basic open sets is b-open,since every b -basic open set is b-open

and union of b-open sets is b-open.
4.b-COMPACTNESS MODULO AN IDEAL

Definition4.1:An ideal topological space (X, t, 7) is said to be b-compact modulo 7 if for every

b-open cover {G, /o € Q} of X there exists a finite subset 2, of Q such that X — Ugeq, G, €7.

Remark 4.2:

(1) Every finite ideal topological space (X, 1, ) is b-compact modulo 7.

(2) Every b-compact modulo 7 space is compact modulo 7, since every open set is b-open.
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(3) Every b-compact space is b-compact modulo 7, for any ideal 7 since ¢ €7 but not conversely

as seen in the following example.

Example 4.3:Consider an infinite discrete space (X, 1) and an ideal P(X). In this space
BO(X)={all subsets}.{{x}/xe X} is a b-open cover which has no finite sub cover. (X, 1) is not
b-compact. On the other hand if {G,/a € Q} is a b-open cover for X, and £, is any finite subset
of Q, then X — Uyep, Go EP(X).+(X, 1, P(X)) is b-compact modulo P(X).But (X, ) is not b-

compact

Theorem 4.4:Let (X, 1, J) be a b-compact modulo 7 space. Then every b-closed subset of X is b-

compact modulo 7.

Proof:Let A be a b-closed subset of X and {G,},eo be a cover for A by b-open sets in X.Then
{{G,}aecn . X-A} is a b-open cover for X. By the hypothesis there exist a finite sub cover such that

X —{Gq,V ..... UG, U (X-A)} €7.Then A—{G,, U ..... UG, } €J. = A is b-compact modulo J.

Theorem 4.7: I1f f : X—Y is a bijection then J is an ideal in Y, ©f~1(J) is an ideal in X.
Proof: Obvious from the definition.
Theorem 4.8:Let f(X, t, 7)—(Y, o, f(7)) be a bijection. Then

(1) X'is b-compact modulo 7 and f is b-irresolute =Y is b-compact modulo (7).
(2) Xis b-compact modulo 7 and f is b-continuous=Y is compact modulo f( 7).
(3) X is compact modulo 7 and f is strongly b-continuous =Y is b-compact modulo 7.
(4) Y is b-compact modulo f(7) and fis b-resolute =X is b-compact modulo 7.

(5) Y is b-compact modulo f(7) and f is b-open=X iscompact modulo 7.
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Proof:Let {G,},co be a b-open cover for Y. Since f is b-irresolute, f~1(G,) is b-open in X for
all a € Q.~{f1(G,)}.eqls a b-open cover for X. Since X is b-compact modulo 7, there exists a
finite subset 2y of Q such that X — Ugeg, f ™ (Ga)ET. Y-Ugen,(G,)E f (J).~ Y is b-compact

modulo f ( 7).
Proof of (2) to (4) are similar.

Remark 4.9:From Theorem 4.8 (1) and (4) .it follows that ‘b-compact modulo 7’ is a b-

topological property.

Theorem 4.10:Let Jrdenote the ideal of all finite subsets of X. Then (X,t) is b-compact if and

only if (X, 1,7z) is b-compact moduloJy .
Proof:Let (X, t) be b-compact. Then by the remark 4.2(3), (X, t,7¢) is b-compact moduloJ.
Conversely let (X, t,7) be b-compact modulo Jz.Let {G, },c, be a b-open covering for X.

Then there exist a finite subset 2, of Q such that X — Ugeq,(Go)ETr L&t X-Ugen,(Gy) =
{x1.Xz,....... Xy } and let x;€G, for i=1,2.,3,......0.Then X = {Uyeq, Go} U {UT1 G} = (X, 1) s

b-compact.
5. b-COUNTABLY COMPACT MODULOQO7J

Definition 5.1 : A subset A of a topological space (X, 1) is said to be b-countably compact if

every countable b-open covering of A has a finite sub cover.
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Definition 5.2:An ideal topological space (X, 1, J) is said to be b-countablycompact modulo 7 if
for every countable b-open cover {G,/a € Q} of X, there exists a finite subset 0, of Q such that

X = Uqg eny G2 €7-

All the results from remark (4.2) to theorem (4.10)are true in the case when (X, t, J) is b-

countably compact modulo J.

Remark 5.3:
(D b-compact modulo 7 implies b-countably compact modulo 7 for ¢ €7
2 Every finite ideal topological space (X, t, J) is b- countably compact modulo 7.
3 Every b- countably compact modulo 7 space is countably compact modulo 7, since

every open set is b-open.
()] Every b-countably compact space is b-countably compact modulo 7, for any ideal 7

since ¢ €7

Theorem 5.4:Let (X, 1, 7) be a b-countably compact modulo 7 space. Then every b-closed subset

of X is b-countably compact modulo 7.

Proof: Proof is similar to the proof of theorem (4.4)

Theorem 5.5: If f: X—Y is a bijection then J is an ideal in Y, ©f~1(J) is an ideal in X.
Proof: Obvious from the definition.

Theorem 5.6: Let fi(X, 1, 7)—(Y, o, f(7)) be a bijection. Then

(1) X is b-countably compact modulo 7 and f is b-irresolute =Y is b- countably compact modulo

(7).
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(2) X is b- countably compact modulo 7 and f is b-continuous=Y is countably compact modulo
f( 7).
(3) X is countably compact modulo 7 and f is strongly b-continuous =Y is b- countably compact

modulo 7.

(4) Y is b- countably compact modulo f(7) and f is b-resolute =X is b- countably compact

modulo 7.

(5) Y is b- countably compact modulo f(7) and f is b-open=X is countably compact modulo 7.

Proof: Proof is similar to the proof of theorem (4.8).

Remark 5.7: From (1) and (4) of theorem 5.6, it follows that ‘b-countably compact modulo 7’ is

a b- topological property.

Theorem 5.8:Let Jrdenote the ideal of all finite subsets of X. Then (X,t) is b-countably compact

if and only if (X, 1,7r) is b-countably compact moduloJy .
Proof: Proof is similar to theorem (4.10)

6 .b-LINDELOF MODULO AN IDEAL

Definition 6.1: An ideal topological space (X, t, 7) is said to be b-Lindelof modulo 7 if for

every b-open cover{U, },c, there exists a countable subset 2, of Q such that X Uy, Uy E7.

Remark 6.2:
(1) If (X, 1) is b-Lindelof then (X, 1, J) is b-Lindelof modulo 7 for any ideal 7, since

{o}€T.
(2) If(X, 1, J) is b-compact modulo 7 then (X, t, J) is b-Lindelof modulo 7. It follows

from the definition.
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(3 (X, 1) is b-Lindelofe(X, 1, ¢) is b-Lindelof modulo {¢}. It follows from the
definition.

(4) If(X, 7, J)is b- Lindelof modulo 7 then (X, 7, J) is Lindelof modulo 7 since every
open set is b-open.

Theorem 6.3:LetJ, be the ideal of countable subsets of X. Then (X, 1) is b-Lindelofe
(X, 1, 3;) is b-Lindelof modulo 7..

Proof:Proof is similar to theorem 4.10

Corollary 6.4:1f (X, 1,7.) is b-compact moduloJ. then (X, 1) is b-Lindelof.

Proof: Follows from remark 6.2 (2) and theorem 6.5.

Theorem 6.5: A topological space (X, t, 7) is b- Lindelof modulo 7 if and only if every b-basic

open cover{B,} has a countable sub collection {B,,} such that X -U7.; B,,€7 .

Proof:Necessity: Obvious since b-basic open sets are b-open.

Sufficiency:Let{U, },en be a b-open cover for X. By theorem (3.7), each U, is a union of b- basic

open sets Bgs .So the collection of all such Bgs is a b-basic open cover for X .By hypothesis,

there exists a countable sub collection {Bg /i=1,2,.....} such that X- U7, Bg,€7.

For each set Bg, in this countable collection, select a U,, which contains it. Then {U,, }i=; is a
countable sub cover of the collection {U,}qeo and X —UiZ; Uy, € X ~UjZL; Bg,€7. Therefore (X,

1, J) is b- Lindelof modulo 7.

Definition 6.6:A subset A of (X, t, 7) is said to be b —Lindelof modulo 7 if every cover
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{U,/0. € Q} of A by b-open sets in X has a countable sub cover {U, };=; such that A-

% Uy €7,

Theorem 6.7: Let (X, 1, J) be b- Lindelof modulo 7 space. Then every b-closed subset of X is

b-Lindelof modulo 7.

Proof:Similar to proof of theorem (4.4)

Theorem 6.8:Let f:(X, 1, 7)—(Y, o, f(7)) be a bijection. Then

1) X'is b-Lindelof modulo 7 and f is b-irresolute =Y is b-Lindelof modulo (7).
2)X is b-Lindelof modulo 7 and f is b-continuous =Y is Lindelof modulo ( 7).

3)X is Lindelofmodulo 7 and f is strongly b-continuous =Y is b-Lindelof modulo 7.
4)Y is b-Lindelofmodulo f(7) and f is b- resolute =X is b-Lindelof modulo 7.
Proof:Similar to proof of theorem 4.8

Remark 6.9:From theorem 6.8(1) and (4) it follows that ‘b-Lindelof modulo 7’ is a b-

topological property.

Theorem 6.10:Let (X, 1, 7) be finitely *b additive space. Then if (X,z*?,9) is Lindelof modulo 7
then (X, 1, 7) is b- Lindelof modulo 7. The converse is true if X is also finitely b-additive and 7is

closed under countable union.

Proof:Necessity:Under the given hypothesis t*? is a topology. Let {U,},cq be a b-open cover
for X. Since BO(X) ct** and (X,t*?,9) is Lindelof modulo 7, there exist a countable subset 2,

of Q such that X -U,ep, U, €T.Hence (X, 1, J) is b- Lindelof modulo J.
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Sufficiency:Since (X, 1) is finitely b- additive, {U-I/U €BO(X) and I€J} is a basis for 7*?.Let
{U,/a € Q} be a cover for X by basic 7*? -open sets.Then U, = G,- I, where G,€BO(X) and

I,€3.Here {G,} is a b-open cover for X. Then there exists {G, /i=1,2,...} such that X-
UiZ; Gg, €. X- U Uy, = (X- ULy Gg,) U (Ui 1,,) €3.( Since 7 is closed under countable
union.)~(X,t*?,7) is Lindelof modulo 7

7.bTo MODULO AN IDEAL OR b-KOLMOGROV MODULO AN IDEAL

Definition 7.1:An ideal topological space (X, 1, J) is said to be bTymodulo 7 if for any two

points x #y in X, there exist GE BO(X) such that x € G and GN{y} €Jory € G and GN{x} €7

Remark 7.2:

(1)EveryT,space is bT,, since every open set is b-open. Converse need not be true which

follows from example (7.3)

(2)Every T, modulo 7 space is bTymodulo J, since every open set is b-open which follows from

example (7.4)

(If (X, 1) is a bT, space then (X, 1, 7 ) is bTymodulo 7 for any ideal 7 on X, since the

open sets are b-open and ¢ €7.The converse is not true .

Example 7.3:Let X={ a,b,c,d} 7 = {¢, X, {a,b}}.

Then BO(X)={a},{b}.{a,b}.{a,c}{a,d},{b,c}, @, X.Therefore (X, 1) is not To but bT,

Example 7.4: Let X={ ab,c,d} 7 = {g, X, {a,b}}7=1{s, {a}, {b}, {a,b}}is not T, modulo 7 but it is
bT, modulo Ispace
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Theorem 7.5: Let (X, 7, 7) be bTymodulo J and J an ideal in X with Jc J. Then (X, 1, J) is
bT,modulo J.

Proof:It is obvious.
Theorem 7.6:Let (X, 1, 7) be finitely *b-additive.Then (X, t, 7 ) is bTymodulo 7= (X, t*®) is a

Ty space.The converse is true if (X, 1, J) is finitely b-additive.

Proof:Let (X, 1, 7) be bTymodulo J and x#y be two points in X.Then there exist G €BO(X) such
that x € G and GN{y} €Jor y € G and GN{x} €J.Without loss of generality,assume that x € G
and GN{y} €7. If GN{y} = @,put G=G.If GN{y} ={y}, put G'=G-{y}.In both cases,G isa sub
basic open set int*® topology . . G'€1*?, x€G" and yeG .. (X, T*°) is a T, space.Conversely, Let
(X, 1, 7) be finitely b-additive and let (X, T*?) be a T, space and x # y be two points in X.Then B
is a basis for t*P.Therefore there exist G'=G-l €t*® such that x€G and yeG or
yeG andxeG'where G €BO(X) and | €7.w.lL.g., let X€G" and yeG'.Then GN{y} ={y} or {@}.
Suppose GN{y} ={¢}, then GN{y} €J. Suppose GN{y} ={y}, then y€ | which implies

{y}€J.Hence, G is a b-open set containing x and GN{y} €7... (X, 1, J) is bTymodulo 7.

Theorem 7.7:Let (X, 1, 7) be finitely *b-additive T, space then (X, T*P) is a T, space.
Proof:It follows from the theorem (7.6) and (1) and (2) of remark (7.2).But the converse need

not be true as seen from the following example.

Example 7.8:Consider an infinite discrete space (X, 1) and an ideal P(X). Then t*P= {all

subsets}. This space is *b-additive and (X, t*®) is T, but (X, 1) is not T.

Theorem 7.9: Let (X, 1, 7) be finitely *b-additive then (X, 1, J) is bTymodulo 7=1*" closure of

distinct points are distinct. The converse is true if (X, 1, J) is finitely b-additive.
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Proof:Let (X, 1, 7) be bTymodulo 7. By theorem (7.6), (X,t*?) is a T, space.If x # y be two
points in X, then there exist U €t*® such that x € U and yeU ory € U and x ¢U.w.l.g., assume
that x € U and y ¢U.Then y €U® which is t® closed.. xecl*®(y) which implies
cl*® (x)#c1*P (y).Conversely, let x # y imply cI*®(x)£c*®(y).G = [cI*’(y) ]¢ is t*® open.Now, G
et®, x € Gand y ¢ G implies that (X,t*?) is a T, space. By theorem (7.6), (X, t, 7) is

bT,modulo J.

Theorem 7.10:Any b-homeomorphic image of bT, modulo 7 space is bT, modulo f(7) where f is

the corresponding b-homeomorphism.

Proof:f: (X, 1, 7)—(Y, o, f(7)) is a b-homeomorphism. Let y; # y, be two points in Y. Then y;
= f(xq), y» = f(x,)for some points x; # x,€ X... There exist G € BO(X) such that x;€ G and
GN {x,} €7 or x,€ G and GN {x{} €J.Then, f(G) is b-open in Y .- f(x;)€ f(G), f(G)N f(x;)€E

f(7) or f(x3)€ f(G), f(G)N f(x1) € f(T). ~ (Y, o, f(7)) is bT, modulo (7).
Theorem 7.11: Let f: (X, 1, 7)—(Y, o, f(7)) be a bijection.

@ fis b-open and X is T, modulo 7=Y is bT, modulo f( 7)

2 fis b-resolute and X is bTy modulo 7=Y is bT, modulo f( 7)
3 f is b-continuous and Y is T, modulo f(7) =X is bT, modulo 7.
4 f is b-irresolute and Y is bT, modulo f(7) =X is bT, modulo 7.

(5) f is strongly b-continuous and Y is bT, modulo f(7)=X is T, modulo 7.
Proof:Obvious from the definition.

Note 7.11:The property of being ‘bT, modulo 7’is a b-topological property as from (2) and (4)
of theorem (7.11).
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8.bT; MODULO AN IDEAL OR b-QUASI-SEPARATED MODULO AN IDEAL

Definition 8.1:An ideal topological space (X,t,7 ) is said to be bT;modulo 7 if for any two points

X #y € X, there exist b-open sets U,VE€ 1 such that x € U,ye V, UN{y}€J and VN{x} €7.

Example 8.2:Any discrete ideal topological (X,t,7 ) is bTymodulo J for any ideal 7 since all
subsets are b-open.

Example 8.3:Let X = {a,b,c,d} ,z = {p, X, {a}}.

Then BO(X) = {{a}{a,b}.{a,c}.{a,d} {ab,c} {ac,d}{ab,d}, ¢ ,X}.Since {a} is not b-closed,

(X, 1) is bTobut it is not bT1So (X,r,7 ) is not bT; modulo 7 when 7= {p}

Theorem 8.4:Every bT; space is bT; modulo 7 for any ideal 7.

Proof:Obvious since p €7
Theorem 8.5:Let (X, t, 7) be bT; modulo J and J an ideal in X with J cJ. Then (X, 1, J)

is bT; modulod.
Proof:Obvious

Theorem 8.9:Let (X, 1, 7) be finitely *b-additive space. Then (X, t, 7) is bT; modulo 7=

(X, T*P) is a Ty space. The converse is true if (X, 1, 7) is a finitely b-additive space.

Proof:Similar to proof of theorem (7.6).

Theorem 8.10:Let (X, t, 7) be finitely *b-additive space. Then X is bT; modulo 7=
every singleton set is T closed. The converse is true if (X, 1, 7) is also finitely b-additive.

Proof:X is a bT; modulo 7=(X, t*°) is T, space. (By theorem (8.9))
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=every singleton set is T closed.Conversely, every singleton set is 1" closed =(X,

©*P) is a T; space,under the given hypothesis, (X, t, 7) is bT;modulo 7. (By theorem (8.9))

Theorem 8.11:Every space which is bT; modulo 7 is bTymodulo 7.

Proof: The proof is obvious from the definition.Converse need not be true as seen from the

following example.

Example 8.12:In example 8.3, (X,t, ¢ ) is not bT; modulo ¢ but it is bTy modulo ¢

Theorem 8.13:Let (X, 1, 7) be finitely *b-additive, then (X,t,7 ) is bT; modulo 7= every

finite subset of X is t*®—closed. Converse is true if (X, 1, 7) is also finitely b-additive.

Proof: By theorem (8.4), in a bT; modulo 7 space, every singleton set is t*° closed and hence

every finite subset is t*® closed since t*? is a topology.Conversely let every finite subset of X

be t*Pclosed. Then in particular every singleton set is t*Pclosed. Therefore by theorem(8.10)

(X, 1, 7)is bT; modulo 7.

Theorem 8.14: Let (X, 1, 7) be finitely *b-additive. Then (X, 1, 7) is bT; modulo 7=1*®

contains the cofinite topology for X. The converse is true if (X, 1, J) is also finitely b-additive.

Proof: Let (X, t,7) be bT; modulo 7 and A finite subset of X. By theorem (8.13), A is t*

closed.~A° is TP open.This shows that the complements of finite sets are t*open and hence

t*Pcontains the cofinite topology for X.Conversely, if t*Pcontains the cofinite topology for X

R S. Publication, rspublicationhouse@gmail.com Page 67



International Journal of Computer Application Issue 3, Volume 3 (May-June 2013)
Available online on http://mww.rspublication.com/ijca/ijca_index.htm ISSN: 2250-1797

then for each x € X,X — {x} is t*Popen... {x} is t*"closed...By theorem (8.13), (X, t, 7 ) is bT;

modulo 7 .

Theorem 8.15:Let (X, 1, ) be a finitely *b-additive, finite,obT,; modulo 7 space ,then t*° is

discrete topology.

Proof: By theorem (8.14) ,since every subset of X is t*Popen and hence t*° is discrete topology.
Definition 8.16: Let(X, 1, 7) be an ideal topological space and Ac X. We say X is a b-

limit point of A modulo 7 if every t*® neighborhood of x contains atleast one point of A other
than Xx.

Theorem 8.17:Let(X, t, 7 ) be finitely *b-additive, bT; modulo 7 space .Then x is a b-limit
point of A modulo 7< every t*Pneighborhood of x contains infinitely many points of A.

Proof:If every t*° neighborhood of x contains infinitely many points of A then it contains atleast
one point of A other than x... x is a b- limit point of A modulo 7.Conversely, let x be a b-limit

point of A modulo 7.Suppose that there exist a t*neighborhood U of x which contains only

neighborhood of x and it does not intersect A which is a contradiction.

Theorem 8.18: Every finite subset of a finitely *b-additive bT; modulo 7 space has no b-
limit point modulo 7.
Proof: The proof follows from theorem (8.17).

Theorem 8.19:If (X, 1, 7) is a finitely *b-additive, T, space then (X, T ) is a T, space.

R S. Publication, rspublicationhouse@gmail.com Page 68



International Journal of Computer Application Issue 3, Volume 3 (May-June 2013)
Available online on http://mww.rspublication.com/ijca/ijca_index.htm ISSN: 2250-1797

Proof: The proof follows from the theorem (8.9), since every T; space is bT; modulo 7. But, the

converse is not true.

Example 8.20:Let (X, 7, J) be an indiscrete ideal topological space where 7 = P(X).

Then,cl’®(A)= A v AcX.~t* is discrete topology and hence (X, t*P) is a *b-additive T;space

.But, (X, 1) 1s not a Ty space.
Theorem 8.21:Let f: (X, 1, 7)—(Y, o, f(7)) be a bijection.

(1) fis b-open and X is T; modulo =Y is bT; modulo f( 7)

(2) fis b-resolute and X is bT; modulo 3= is bT; modulo f( 7)
(3) fis b-continuous and Y is T; modulo f(7) =X is bT; modulo 7.
(4) fis b-irresolute and Y is bT; modulo f(7) =X is bT; modulo 7.

(5) fis strongly b-continuous and Y is bT; modulo f(7) =X is T; modulo 7.
Proof:Similar to the proof of theorem (7.11).
Remark 8.22: The property of being a * bT; space modulo 7 ‘is a b-topological property by
(2) and (4) of theorem (8.21).

9.bT,Modulo an ideal or b-Hausdorff space

Definition 9.1: An ideal topological space (X, t, J) is said to be bT, modulo 7 if for every x #y

€ X, there exist b-open sets U,V in X such that x € U\V, y eV\U and UNV €7.

Example 9.2:Let X be infinite set and t-cofinite topology, 7= P(X) .

Then BO(X)={ 9, X ,A/ Ais infinite}. Let x #y €X and let U =X-{x}; V=X-{y};U,V are
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b-open in X, ye U, x €V and UNV= {X-{x} NY-{y}}=X-{x,y} €7..- X is bT, modulo 7.

Example 9.3:1n example (8.3), (X,t, ¢ ) is not bT, modulo ¢ .
Remark 9.4:

(1) Every T, space is T, modulo J for any ideal J.
(2) A space is bT, space < it is bT, modulo {¢}
3) (X, 1, 7)is bT, modulo 7 and 7= J = (X, 1, J) is bT, modulo J.

4) (X, t,9)is T, modulo 7= (X, 1, 7) is bT, modulo 7.

Theorem 9.5:Let (X, 1, 7) be finitely *b-additive.Then (X, t, 7) is bT, modulo 7= (X, t*? ) is a

T, space. The converse is true if (X, 1, ) is finitely b-additive.

Proof: Similar to the proof of theorem (8.9).

Theorem 9.10: Every bT,modulo 7 space is bT;modulo 7 space.
Proof:Obvious from the definition
Example 9.11: An indiscrete space(X, 1)is not T, but it is bT,and bT, modulo 7 for any ideal 7

Theorem 9.12:Every finite subset of a finitely *b-additive, bT, modulo 7 space (X, 1, J) is

*Pclosed.
Proof:By the theorem (9.10), (X, 1, 7) is bT; modulo 7 and by the theorem (8.9), (X, ™ ) is
a Ty space and hence every singleton set ist*® —closed, since X is finitely *b-additive, every finite

subset is t*P —closed.

Definition 9.13:

1. At*® —open set U containing x is called a t*® neighborhood of x.
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2. Let (X, 1, 7) be an ideal topological space and {x,} a sequence in X. We say x,

b
— x (modulo 7) if for everytr* neighborhood U of x there exist positive integer N such that
X € U for all n >N

In this case we say x is b- limit modulo 7 of the sequence{x,}.
Theorem 9.14:Let(X, 1, J) be a finitely *b-additive T, modulo 7 space and {x,} a sequence in X.

If b- limit modulo 7 of the sequence {x,} exists then it is unique.

b b
Proof:Suppose that x, - xmoduloJ and x, — ymoduloJ and x # vy, since X is bT,

modulo J there exist U, V in BO (X) such that x € U\V, ye VAU, UNV €J

Let I =UNV, then V — | € t*®(since V-1 is a sub basic open set in T topology) and UN (V — 1)

=¢. ~U contains all the elements of {x,} except finite number of points.Hence,

V — | contain only finite number of points of {x,}.Therefore, it is a contradiction to the fact

Xp i y modulo J.

Theorem 9.15:If (X, 1, 7) is a finitely *b additive, T, space, then(X, t*® ) isa T, space.
Proof:Since(X, 1, 7) is finitely *b-additive,=*" is a topology.For x #y € X, there exist

U,V int such that xeU,yeV and UnV =¢.Since T € t*°,U,Ve 1*°.-.(X, 1*? ) isa T, space.
Remark 9.16:Converse of the above theorem need not be true as seen from the following example
Example 9.17 :Consider(X, t, 7) wheret is an indiscrete topology and 7=2(X)

Then A* =¢ for all A € X. cI*’(A)=A U A*® = A. Therefore, every subset is closed in t*

topology.t*Pis discrete topology. (X, T2 ) is a finitely *b-additive, T, space.But (X, t) is
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nota T, space.
Theorem 9.18: Let (X, 1, 7) be a finitely *b additive, bT, modulo 7 space then,

1) For each pair x, y €X there exist closed t*® neighbourhood N,, of y such that x¢ N, (N, is
said to be a closed ©* neighbourhood , if N, is > —closed and there exist a t*> —open set

V such that VEN,,)

2 For xeX, {x}=n N, where the intersection is over t*>closed neighbourhood N, of x.
Proof:

1) X is bT,modulo 7 space =(X, t*? ) is a T, space ( by theorem (9.5))

Let x= y € X. Then there exist U,V in t*Psuch that xeU,yeV and UnV=¢
Then, N,= X\Uis a t*P—closed set such that yeV CN,and x¢ N,,

2 Let x €X ,y# x. Then by (1),there exist a T*°closed neighborhood N, of x such that y&N,
Therefore, y ¢ intersection of all closedt*®neighborhood of x. Therefore, {x} =N N,.
Theorem 9.19:Let f: (X, 1, ) —(Y, o, f(7)) be a bijection.

(1) fis b-open and X is T, modulo 7=Y is bT, modulo f( 7)

(2) fis b-resolute and X is bT, modulo 7=Y is bT, modulo f( 7)
(3) fis b-continuous and Y is T, modulo f(7) =X is bT, modulo 7.
(4) fis b- irresolute and Y is bT, modulo f(7) =X is bT, modulo J.

(5) fis strongly b-continuous and Y is bT, modulo f(7) =X is T, modulo 7.

Proof:Similar to the proof of theorem (7.11).
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Remark 9.20: The property of being "bT,modulo 7” is a b-topological property by (2) and (4) of

theorem (9.20).

Theorem 9.21: Let (X, 1, J) be finitely b-additive, bT, modulo 7, x €X and C a b-compact
subspace of X not containing X, then there exist U,V such that V € BO(X), U is a finite

intersection of b-open sets such that, x €U, C c Vand UNV €7.

Proof:For every ye C, there exists G, , H,€ BO(X) such that x €G,\ Hy, y € Hy\ Gy,
Gy, N Hy€J... {Hy/y € C} is a b-open cover for C.Since C is b-compact there exist

H H, suchthat C cUL; Hy .LetGy,,....... , Gy be the corresponding b-

Yyt My

open sets containing x. Let U=N{; G, ; V= Ui, Hy, .Finite union of b-open sets is b-

open... V is b-open. Now, x € VAU, CcU\V; Put G, =G; and Hy = H;.Then, UNV

=(N™, G;) N (U™, H;)= (G;NG,N......... NG,)N(H;UH,U.......UH,)

= {(G;NG,N......... NG,)NH;} U {(G;NG,N......... NG )NH,} e, U
(GyNG,yN......... NG,)NH,} € (G;NH;) U (G,NH) U ... U(G,NH,)= U™,(G; N H,)
€.~ UNV €7.

Remark 9.22:In the above theorem, suppose (X, 1, J) is finitely b-additive then U in the
above proof is b-open.

Theorem 9.23: Let (X, 1, 7) be a finitely *b-additive,bT, modulo 7 space. Then every b-
compact subspace of X is t*° closed.

Proof: Let C be a b-compact subspace of a bT, modulo 7 finitely *b-additive space X.
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Claim:C is v*® closed.(i.e) To prove: C€ is t*® open.Let x€ C¢,by theorem (9.21),

there exist U,V such that VeBO(X) and U is finite intersection of b-open sets, x € U\V,
CcV\U and UNV €7. Let UNV=I. Now, U-1I is a basic b-open set and hence U-let™,
Now, U=NiL; G; where G;€ BO(X)

Now, x € U\l < X\V < X\C... X-C is 7 open and hence C is t*P closed.

Remark 9.24: The following example shows that, the converse of the above theorem
IS not true

Example 9.25:Let (X, 7) be an infinite discrete space and 7= P(X). Then BO(X)={all
subsets} and t*® = {all subsets} .This space is finitely *b-additive, bT, modulo 7. An
infinite subset B of X is t*® -closed but not b-compact since {{x}/x€ X} is a b-open

cover for B which has no finite sub cover.

10.bT3modulo an idealor b-regular modulo an ideal

Definition 10.1:An ideal topological space (X, t, J) is said to be a bT;modulo 7 space or b-
regular modulo an ideal space, if
(1)X is bT;modulo 7 and
(2)For any b-closed subset F of X and every point x &F there exist G, H eBO(X) such
that x eH\G, FEG-H and GNH €7.
Note 10.2:(X, 7) is b-regular & (X, 1, 7) is b-regular modulo {¢}.
Theorem 10.3:Let (X, 7, 7) be a finitely *b additive. Then (X, t, J) is b-regular modulo 7

=(X, t™®) is regular. The converse need not be true.
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Proof:(X, 1, 7) is bT;modulo 7=(X, t** ) is a T, space. Let F be b-closed set in X and x & F,
then by definition there exist G,HeBO(X) such that F € G\H and x € H\G and GNHeJ. Let GNH
=1, Put G'=G-1 and H'=H-I, then G, H'are sub basict*® — open sets and FEG'xeH'and G' N H'

=@ .Therefore, (X, ) is regular.

Example 10.4: Let (X, 1, 7) be an indiscrete ideal topological space where 7=P(X). Then

©*P is discrete topology . Then BO(X) = {All subsets}.t*® = {All subsets}. (X, 1, 7) is finitely
*p additive .So, (X, t*® ) is regular .

Example 10.5: Let (X, 1) be a discrete ideal topological space thenBO(X) =P(X). Then

(X, 1) is b-regular. So, (X, 1, 7) is b-regular modulo 7 for any ideal 7.

Theorem 10.6:Every b- regular modulo 7 space is bT,modulo 7 for any ideal 7.

Proof: Let (X, 1, ) be b-regular modulo 7. To Prove: (X, 1, 7) is a bT,modulo J. Let x £y € X,
(X, 1, 9) is b-regular modulo 7= (X, t, 7) is bT;modulo 7. Then there exists b-open sets U and V

such that x eU\V and ye VAU, UNV €37.X-V is a b-closed set and yg X\V.

Since (X, 1, J) is b-regular modulo 7, there exists b-open sets W;,W, such that y eW;\IW,, x €

X-V cW, -W; and W;NW,€J. Hence (X, 1, 7) is bT,modulo 7.

Theorem 10.7:Let (X, 1, J) be finitely *b additive. If X is b-regular modulo 7 then given a point
X€ X and a b-open set U containing X, there exist b-open set V containing x such that x eV

ccl* (V) e U.

Proof: Let X be finitely semi *b additive space. Thent* is a topology.Let X be b-regular

modulo 7; Let U € BO(X) and x € U . Then F=X-U is b-closed and x ¢ F. By definition, there
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exist G, H € BO(X) such that FE G-H, x €H\G, GNHEJ. Let GNH=L Put G =G-I, H'=H-1.Then
G’andH’ are sub basic open sets in t*P—topology.. G'and H' € t*andG N H' = ¢ Now, x
€EH'Ccl*® (H').To prove: cl*’(H) € U. If ye F then yeG' which is disjoint fromH ..G" is a ©*°
neighborhood of vy, disjoint from H'... y écl*’(H). ~FS X- cl**(H). ~U 2cl**(H). x

€H'Ccl*® (H') € U. Hence the proof.

Remark 10.8:Let (X, 1, 7)—(Y, o, (7)) be a bijection.

(1) fis b-open and X is regular modulo 7=Y is b-regular modulo f( 7)

(2) fis b-resolute and X is b-regular modulo 7=Y is b-regular modulo f( 7)

(3) fis b-continuous and Y is regular modulo f(7) =X is b-regular modulo 7.

(4) fis b-irresolute and Y is b-regular modulo f(7) =X is b-regular modulo 7.

(5)f is strongly b-irresolute and Y is b-regular modulo f(7) =X is b-modulo J.

Proof: Similar to the proof of theorem (7.12).

Remark 10.9:From(2) and (3) of theorem (10.8) it follows that ‘b-regular modulo 7’ is a

b-topological property.

11. b-NORMAL MODULO AN IDEAL

Definition 11.1: An ideal topological space (X, T, J) is said to be b-normal modulo 7 if
(1) Xis bT;modulos.

(2) For any two disjoint b-closed sets G, H in X, there exist U, V eBO(X) such
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that G cU\V, H €V\U and GNH €7.

Example 11.2:Let (X, t, J) be a discrete ideal topological space where 7= {¢}. Then
BO(X) = {all subsets}... This space is b-normal modulo 7.

Example 11.3:In example (8.3), (X,t, 7 ) is not bT; modulo 7 and hence it is not b-normal
Modulo 7.

Remark 11.4:

@ (X, 1, 7) is b-normal modulo 7 and 7€ J =(X, t, J) is b-normal modulo J.
2 (X, 1) is b- normal =(X, t, 7) is b-normal modulo 7 for any ideal.

3) (X, 1)is b-normal &(X, 1, ¢) is b-normal modulo {@}

Theorem 11.5:Let (X, 1, 7) be finitely *b additive, b-normal modulo 7 space. Then

(X,t*® ) is normal.

Proof: By definition, (X, 1, 7) is a bT;moduloJ space. Under the given hypothesis, t*° is a
topology and B = {V-1/VeBO(X), 1€J} is a sub basis for the topology. By the theorem (3.6),
every singleton set is t*®—closed.Let G,H be two disjoint b-closed sets.Then by the hypothesis
there exist U,VEBO(X) such that G € U\V, H € VAU andUNV €J.Let UNV =1, Put G =U-I and
H'=V-1then G', H are sub basic open sets in t*°-topology.--G 'andH'er*®. Now, G €G',H CH’

and G' N H = ¢.~. (X7 ) is normal.

Remark 11.6: Let (X, 1, 7)—(Y, o, f(J)) be a bijection.
@ f is b-open and X is normal modulo 7=Y is b-normal modulo f( 7)

(2 fis b-resolute and X is b-normal modulo 7= is b-normal modulo f( 7)
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3) f is b-continuous and Y is normal modulo f(7) =X is b-normal modulo 7.
4 f is b-irresolute and Y is b-normal modulo f(7) =X is b-normal modulo 7.

5) f is strongly b-irresolute and Y is b-normal modulo f(7) =X is normal modulo 7.

Proof: Similar to the proof of theorem (7.11)

Note 11.7: The property of being ‘b-normal modulo 7’ is b-topological property.

Theorem 11.8:Let (X, 1, 7) be finitely *b additive, finitely b-additive, b-compact space

which is bT, modulo 7. Then (X, 1, ) is b-normal modulo J.

Proof:Let (X, 1) be b-compact and bT, modulo 7.Then, X is bT; modulo J. Let G, H be disjoint

b-closed sets in X.First let us prove G and H are b-compact. Let {A4,} be a b-open cover for G.

Then{{ A, }/ X-G} is a b-open cover for X.Since X is b-compact, there exista,, a,,........ Xy,
such that X=A4,,U............. UA,, U X-G.
Then G= A, U............. UA,, .~ G is b-compact.Similarly H is b-compact.For each xe G there

exist U, and V,,eBO(X) such that x €U, ; H €V,and U, N V, €J(by theorem(9.21).{U,/xeG} is a

b-open cover for G. Since G is b-compact there existxy,........ X, SUch that GEUP, U,,. LetU =

=1 Uy, and V = N{L; V.U and V are b-open(Since X is finitely b-additive). Then, G < U,
HCSVand U N \Y = (Ui Uy, N (N1 V%,) =
(Ve Moo NV YU JU ULV N O VU, YE( W, VU, U u( %, NU,) €l

NV €7... X is b-normal modulo 7.
Note 11.9:But converse need not be true as seen from the following example.

Example 11.10:Let (X, 1, 7) be an infinite discrete ideal topological space where
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J= P(X). Then BO(X) = {all subsets},t**> = {all subsets}... (X, 1, 7) is finitely *b additive,
finitely b-additive. (X, t, J) is a bT,modulo J. But it is not b-compact {{x}/x € X} is a b-open

cover for X which has no finite subcover.

Theorem 11.11:Let (X, 7, J) is finitely *b additive space. Then if X is b-normal modulo 7 then
given a b-closed set A and a b-open set U containing A, there exist a b-open set G containing A,

such that AC G<cl**G c U.

Proof: Under the given hypothesis, T*° is a topology and B = {V-1/VEBO(X), I1€7} is a sub basis
for v, A and X-U are two disjoint t*°—closed sets.Since X is b-normal modulo 7 there exist V
and W eBO(X) such that A € VAW, X\U € WAV and VN W =1€J.Put G =V-land H = W-I.
Then G and H are sub basic open sets and hence G and H are int*”.Now, A< G and X-U €H and

GNH = ¢. ~GEX-H cU .X-H is t*’—closed.
~cl™(X-H)= X-H. A € G ccI*? (G) € X-H cU.Hence the proof.
Theorem 11.12:Let (X, 1, 7) be finitely *b additive space with the following conditions.

(1) t®=BO(X).
2 (X, 1, 7) isa bTymodulo 7.
3 Given a b- closed set A and a b-open set U containing A, there exist a

b-open set G containing A, such that A< GEScl*G c U.
Then (X, t, J) is b-normal modulo 7.

Proof: Let A and B be two disjoint b-closed sets in X.Then U= X-B is a b-open set containing A.

By the hypothesis, there exist a b-open set G such that A€ GScl*’G < Usincetr™® = BO(X),G
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and H= X- cI**G are b-open. Now, AC G, BS H and GNH =¢ €7. ~(X, 1, 7) is b- normal

modulo 7.
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