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ABSTRACT:

In this chapter an attempt has been made to discuss the combined influence of
radiation and dissipation on the convective heat transfer flow of a viscous fluid through a
porous medium in a rectangular cavity using Darcy model. Making use of the
incompressibility the governing non-linear coupled equations for the momentum, energy and
diffusion are derived in terms of the non-dimensional stream function, temperature. The
Galerkin finite element analysis with linear triangular elements is used to obtain the Global
stiffness matrices for the values of stream function, temperature. These coupled matrices are
solved using iterative procedure and expressions for the stream function, temperature are
obtained as linear combinations of the shape functions. The behavior of temperature and
Nusselt number are discussed computationally for different values of the governing
Parameters Ra, o, N; and Ec.
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SCHEMATIC DIAGRAM OF THE FLOW MODEL
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FORMULATION OF THE PROBLEM

We consider the mixed convective heat transfer flow of a viscous incompressible fluid
in a saturated porous medium confined in the rectangular duct (Fig. 1) whose base length is a
and height b. The heat flux on the base and top walls is maintained constant. The Cartesian
coordinate system O (x,y) is chosen with origin on the central axis of the duct and its base

parallel to x-axis.

We assume that

)} The convective fluid and the porous medium are everywhere in local
thermodynamic equilibrium.

i) There is no phase change of the fluid in the medium.

iii)  The properties of the fluid and of the porous medium are homogeneous and
isotrophic.

iv) The porous medium is assumed to be closely packed so that Darcy’s momentum
law is adequate in the porous medium.

V) The Boussinesq approximation is applicable.

Under these assumption the governing equations are given by
ou' oV

6x’+8y’ 0 (2.1)
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2l =,00{1—ﬂ(T'—T0) } (2.5)
R=R+R,
2

Where u’ and v’ are Darcy velocities along direction of 6 (x, y), T’, p’ and g’ are the

temperature, pressure and acceleration due to gravity, T, , and Ty are the temperature on the
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cold and warm side walls respectively. p’, u, v, and B are the density, coefficients of
viscosity, kinematic viscosity and thermal expansion of he fluid, k is the permeability of the
porous medium, K; is the thermal conductivity, C, is the specific heat at constant pressure ,

Q is the strength of the heat sourceki; is the cross diffusivity , . is the magnetic

permeability of the medium and g, is the radiative heat flux.

The boundary conditions are

u=v=0 on the boundary of the duct

T =T, on the side wall to the left

T =T, on the side wall to the right (2.6)
% =0, on the top (y = 0) and bottom

u=v=0 walls (y = 0)which are insulated.

Invoking Rosseland approximation for radiation

4ot T’

3 O

Expanding T* in Taylor’s series about T, and neglecting higher order terms
T =47°T - 31,

Qr

We now introduce the following non-dimensional variables
X' = ax; y' =hy ; Cc = bla; u' = (v/a) u;

V' = (via)v; p' = (vV’plad)p; T =To+0(Th_To) (2.7)

The governing equations in the non-dimensional form are

K \op
S A o 2.8
. (azjax (28)
_ 2112
:_LZ@_ ka;g_i_ ka-g:B(Th2 Tc)g_(o-:ue Hok)v (29)
a“oy Vv Vv
00 00\ (, ANY d%0 9% 2,2
P(u&+VEJ_(1+?I¥+y]—aH+Ec(u +V ) (2.10)

In view of the equation of continuity we introduce the stream function v as

_oy
oy

_oy
OX

u ;o V= (2.11)
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Eliminating p from the equation (2.8) and (2.9) and making use of (2.10) the

equations in terms of y and 6 are

00
Vi = —Ra(— 2.12
y ) (2.12)
2 2 2 2
p[Q 00 0w 00) 1, 4 [0 00\ 4 g |[ {ﬁ_l/f)
oy ox Ox oy 3N, A ox® oy oy OX
(2.13)
Where
_ 3
G= w (Grashoff number)
v
3.2
D*= o (Darcy parameter)
P=pncy/Ky (Prandtl number)
o = Qa’/K; (Heat source parameter)
ﬁg(T _Tc )(a .
Ra = gv—z (Rayleigh Number)
36:K -
N, =R 1 Radiation parameter
b 4ot T ( P )
a4
Ec=| —— (Eckert number)
UKK AT
The boundary conditions are
8_(//=O18_l//=0 on x=0&1 (2.14)
OX oy
=1 on x=0
=0 on x=1 (2.15)
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FINITE ELEMENT ANALYSIS and SOLUTION OF THE PROBLEM

The region is divided into a finite number of three node triangular elements, in each of
which the element equation is derived using Galerkin weighted residual method. In each
element f; the approximate solution for an unknown f in the variational formulation is

expressed as a linear combination of shape function. (Nli)k:],2,3, which are linear

polynomials in x and y. This approximate solution of the unknown f coincides with actual
values at each node of the element. The variational formulation results in a 3 x 3 matrix
equation (stiffness matrix) for the unknown local nodal values of the given element. These
stiffness matrices are assembled in terms of global nodal values using inter element

continuity and boundary conditions resulting in global matrix equation.

In each case there are r distinct global nodes in the finite element domain and f, (p =

1,2,...... r) is the global nodal values of any unknown f defined over the domain then

8

f=> rfpcD‘,

i=1 p=1l

where the first summation denotes summation over s elements and the second one represents

summation over the independent global nodes and

(D‘p =Ny, if pisone of the local nodes say k of the element e;

=0, otherwise.

fo’ s are determined from the global matrix equation. Based on these lines we now make a
finite element analysis of the given problem governed by (2.12) - (2.13) subjected to the
conditions (2.14) — (2.15).

Let w'and 6 be the approximate values of w and 6 in an element 6;.
v =Ny NGy + Ny s (3.1a)
' =N, 6/ +N) 6, + N} 6} (3.1b)

Substituting the approximate value \yi and 6" for v and 6 respectively in (2.13), the error
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Under Galerkin method this error is made orthogonal over the domain of e; to the
respective shape functions (weight functions) where

[El Ni do =0,

(3.2)

[EiNidQ=0

IN (( J[aze'+aZ€‘)_P(ay/‘ 06" oy’ aeiJ
oy & x X oy

(3.4)

Using Green’s theorem we reduce the surface integral (3.4)&(3.5)without affecting v
terms and obtain

1 4 |ONi 80" oNy 06 i, [V 20" oy 2
UUU3N, Jox oax ey oy oy X X oy
JN , gL
) —af+E [5‘//) +(8—WJ
oy oX
jN (%n , 90", jdl“ (3.6)
oy

where T’y is the boundary of e;.

Substituting L.H.S. of (3.1a)- (3.1b) for y' and 6' in (3.6) we get

ZJ( j@Nk ON{  ON| aNk_PZ %I[aNm ON| oN; aNLJdQ
1 ¢ OX OX ay ay 1 ei ay OX OX ay

_aZQilNlbllin +ECM%” jz +(%‘/’ )2}19
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j N! o0 oo dr, =Q (I, m, k=12,3) (3.8)
= — N, +——n L= m, K= .
k X y i k y 16y
RooLox oy

where

Q =Q,+Q, +Q,,Q s being the values of Q, on the sides s = (1,2,3) of the
element e;. The sign of Q,’s depends on the direction of the outward normal w.r.t the
element.

Choosing different N, ’s as weight functions and following the same procedure we

obtain matrix equations for three unknowns (Qip) viz.,

(@,)(6,) = (Q) (3.10)
where (a},) is a 3 x 3 matrix, (6;),(Q;) are column matrices.

Repeating the above process with each of s elements, we obtain sets of such matrix

equations. Introducing the global coordinates and global values for 6; and making use of

inter element continuity and boundary conditions relevant to the problem the above stiffness
matrices are assembled to obtain a global matrix equation. This global matrix is r X r square
matrix if there are r distinct global nodes in the domain of flow considered.
Similarly substituting y'and ' in (2.12) and defining the error
i o6 o
E.=Vi+Ra(—+N-—= 3.11
3 4 (8X GX) ( )

and following the Galerkin method we obtain

[Ewjda=0 (3.12)
Q

Using Green’s theorem (3.8) reduces to

i oy i o ) i
J. N v +8Nk u +Ra(9'% dQ
ol ox X oy oy X

(oy' oy o
| N;[ A ny}alri +[ Ningdr, (3.13)
r ax ay r

In obtaining (3.13) the Green’s theorem is applied w.r.t derivatives of y without
affecting 0 terms.
Using (3.1) and (3.2) in (3.13) we have
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;Wm{[g[axk - +8y aydeQgRaZL:(eLjQiNkde}

( oy oy’ o .
=| N;( Y on nderi + [ Nig'dQ, =T (3.14)
rk ox oy r

In the problem under consideration, for computational purpose, we choose uniform mesh of
10 triangular elements. The domain has vertices whose global coordinates are (0,0), (1,0) and
(1,¢) in the non-dimensional form. Let e, e,.....e10 be the ten elements and let 03, 0,,
.....010 be the global values of 6 and vy, ya,...... y1o be the global values of y at the ten

global nodes of the domain

SHAPE FUNCTIONS and STIFENESS MATRICES

Range functions in n ;i = element, j = node.
IVJ

n=1-3x n=3x—3—y n= _y n:—1+3—y

11 12 C 21 C 2,2 C

n=1-3x+> n=2-3X n=—1+3x—ﬂ n=3—y

2,3 31 3,2 C 33 C

n= _3y n=-2+3x n=2-3x+>Y n=2-3x

41 C 4,2 43 C 51

n:—1+3x—ﬂ n=3—y n=2-3x n=3x—3—y

5,2 53 C 6,1 6,2 C

n=1+3—y n=2—ﬂ n =-2+3x n=1 3x+3—y

6,3 C 71 C 7,2 7,3 C

n =3-3x n=—1+3x—3—y n=3x—3—y n=-1+2Y
9.2 C 9,3

Substituting the vabove shape functions in (3.8),(3.9)&(3.14) w.r.t each element and
integrating over the respective triangular domain we obtain the element in the form (3.8).The

3x3 matrix equations are assembled using connectivity conditions to obtain a 8x8 matrix

equations for the global nodes ,,0, and ¢p.

The global matrix equation for 6 is

A X, =B, (4.2)
The global matrix equation for v is
A X, =B 4.3)
Page 483
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The global matrix equations are coupled and are solved under the following iterative
procedures. At the beginning of the first iteration the values of (y;) are taken to be zero and
the global equations (4.1)&(4.2) are solved for the nodal values of 6 and ¢.These nodal
values (6i) and (¢i1) obtained are then used to solve the global equation (4.3) to obtain(y;).In
the second iteration these (\i)values are obtained are used in (4.1)&(4.2) to calculate (6i) and
(d1) and vice versa. The three equations are thus solved under iteration process until two

consecutive iterations differ by a pre-assigned percentage.

The domain consists three horizontal levels and the solution for ¥ & 0 at each level

may be expressed in terms of the nodal values as follows,

In the horizontal strip 0 <y S%

Y= (\P1N11+ ‘Plez‘l‘ \P7N17) H(l- Tl)

=¥, (1-4x)+ \P24(X-%)+ Y7 ( % (1- 1) (0< XS% )

v :( \P2N32+ lPgNag‘*' lPeNgs) H(l- Tz)

+ (WoNZ WNZ+ WeNZ)H(L- T) (% < XS% )

:( \P22(1-2X) + ¥, (4X- % -1)+ Ye (% ))H(l- Tz)

#(9 (1= e (1 22 - e (DR T)

¥ :( ‘P3N53+ \P4N54+ lI’5N55) H(l- Tg)

+ (TaN's+ W5t BN‘H(L- T2) (2 <xs)

=( W3 (3-4x) + W42(2x- % -1)+ We (% -4x+3))H(1- Ta)

+ ¥, (1-% )+ Ws (4x-3)+ s (4—Cy NH(1- T4)

. c 2C
Along the stri —<Sy<—
g p 3 Y. 3

¥ =( lP7N67'|‘ \P5N66+ \PgNGB) H(l- Tz) (1 <x<1)

3

+( lP(;N76'|‘ \P9N79+ lI’8N78) H(l- T3)+( lP(;Nss'l' ‘{'5N85+ ‘Pgng) H(l- T4)
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W =(P; 2(1-2X) + Pg (Ax-3)+ Wy (% S))H(L- T5)

¥ (2(1—%)+ ¥ (4—Cy )+ ¥ (1+4—Cy Ax)H(L- To)

W, (A(1-x)+ Ws (4X- % Iyt %2(% 1)H(L- T)

Along the strip %5 y=<I

W =( WgN%+ WoNoo+ WioN0) H(1-Te) (%s x<1)
= i Y 4 3pyHa-
= Wg (4(1-x)+ Wod(x c )+ P102( s 3))H(1- Te)

where T1=4x, To=2X, T3 =? ,

_ y _ y _4 y
Ts=4(x-+), Ts=2(x-+), Te=-—(X=
4 (Xc) 5 (Xc) 6 3(Xc)

and H represents the Heaviside function.

The expressions for 0 are

In the horizontal strip 0< yS%

0 = [01(1-4x)+ 0, 4(x-% )+ 0 (%)) H(1- Ty) (0< xéé )

0= (0 2(2(1-2x)+ 03 (4X-ﬂ -1+ 0 6(% )) H(1-T2)

c
+9 2(1-ﬂ )+ 0 7(1+ﬂ -4x)+ 0 6(4x-1))H(1- Ts) (1 <x<2 )
C C 3 3
_ 2y 4y
0=03(3-4x)+2 0 4(2X-T -1)+ 0 5(? -4x+3) H(1- T3)
#0512 )+ 0 sax3+ 0 () - T Czxs)
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Along the strip C y<£
3 7 3
4y 1 2

0= (0 7(2(1-2x)+ 0 4(4x-3)+ 0 8(? -1)) H(1- T3) (§ < Xﬁg)

#(0520- 2Ly 052 1) 0 (142 -40) HOL- T

4y 4y

+(0 6(4(1-X)+ 0 5(4X-? -1)+ Og Z(T -1)) H(1- Ts)
Along the strip 2—;5 y<I

- y 4y 2

0 = (0g4(1-X) + 0 o4(x- E)"‘ 0 10(? -3) H(1- Ts) (gf x<1)

The dimensionless Nusselt numbers(Nu) and Sherwood Numbers (Sh) on the non-insulated

boundary walls of the rectangular duct are calculated using the formula

00
N =(— X=
u (ax)

Nusselt Number on the side wall x=1in different regions are
Nu;=2-403 (0<y<hl/3)

Nu=2-40;  (h/3<y<2h/3)

Nus=2-40g ( 2h/3< y< h)

DISCUSSION OF THE NUMERICAL RESULTS

In this analysis we investigate the effect of chemical reaction on the mixed convective
heat transfer flow of a viscous electrically conducting fluid through a porous medium n a

rectangular cavity.

The non-dimensional temperature (0) is shown in figs 1-4 at different horizontal and
vertical levels with variations in Ra, N;, o and Ec. The variation of non dimensional
temperature (0) with Rayleigh number Ra at horizontal and vertical levels, it is found that the

actual temperature enhances with Ra < 2x10° and depreciates with higher Ra > 3x10? also it
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reduces with |Ralat all horizontal levels (fig land 2). At the higher vertical level XZ%’ it
enhances with Ra< 2x10° and depreciates Ra > 3x10%. Also it reduces with |Ra| at X =% and

X = % levels (figs. 3 and 4). It is found that the temperature at the horizontal levels is greater

than that at the vertical levels. The variation of non-dimensional temperature (6) with

radiation parameter Njis shown in fig 5-8 at different levels, it is found that higher the
radiative heat flux larger the actual temperature at y =%Ievel and smaller at y =%Ievel.

Whole at the vertical it depreciates with N ;(fig 7&8).

Fig 9-12 represent non dimensional temperature (0) with heat source parameter o it is
found that the actual temperature experiences depreciation at all horizontal and vertical levels
with increase in the strength of the heat source while the increase in the strength of the heat
sink enhances the actual temperature at all the levels. It is found that the temperature at the
vertical levels is greater than that at the horizontal source. The variation of non-dimensional
temperature (0) with Eckert number E. is shown in fig 13-16 at horizontal and vertical levels.
it is found that the higher the dissipation heat smaller the actual temperature at all the levels
fig(13-16). It is noticed that the variation of O at the vertical levels is greater than that at the

horizontal levels.

The rate of heat transfer for different values Ra, N1, o and E; is shown in table 1-4.
The variation of N, with Rayleigh number Ra at different level shows that the N, at the lower
and upper quadrant enhances with increase in Ra while in the middle quadrant it depreciates
with Ra(Table-1). Table-2 shows that the variation of N, with radiation parameter Nj. It is
shown that the rate heat transfer at the lower and middle quadrant enhances with N;<0.07 and

reduces with N1>0.09whole at the upper quadrant it reduces with Nj.

The variation of Ny with heat source parameter o is shows in Table-3. In entire region
it is found that the rate of heat transfer enhances with increase in the strength of the heat
source and depreciates with that of heat sink at all quadrants. The variation of N with Eckert

number E; shows in the Table-4 that higher the dissipative heat larger |[N| at all quadrant.
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Fig. 13 variation of ¢ with Ec at'y =2¢/3 level
Ra =100, & =2, N;=0.01
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Fig. 14 variation of ¢ with Ec at y =c/3 level
Ra =100, & =2, N;=0.01
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Fig. 15 variation of ¢ with Ec at x=1/3 level
Ra =100,, a=2, N;=0.01
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Fig. 16 variation of ¢ with Ec at x=1/3 level
Ra =100,, & =2, N;=0.01
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Table-1
Nusselt Number (Nu) at different levels
Nu, 2.06412 1.528 4.756 1.2352 1.582
Nu, 8.1628 7.188 6.43524 4.7528 4.3602
Nus 5.036 -3.4624 5.92 -1.0643 -1.4126
Ra 1x10? 2x10° 3x10? -1x10? -2x10°
Table-2
Nusselt Number (Nu) at different levels
Nu, 2.2128 2.237 2.268 2.364 2.0323
Nu, 2.1198 2.1296 2.142 2.258 2.175
Nus 2.0269 2.0224 2.018 2.0136 2.0096
N, 0.01 0.03 0.05 0.07 0.09
Table-3
Nusselt Number (Nu) at different levels
Nu, 2.2128 2.2248 2.2368 2.1891 2.1778 2.16692
Nu, 2.11988 2.1870 2.2544 2.0135 1.9202 1.8546
Nuz 2.0269 2.1493 2.2720 2.2163 1.6627 1.54244
a 2 4 6 -2 -4 6
Table-4
Nusselt Number (Nu) at different levels
Nu, 2.2128 2.2242 2.2356 2.2431
Nu, 2.11988 2.13052 2.1592 2.1818
Nuz 2.0268 2.0408 2.0706 2.0808
E. 0.001 0.003 0.005 0.007
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