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ABSTRACT  

In this paper, the authors have defined |𝑁,   𝑝𝑛 , 𝜆𝑛 |𝑘   (𝑘 ≥ 1) summability and 

established that  |𝑁,   𝑝𝑛 , 𝜆𝑛 |𝑘  method is included in |𝐶, 1|𝑘method. 
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INTRODUCTION 

Given   𝑎𝑛  , let (𝑠𝑛) be its sequence of partial sums and 𝑢𝑛 = 𝑛𝑎𝑛 . The 

n
th𝐶𝑒𝑠𝑎𝑟𝑜  means of order 𝛼(𝛼 > −1) of the sequence (𝑠𝑛) and (𝑢𝑛 ) are denoted by 𝑠𝑛

𝛼  

and 𝑡𝑛
𝛼   respectively. The series  𝑎𝑛  is said to be absolutely summable (𝐶, 𝛼) with index 

k, or simply summable  𝐶, 𝛼 𝑘  (𝑘 ≥ 1) (cf. [4]), if 

 𝑛𝑘−1∞
𝑛=1 |𝑠𝑛

𝛼 − 𝑠𝑛−1
𝛼 |𝑘 < ∞                                                                                             (1.1) 

Since 𝑡𝑛
𝛼  = n(𝑠𝑛

𝛼 − 𝑠𝑛−1
𝛼 ) (cf. [5]), condition (1.1) reduces to   

 
1

𝑛
∞
𝑛=1 |𝑡𝑛

𝛼 |𝑘 < ∞                                                                                                                (1.2) 

Consider a sequence (pn) of positive real numbers such that 

Pn =  𝑝𝜈
𝑛
𝜈=0 → ∞𝑎𝑠𝑛 → ∞  (𝑃−1 = 𝑝−1 = 0)                                                                 (1.3) 

Let (λn) be the sequence of positive real numbers such that  

  𝜆𝑛  is  decreasing 

  𝜆𝑛 → 0 𝑎𝑠𝑛 → ∞ 

The transformed sequence (𝑇𝑛) of the (𝑁,   𝑝𝑛 ,) mean of sequence  𝑠𝑛 , generated by a 

sequence of coefficients (𝑝𝑛) is defined as (cf.  [3]), 

Tn = 
1

𝑃𝑛
 𝑝𝜈𝑠𝜈

𝑛
𝜈=0                                                                                                                 (1.4)      

The series  𝑎𝑛  is said to be summable  𝑁,   𝑝𝑛  𝑘 ,  k≥1 (cf. [1]), if  

 [
𝑃𝑛

𝑝𝑛
]𝑘−1∞

𝑛=1 |𝑇𝑛 − 𝑇𝑛−1|𝑘 < ∞                                                                                          (1.5) 

      In the present paper, the sequence-to-sequence transformation (𝑇𝑛
⋆) of the (𝑁,   𝑝𝑛 , 𝜆𝑛 ) 

mean of the sequence (𝑠𝑛) generated by the sequence of coefficient (𝑝𝑛) and the sequence 

(𝜆𝑛) is defined as                                                                          

  𝑇𝑛
⋆ =

1

𝑃𝑛𝜆𝑛
 𝑝𝜈𝑠𝜈

𝑛
𝜈=0                                                                                                           (1.6) 

The series  𝑎𝑛  is said to be summable  𝑁,   𝑝𝑛 , 𝜆𝑛  𝑘 , 𝑘 ≥ 1 if 
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  𝜆𝑛 
𝑘  

𝑃𝑛

𝑝𝑛
 ∞

𝑛=1

𝑘−1  
 𝑇𝑛

⋆ − 𝑇𝑛−1 
⋆  𝑘 < ∞                                                (1.7) 

 

RESULTS ALREADY PROVED 

Bor [3] (see [2] also) has established following two interesting results and our result is 

based on these Theorems: 

Theorem 2.1 [2] Let  𝑝𝑛  be a sequence of positive real constants such that as n→ ∞ 

                              (i)     𝑛𝑝𝑛  =  𝑂 𝑃𝑛       (ii)  𝑃𝑛 = 𝑂 𝑛𝑝𝑛                                             (2.1) 

If  𝑎𝑛  is summable  𝐶, 1 𝑘 , then it is also summable  𝑁, 𝑝𝑛  𝑘 , 𝑘 ≥ 1. 

Theorem 2.2 [3] Let (𝑝𝑛) be a sequence of positive real constants such that it satisfies the 

condition (2.1). If  𝑎𝑛  is summable  𝑁, 𝑝𝑛  𝑘 , then itis also summable  𝐶, 1 𝑘 , 𝑘 ≥ 1. 

 

MAIN RESULT 

               We now state our main Theorem which is similar to Theorem 2.2. 

Theorem 3.1 Let (𝑝𝑛) and (𝜆𝑛) be the sequence of positive real numbers such that 

 (i)    𝑃𝑛  =  𝑂(𝑛𝑝𝑛), 𝑃𝑛  =  𝑝𝜈
𝑛
𝜈=0 → ∞ as 𝑛 → ∞. 

 (ii)      𝜆𝑛 → 0  𝑎𝑠 𝑛 → ∞ and 𝜆𝑛/𝜆𝑛−1 < 𝑃𝑛−1/𝑃𝑛  

If  𝑎𝑛 is summable  𝑁,   𝑝𝑛 , 𝜆𝑛  𝑘  then it is also summable  𝐶, 1 𝑘 , 𝑘 ≥  1. 

Proof of Theorem 3.1 We denote the 𝑛𝑡ℎ(𝐶, 1) mean of the sequence(𝑛𝑎𝑛) by                        

𝑡𝑛   =  
1

𝑛+1
 𝜈𝑎𝜈

𝑛
𝜈=1                                                                                                             (3.1) 

Given, the series  𝑎𝑛summable by  𝑁 , 𝑝𝑛 , 𝜆𝑛  𝑘𝑘 ≥  1, means that  

  𝜆𝑛 
𝑘  

𝑃𝑛

𝑝𝑛
 
𝑘−1

 𝑇𝑛
⋆ − 𝑇𝑛−1

⋆  𝑘∞
𝑛=1 <  ∞                                                                               (3.2) 

𝑡𝑛  =
1

𝑛+1
 𝜈 𝑠𝜈 − 𝑠𝜈−1 

𝑛
𝜈=1   

Breaking the above sum into two parts, applying the change of variable and writing two 

sums together, we get 

𝑡𝑛 =
− 𝑠𝜈

𝑛
𝜈=0 

𝑛+1
+ 𝑠𝑛 (3.3) 

Consider      𝑇𝑛
⋆  = 

1

𝑃𝑛𝜆𝑛
 𝑝𝜈𝑠𝜈

𝑛
𝜈=0                                                                                        (3.4) 

Using (3.4), we obtain 
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𝑠𝑛=
1

𝑝𝑛
[𝑃𝑛𝑇𝑛

⋆𝜆𝑛 − 𝑃𝑛−1𝑇𝑛−1
⋆ 𝜆𝑛]                                                                                           (3.5) 

Substituting the values of sn and 𝑠𝜈  from (3.5) in (3.3), we get 

𝑡𝑛  =  −
1

𝑛+1
[ 

1

𝑝𝜈
 𝑃𝜈𝑇𝜈

⋆𝜆𝜈 − 𝑃𝜈−1𝑇𝜈−1
⋆ 𝜆𝜈 

𝑛
𝜈=0 ] + 

1

𝑝𝑛
[𝑃𝑛𝑇𝑛

⋆𝜆𝑛 − 𝑃𝑛−1𝑇𝑛−1
⋆ 𝜆𝑛−1]        

     =  −
1

𝑛+1
  

𝑃𝜈𝑇𝜈
⋆𝜆𝜈

𝑝𝜈

𝑛
𝜈=0 −  

𝑃𝜈𝑇𝜈
⋆𝜆𝜈

𝑝𝜈+1

𝑛−1
𝜈=−1  +  

1

𝑝𝑛
[𝑃𝑛𝑇𝑛

⋆𝜆𝑛 − 𝑃𝑛−1𝑇𝑛−1
⋆ 𝜆𝑛−1]  

Since,  
1

𝑝𝜈+1
 < 

1

𝑝𝜈
  and 𝑃−1 = 0, we get 

𝑡𝑛  ≤ −
1

𝑛+1
[
𝑃𝑛𝑇𝑛

∗𝜆𝑛

𝑝𝑛
 ] +

1

𝑝𝑛
[𝑃𝑛𝑇𝑛

⋆𝜆𝑛 − 𝑃𝑛−1𝑇𝑛−1
⋆ 𝜆𝑛−1] 

     ≤
𝑃𝑛𝑇𝑛

∗𝜆𝑛

𝑝𝑛
 [

𝑛

𝑛+1
]–

𝑃𝑛−1𝑇𝑛−1
∗ 𝜆𝑛−1

𝑝𝑛
 

     ≤
𝑃𝑛𝑇𝑛

∗𝜆𝑛

𝑝𝑛
−

𝑃𝑛−1𝑇𝑛−1
∗ 𝜆𝑛−1

𝑝𝑛
  

In view of condition (ii), we obtain 

𝑡𝑛  ≤  {λn  
𝑃𝑛

𝑝𝑛
  𝑇𝑛

∗ − 𝑇𝑛−1
∗  } 

Now, applying Hölder’s inequality, we get 

 
1

𝑛
 𝑡𝑛  

𝑘 ≤  
1

𝑛
∞
𝑛=1

∞
𝑛=1  𝜆𝑛 

𝑘  
𝑃𝑛

𝑝𝑛
 
𝑘
 𝑇𝑛

∗ − 𝑇𝑛−1
∗  𝑘   

In view of condition (i), we know 
1

𝑛
= 𝑂(

𝑝𝑛

𝑃𝑛
) , hence we get 

 
1

𝑛
 𝑡𝑛  

𝑘 ≤   𝜆𝑛 
𝑘∞

𝑛=1
∞
𝑛=1  

𝑃𝑛

𝑝𝑛
 
𝑘−1

 𝑇𝑛
∗ − 𝑇𝑛−1

∗  𝑘   

Using (3.2), we finally conclude that     

  𝑡𝑛  
𝑘∞

𝑛=1 < ∞  

Thus, 𝑁 , 𝑝𝑛 , 𝜆𝑛  𝑘 ⊆  𝐶, 1 𝑘  

CONCLUSION 

Besides Theorem 2.2 of [3], our result covers all general cases for different choices of the 

sequence (λn) except λn = 1, for all n. 
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