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1. INTRODUCTION AND PRELIMINARIES 

It is well known that various types of functions play a significant role in the theory of classical 

point set topology. A great number of papers dealing with such functions have appeared, and 

good numbers of them have been extended to multifunctions. This implies that both functions 

and multifunctions are important tools in the whole Mathematical Science. Maki [6] introduced 

the notion of-sets in topological spaces. A -set is a set A which is equal to its kernel, that is, 

to the intersection of all open super sets of A. Arenas et.al. [1] introduced and investigated the 

notion of -closed sets by involving -sets and closed sets. Caldas et.al. [3] introduced and 

studied some new notions by utilizing the notion of -open sets defined in [1]. Let A be a subset 

of a topological space (X,). The closure and the interior of a set A is denoted by Cl(A), Int(A) 

respectively.  A subset A of a topological space (X,) is said to be -closed [1] if A = BC, 

where B is a -set and C is a closed set of X. The complement of -closed set is called -open 

[3]. A point xX in a topological space (X,) is said to be -cluster point of A [3] if for every -
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open set U of X containing x, UA . The set of all -cluster points of A is called the                   

-closure of A and is denoted by Cl(A) [3]. A point xX is said to be the -interior point of A if 

there exists a -open set U of X containing x such that U A. The set of all -interior points of A 

is said to be the -interior of A and is denoted by Int(A). The family of all -open                    

(resp.-closed) sets of X is denoted by O(X) (resp. C(X)). The family of all -open                  

(resp. -closed) sets of a space (X,) containing the point xX is denoted by O(X, x) ( resp. 

C(X, x)). Let B be a subset of Y. For a multifunction , upper and lower inverse  of 

any subset B of Y is defined by  and  .  

2. WEAKLY -CONTINUOUS MULTIFUNCTIONS 

Definition 2.1:  A multifunction YX:F  is said to be: 

(i) upper weakly -continuous if for each Xx  and each open set V of Y such that 

 VFx , there exists  x,XλOU  such that   VClFU  ; 

(ii) lower weakly -continuous if for each Xx  and each open set V of Y such that 

 VFx , there exists  x,XλOU  such that   VClFU  ; 

(iii) Weakly -continuous if F is both upper weakly -continuous and lower weakly                          

-continuous. 

Theorem 2.2: For a multifunction YX:F  , the following statements are equivalent: 

(i) F is upper weakly -continuous; 

(ii)      VClFIntVF λ

   for any open set V of Y; 

(iii)      KFKIntFClλ
   for any closed set K of Y; 

(iv) for each Xx and each open set V containing  xF , there exists a -open set U 

containing x such that    VClUF  . 

Proof: (i)(ii): Let V be any open set and  VFx . By (i), there exists a -open set U 

containing x such that   VClFU  . Hence,    VClFInt λ
x . 

YX:F 

    BF :XBF  xx      BF :XBF xx
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(ii)(i): Let V be any open set and  VFx . By (ii),     VClFVF  x

   VClFInt λ
 . Take    VClFIntU λ

 . Thus, we obtain that F is upper weakly   -

continuous. 

(ii)(iii): Let K be any closed set of Y . Then, KY is an open                                                           

set By (ii),            KIntYFIntKYClFIntKFXKYF λλ   . Thus, 

   KIntFClλ
  KF .  The converse is similar. 

(i)(iv): Obvious.  

Definition 2.3: [4] A multifunction  YX:F   is said to be: 

(i) upper -continuous at a point Xx  if for each open set V of Y such that   V)(F x ,  

there exists  xX,λOU  such that     VUF  ; 

(ii) lower -continuous at a point Xx  if for each open set V of Y such that V)(F x , 

there exists  xX,λOU  such that V)u(F  for every Uu ; 

(iii) upper (lower) -continuous if  F has this property at each point of X. 

Remark 2.4: It is clear that every upper -continuous multifunction is upper weakly                              

-continuous. But the converse is not true in general, as the following example shows. 

Example 2.5: Let  cb,a,X  ,   X ,ba,  ,τ  . Then the multifunction                                                                                                                                                                                                                        

τ)(X,τ)(X,:F    defined by            bcF  ,cbF  ,aaF   is upper weakly -continuous 

but not upper -continuous.  

Theorem 2.6: For a multifunction YX:F  , the following statements are equivalent: 

(i) F is lower weakly -continuous; 

(ii)      VClFIntVF λ

   for any open set V of Y; 

(iii)      KFKIntFClλ
   for any closed set K; 

(iv) for each Xx  and each open set V such that   VF x , there exists a -open set U 

containing x such that      VCluF  for each Uu . 
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Proof: It is similar to the proof of the Theorem 2.2.  

Theorem 2.7: Let YX:F  be a multifunction such that  xF is an open set of Y for each 

Xx . Then F is lower -continuous if and only if lower weakly -continuous. 

Proof: Let Xx and V be an open set of Y such that   VF x ). Then there exists a -open 

set U containing x such that      VCluF  for each Uu . Since  uF is open,   VuF  

for each Uu and hence F is lower -continuous. The converse follows by Remark 2.4.  

Definition 2.8: A topological space  τX,  is said to be normal if for every disjoint closed sets 

1V  and 2V of X, there exist two disjoint open sets 1U and 2U  such that 11 UV  and 22 UV  . 

Theorem 2.9: If YX:F  is upper weakly -continuous and satisfies  the condition   VClF

 VF  for every open set V of Y, then F is upper -continuous. 

Proof: Let V be any open set of Y. Since F is weakly -continuous, we have 

     VClFIntVF λ

   and hence  VF    VClFInt λ
   VFInt λ

 . Thus,  VF  is                         

-open and it follows that F is upper -continuous.  

Theorem 2.10: Let YX:F  be a multifunction such that  xF is closed in Y for each Xx and 

Y is normal. Then F is upper weakly -continuous if and only if F is upper -continuous. 

Proof: Suppose that F is upper weakly -continuous. Let Xx  and G be an open set containing 

 xF . Since  xF is closed in Y and Y is normal, there exist open sets V and W such that 

  VF x , WGX   and WV . We have    VClVF x  WXCl  GWX  . 

Since F is upper weakly -continuous, there exists a -open set U containing x such that  UF

  GVCl  . This shows that F is upper -continuous. The converse follows by Remark 2.4.  

Lemma 2.11 : [5] If A is an α -paracompact α -regular set of a topological space  τX,  and U an 

open neighbourhood of A, then there exists an open set G of X such that   UGClGA  .  
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For a multifunction YX:F  , by YX:F Cl  we denote a multifunction as follows: 

    xx FClF Cl   for each Xx . Similarly, we denote FClλ . 

Lemma 2.12: If YX:F  is a multifunction such that  xF is α -paracompact α -regular for 

each Xx , then we have the following: 

(i)    VFVG    for each open set V of Y, 

(ii)    VFVG    for each closed set V of Y, where G denotes ClF or FClλ . 

Proof: (i): Let V be any set of Y and  VGx . Then   VG x and     VGF  xx . We 

have  VFx  and hence    VFVG   . Then we have   VF x and by Lemma 2.11 there 

exists an open set V such that     VHClHF x . Since    VGVF   ,    VFVG   . 

(ii): Follows from (i). 

Lemma 2.13: For a multifunction YX:F  , we have the following: 

(i)    VFVG    for each open set V of Y, 

(ii)    VFVG    for each open set V of Y, where G denotes ClF or FClλ . 

Theorem 2.14: Let YX:F  be a multifunction such that  xF isα -regular andα -paracompact 

for every Xx . Then the following properties are equivalent: 

(i) F is upper weakly -continuous; 

(ii) ClF is upper weakly -continuous; 

(iii) F sCl  is upper weakly -continuous; 

(iv) FClλ  is upper weakly -continuous; 

(v) αClF  is upper weakly -continuous; 

(vi) pClF  is upper weakly -continuous. 

Proof: We put G = ClF, F sCl , FClλ ,αClFor pClF  in the sequel. Necessity: Suppose that F is 

upper weakly -continuous. Then it follows by Theorem 2.2 and Lemmas 2.12 and 2.13 that for 

every open set V of Y containing  xF ,  VG   VF     VClFIntλ
     VClGIntλ

 . 

By Theorem 2.2, G is upper weakly -continuous. 
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Sufficiency: Suppose that G is upper weakly -continuous. Then it follows by Theorem 2.2 and 

Lemmas 2.12 and 2.13 that for every open set V of Y containing  xG ,    VGVF    

   VClGIntλ
    VClFInt λ

 . It follows by Theorem 2.2 that F is upper weakly                    

-continuous.  

Definition 2.15: Let A be a subset of a topological space X. The -frontier [3] of A, denoted by 

 AFrλ , is defined by      AXClAClAFr λλλ  . 

Theorem 2.16: Let YX:F  be a multifunction. The set of all points x of X such that F is not 

upper weakly -continuous (resp. lower weakly -continuous) is identical with the union of                 

-frontiers of the upper (resp. lower) inverse images of the closure of open sets containing (resp. 

meetings)  xF . 

 Proof: Let x be a point of X at which F is not upper weakly -continuous. Then there exists an 

open set V containing  xF such that       VClFXU  for every -open set U containing 

x. Therefore,    VClFXClλ
x . Since  VFx , we have    VClFClλ

x  and hence 

   VClFFrλ
x . Conversely, if F is upper weakly -continuous at x, then for every open set 

V containing  xF , there exists a -open set U containing x such that    VClUF   hence 

  VClFU  . Therefore, we obtain    VClFIntU λ

x . This contradicts that

   VClFInt λ
x . 

Theorem 2.17: Let F and G be respectively upper weakly -continuous and upper weakly 

continuous multifunctions from a topological space  τX, to a strongly normal space  σY, .  

Then the set      xxx GF:K is -closed in X. 

Proof: Let KXx , then      xx GF . Since F and G are point closed multifunctions and 

Y is a strongly normal space, there exist disjoint open sets U and V containing  xF and  xG , 

respectively we have      VClUCl . Since F and G are upper weakly -continuous 

functions, then there exist -open set 1U  containing x and open set 2U  containing x such that 
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   VClUF 1   and    VClUF 2  . Now set 21 UUH  , then H is an -open set containing 

x and KH ; hence K is -closed in X.  

Definition 2.18: For a multifunction YX:F  , the graph multifunction YXX:GF                   

is defined as follows:      xxx FGF   for every Xx  and the subset 

     YXX:F  xxx  is called the graph multifunction of F and is denoted by  xFG . 

Lemma 2.19: For a multifunction YX:F  , the following holds: 

(i)    BFABAGF


 ; 

(ii)    BFABAGF


  for any subset A of X and B of Y. 

Theorem 2.20: Let YX:F  be a multifunction and X be a connected space. If the graph 

multifunction of F is upper (lower) weakly -continuous, then F is upper (lower) weakly                      

-continuous. 

Proof: Let Xx and V be any open subset of Y containing  xF . Since VX is an open set 

relative to YX and   VXGF x , there exists a -open set U containing x such that  UGF  

   VClXVXCl  . By Lemma 2.19, we have   VClXGU F     VClF                      

and    VClUF  . Thus, F is upper weakly -continuous. The proof of the lower weakly                    

-continuity of F can be done by the same token.  
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