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ABSTRACT: In this paper, a new notion in topological spaces called weakly A-continuous
multifunction is introduced and studied the characterization of weakly A-continuous

multifunctions.
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1. INTRODUCTION AND PRELIMINARIES

It is well known that various types of functions play a significant role in the theory of classical
point set topology. A great number of papers dealing with such functions have appeared, and
good numbers of them have been extended to multifunctions. This implies that both functions
and multifunctions are important tools in the whole Mathematical Science. Maki [6] introduced
the notion of A -sets in topological spaces. A A -set is a set A which is equal to its kernel, that is,
to the intersection of all open super sets of A. Arenas et.al. [1] introduced and investigated the
notion of A-closed sets by involving A-sets and closed sets. Caldas et.al. [3] introduced and
studied some new notions by utilizing the notion of A-open sets defined in [1]. Let A be a subset
of a topological space (X,t). The closure and the interior of a set A is denoted by CI(A), Int(A)
respectively. A subset A of a topological space (X,t) is said to be A-closed [1] if A = BNC,
where B is a A-set and C is a closed set of X. The complement of A-closed set is called A-open

[3]. A point xeX in a topological space (X,t) is said to be A-cluster point of A [3] if for every A-
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open set U of X containing x, AnU=¢. The set of all A-cluster points of A is called the

A-closure of A and is denoted by CI,(A) [3]. A point xeX is said to be the A-interior point of A if
there exists a A-open set U of X containing x such that Uc A. The set of all A-interior points of A
is said to be the A-interior of A and is denoted by Int,(A). The family of all A-open
(resp.A-closed) sets of X is denoted by AO(X) (resp. AC(X)). The family of all A-open
(resp. A-closed) sets of a space (X,t) containing the point xeX is denoted by AO(X, x) ( resp.

AC(X, x)). Let B be a subset of Y. For a multifunction F: X — Y, upper and lower inverse of

any subset B of Y is defined by F*(B)={xeX:F(x)cB}and F(B)={xeX:F(x)nB=¢}.
2. WEAKLY A-CONTINUOUS MULTIFUNCTIONS
Definition 2.1: A multifunction F: X = Y is said to be:

(i) upper weakly A-continuous if for each xe X and each open set V of Y such that
x € F*(V), there exists U e AO(X, x) such that U < F*(CI(V));

(ii) lower weakly A-continuous if for each X e X and each open set V of Y such that
x € F~(V), there exists U € 20(X, x) such that U < F~(CI(V));

(iii) Weakly A-continuous if F is both upper weakly A-continuous and lower weakly

A-continuous.

Theorem 2.2: For a multifunction F: X — Y, the following statements are equivalent:

(i) F is upper weakly A-continuous;
(i) F"(V)cInt, (F*(CI(V))) for any open set V of Y;
(i) Cl, (F(nt(K)))= F~(K) for any closed set K of Y
(iv) for each xe Xand each open set V containing F(x), there exists a A-open set U
containing x such that F(U) < CI(V).
Proof: (i)=(ii): Let V be any open set and x € F*(V). By (i), there exists a A-open set U
containing x such that U < F*(CI(V)). Hence, x e Int, (F* (CI(V))).
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(i)=(i): Let V be any open set and xeF'(V). By (i), xeF'(V)cF'(CI(V))
< Int, (F*(CI(V))). TakeU = Int, (F*(CI(V))). Thus, we obtain that F is upper weakly —A-

continuous.

(i)=(iii): Let K be any closed set of Y . Then, Y-Kis an open
set By (i), (Y=K)=X=F (K)c Int, (F* (CI(Y —K)))= Int, (F* (Y = Int(K))).  Thus,
cl, (F(nt(K))) = F(K). The converse is similar.

(i)=(iv): Obvious.
Definition 2.3: [4] A multifunction F: X —Y is said to be:

(i) upper A-continuous at a point x € X if for each open set V of Y such that F(X)cV,
there exists U e AO(X, x) such that F(U)c V;

(it) lower A-continuous at a point x € X if for each open set V of Y such that F(X) "V = ¢,
there exists U e A0(X, x) such that F(u) "V = ¢ for every ue U;

(iii) upper (lower) A-continuous if F has this property at each point of X.
Remark 2.4: 1t is clear that every upper A-continuous multifunction is upper weakly

A-continuous. But the converse is not true in general, as the following example shows.

Example  2.5: Let X=fabc},t={4 fab,X}. Then the  multifunction
F:(X,1)—>(X,1) defined by F(a)={a}, F(b)={c}, F(c)=1{b} is upper weakly A-continuous

but not upper A-continuous.
Theorem 2.6: For a multifunctionF: X — Y, the following statements are equivalent:

(i) Fis lower weakly A-continuous;
(i) F (V)< Int, (F(CI(\V))) for any open set V of Y;
(i) Cl, (F(int(K)))= F*(K) for any closed set K;
(iv) for each x e X and each open set V such that F(x)mV # @, there exists a A-open set U

containing x such that F(u) "CI(V)# ¢ foreach ue U.
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Proof: It is similar to the proof of the Theorem 2.2.

Theorem 2.7: Let F:X — Y be a multifunction such that F(x)is an open set of Y for each

X € X. Then F is lower A-continuous if and only if lower weakly A-continuous.

Proof: Let x € Xand V be an open set of Y such thatF(x) "V # #). Then there exists a A-open
set U containing x such that F(u)NCI(V)# ¢ for eachu € U. Since F(u)is open, F(u)nV # ¢

for each u € Uand hence F is lower A-continuous. The converse follows by Remark 2.4.

Definition 2.8: A topological space (X,r) is said to be normal if for every disjoint closed sets

V, and V, of X, there exist two disjoint open sets U,and U, such that V, c U,andV, c U,

Theorem 2.9: If F: X — Y is upper weakly A-continuous and satisfies the condition F*(CI(V))

cF (V) for every open set V of Y, then F is upper A-continuous.

Proof: Let V be any open set of Y. Since F is weakly A-continuous, we have
F (V) Int, (F*(CI(V)) and hence F*(V)c Int, (F*(CI(V)))< Int, (F*(V)). Thus, F*(V) is

A-open and it follows that F is upper A-continuous.

Theorem 2.10: Let F: X — Y be a multifunction such that F(x)is closed in Y for each x € X and

Y is normal. Then F is upper weakly A-continuous if and only if F is upper A-continuous.

Proof: Suppose that F is upper weakly A-continuous. Let X € X and G be an open set containing

F(x). Since F(x)is closed in Y and Y is normal, there exist open sets VV and W such that
F(X)cV, X—=GcW and VAW =g¢. We have F(x)c V c CI(V) c CI(X-W)=X-W cG.
Since F is upper weakly A-continuous, there exists a A-open set U containing x such that F(U)

C Cl(V)C G. This shows that F is upper A-continuous. The converse follows by Remark 2.4.

Lemma 2.11 : [5] If A'is an a-paracompact a-regular set of a topological space (X,T) and U an

open neighbourhood of A, then there exists an open set G of X such that Ac G CI(G) c U.
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For a multifunctionF: X —>Y, by CIF:X—>Ywe denote a multifunction as follows:
CI F(x)= CI(F(x)) for each x € X. Similarly, we denote CI, F.

Lemma 2.12: If F: X — Yis a multifunction such that F(x)is a-paracompact o-regular for

each x € X, then we have the following:

(i) G*(V)=F"(V) for each open set V of Y,

(i) G (V)=F (V) for each closed set V of Y, where G denotes CIF or CI,F.
Proof: (i): Let V be any set of Y andx e G*(V). Then G(x)c Vand F(x)c G(x)c V. We
have x € F*(V) and hence G* (V)< F*(V). Then we have F(x)c Vand by Lemma 2.11 there
exists an open set V such that F(x) c H < CI(H) < V.. Since F* (V) = G*(V), G*(V)=F*(V).

(i1): Follows from (i).
Lemma 2.13: For a multifunction F: X — Y, we have the following:

(i) G (V)=F (V) for each openset V of Y,
(i) G*(V)=F*(V) for each open set V of Y, where G denotes CIF or CI, F.
Theorem 2.14: Let F: X — Y be a multifunction such that F(x)isa-regular and o -paracompact

for every x € X. Then the following properties are equivalent:

(i) Fisupper weakly A-continuous;

(it) CIF is upper weakly A-continuous;

(iii) sCIF is upper weakly A-continuous;

(iv) CI,F is upper weakly A-continuous;

(v) oCIF is upper weakly A-continuous;

(vi) pCIF is upper weakly A-continuous.
Proof: We put G = CIF, sCIF,Cl,F,aCIFor pCIF in the sequel. Necessity: Suppose that F is
upper weakly A-continuous. Then it follows by Theorem 2.2 and Lemmas 2.12 and 2.13 that for
every open set V of Y containing F(x), G*(V) =F"(V) <nt,(F*(CI(V))) =Int,(G"(CI(V))).

By Theorem 2.2, G is upper weakly A-continuous.
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Sufficiency: Suppose that G is upper weakly A-continuous. Then it follows by Theorem 2.2 and
Lemmas 2.12 and 2.13 that for every open set V of Y containingG(x), F*(V)=G*(V)
< Int, (G*(CI(V))) = Int, (F*(CI(V))). 1t follows by Theorem 2.2 that F is upper weakly

A-continuous.

Definition 2.15: Let A be a subset of a topological space X. The A-frontier [3] of A, denoted by
Fr, (A), is defined by Fr, (A)=Cl, (A)NCI,(X-A).

Theorem 2.16: Let F: X — Y be a multifunction. The set of all points x of X such that F is not
upper weakly A-continuous (resp. lower weakly A-continuous) is identical with the union of
A-frontiers of the upper (resp. lower) inverse images of the closure of open sets containing (resp.

meetings) F(x).

Proof: Let x be a point of X at which F is not upper weakly A-continuous. Then there exists an
open set V containing F(x)such that U m(X—F+ (CI(V)));t ¢ for every A-open set U containing
x. Therefore, x e Cl, (X—F*(CI(V))). Since x e F*(V), we have x eCl, (F*(CI(V))) and hence
X e Frx(F*(CI(V))). Conversely, if F is upper weakly A-continuous at x, then for every open set
V containing F(x), there exists a A-open set U containing x such that F(U)c CI(V) hence
UcF*(CI(V)). Therefore, we obtainxeU cInt,(F(CI(V))). This contradicts that
x e Int, (F*(CI(V))).

Theorem 2.17: Let F and G be respectively upper weakly A-continuous and upper weakly

continuous multifunctions from a topological space (X,t)to a strongly normal space(Y, o).

Then the set K = {x: F(x)"G(x)# ¢}is A-closed in X.

Proof: Letx e X—K, then F(x)"G(x)=¢. Since F and G are point closed multifunctions and
Y is a strongly normal space, there exist disjoint open sets U and V containing F(x)and G(x),
respectively we have CI(U)NCI(V)=¢. Since F and G are upper weakly A-continuous

functions, then there exist A-open set U, containing x and open set U, containing x such that
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F(U,) < CI(V) and F(U,)c CI(V). Now setH = U, U, then H is an -open set containing
xandHNK =¢; hence K is A-closed in X.

Definition 2.18: For a multifunction F:X—Y, the graph multifunction G.: X —> XxY
is defined as follows: G.(x)={x}xF(x) for every xeX and the subset

{{x}x F(x): x e X} Xx Y is called the graph multifunction of F and is denoted by G (x).
Lemma 2.19: For a multifunctionF: X — Y, the following holds:

(i) G (AxB)=AnF*(B);
(i) G, (AxB)=AnF (B) for any subset A of X and B of Y.
Theorem 2.20: Let F: X —Y be a multifunction and X be a connected space. If the graph

multifunction of F is upper (lower) weakly A-continuous, then F is upper (lower) weakly

A-continuous.

Proof: Let x e Xand V be any open subset of Y containing F(x). Since XxVis an open set
relative to X xYandG(x)c XxV, there exists a A-open set U containing x such thatG,(U)
cCl(XxV)=XxCI(V). By Lemma 219, we have UcG'(XxCl(V))=F"(Cl(V)
andF(U)c CI(V). Thus, F is upper weakly A-continuous. The proof of the lower weakly

A-continuity of Fcan be done by the same token.
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