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ABSTRACT: The aim of paper is to investigate the stress and equation of motion in terms of
displacement in fibre-reinforced thermoviscoelastic media of higher order under gravity. The equation
for wave velocity of Stoneley waves is obtained. These results reduce to classical results when effects
of gravity, fibre reinforcement, thermal field and viscosity are ignored.
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INTRODUCTION

The propagation of surface waves in elastic media is of considerable importance in earthquake
engineering and seismology. The theory of surface waves has been developed by Stonely™®, Bullen
etc.

Love® has studied the effects of gravity on various wave problems and shown that velocity of
Rayleigh waves increases significantly due to gravitational field when the wavelength of waves is
large. Biot!! developed a mathematical theory of initial stresses to investigate the effects of gravity on
Rayleigh waves in elastic media.

The idea of continuous self reinforcement at every point of an elastic solid was introduced by
Belfield!"The characteristic property of a reinforced concrete member is that its components, namely
concrete and steel act together as a single anisotropic unit as long as they remain in same elastic
condition ,i.e the two components are bound together so that there can be no relative displacement
between them.

In the present paper, the problem of nth order thermovisco-elastic surface waves in a homogeneous and
isotropic fibre-reinforced medium under the influence of gravity is studied. The wave velocity equation
for surface waves in presence of thermal viscous and gravitational effects is derived.

BASIC EQUATIONS OF MOTION

Let M;, M, be two homogenous isotropic semi infinite viscoelastic media in contact with each other
where M, is above M; under the influence of thermal field and gravity along a common horizontal
plane boundary. We choose rectangular cartesian coordinate system with the origin at any point on
plane boundary and z axis normal to M;. Consider possibility of a type of wave moving in positive x
direction and assume that the disturbance is confined to neighbourhood of the boundary thus making it
a surface wave. Assuming further that at any instance all the particles in a line parallel to x axis have
equal displacement i.e all partial derivatives w.r.t y vanish.

Let u = (u,v,w) be the displacement vector at any point (x,y,z) at time t. Introducing two displacement

potentials ¢ and Y which are functions of x,z and t in the form
N3 =w, - u,

©2018 RS Publication, rspublicationhouse@gmail.com Page 489



International Journal of Emerging Trends in Engineering and Development Issue 5, Vol. 3 (April.-May. 2015)
Available online on http://www.rspublication.com/ijeted/ijeted_index.htm ISSN 2249-6149

usf -y, W=f +y, N?F =u, +v,+w, =D

The component v is associated with purely distortional waves and ¢ ,, v are associated with P waves,
SV waves and SH waves resp. Equation of motion for three dimensional wave problem under influence
of gravity are

S,,+tS,, TS

XX, X Xy,y Xz,

,HrQW, =ruy Spx TSy, tS,

yX, X w.y z + fgwy = rv,tt

zZ,

szx,x +Szy,y +Szz,z - rg(u,x +V,y) = rW,tt

where oyy are stress components, p is density and g is acceleration due to gravity.
According to Voigt's definition, stress strain relation in higher order thermovisco elastic medium are

0; = D,845; +2DﬂT e; + D, (aa,6m0; + 2,8 ) + 2(DﬂL -D, )(@ae; +a;a.6e,)+ D,a,a,6:m3a; — Dy(r ~To)o;

where o;; are components of stress, e; are components of strain, D, ,D, ,D, are elastic parameters,

D,.D,.(D, —D, ) are reinforced elastic parameters and gz(ai,az,as) where a’ +a’ +a; =1 if a
=(1,0,0) i.e x-axis. Also

n ak n ak n 6k n ak
D = < D, = < p=Ya< D= p
. ;(/’lL)k 8tk L k:O(/’tT)k 8tk a ; k atk 14 ;yk atk
(g ﬂk 61 ﬂk
D, = / — = —_—
/ ka:-0 k ﬂtk Db ka:.() bk ﬂtk

in which Ag,po and Ax px (k=1,2,..,n) are the parameters representing effect of viscosity, px(k=0,1,.....,n)
are thermal parameters , T is absolute temperature over initial temperature To.Also Bk=(3Ak +2uk ) ai, o
being coefficient of linear expansion.

We get following dynamical equations of motion

[D,+2D,+4D, -2D, +D,u,,+D,+D,+D, Iw,,+D,u,,-D, %—prgwu = pU,,

[(DHL a D/tr )]V’XX +D,uT [V’xx +V’zz ] = pvin

DﬂL W

+HD,+D,+D, lu,,+[D,+2D, lw,,, -D, %—l——pgu,X = pW,,,

Introducing displacement potentials ¢ and , we get
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Where
n ak n ak n ak
ANV -S'm. < NV a
A’ ; kr atk Al — kq atk AP of kp atk
J -« J q~ J 1~
= M, — = M, — = M —
A=a Mage Ama Mg A=A Mege

Mkt:/11<+2ak+4(ﬂ|_)k_2(ﬂr)k+ﬂk .M, _ Ao +2(i), ’ MkS::Bk"‘ak"'?’(ﬂL)k_z(ﬂr)k

P P P
Mk _(/’tT)k Mk _(/JL)k Mkv ﬁ

p ! qa !

P P p

Similarly in M, replace p, A k., Pk by dashes over the quantities. The generalized law of heat
conduction in absence of heat source is

KReT = re, a1 p, (e
it It
Where K is thermal conductivity, C, is specific heat of body at constant volume. Using above, we have

T

KN2T = rCﬂ+rTA ( f)

SOLUTION OF THE PROBLEM
Let solutions for medium M; are of the form

7.y, T.v) =[£,(2).y 1(2), Ti(2), v, ] exp{iw(x - ct)}

Substituting in above equations, we get a set of differential equations for medium M as follows

5 Z( i) M, .
§2+E)¢1 T+ el =0
Z( ioc) M, Z:(—iaoc)kMkr
k=0 k=0

(
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d? iw
(F + Bk)l/jl T g ¢1 = 0
> ()M,
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d2
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dz KeD dz
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S'M,, (-iee)"

It is ensure that these equations have exponential solution and in order that ¢,y, T& v shall describe
surface waves they must become vanishingly small as z—-o. For M;

£ =[A exp(iwp,2) + A, exp(iwp,2) + A, exp(iwp,z)] exp(im(x - ct))
T =[a,, A exp(iwp,z) +a,, A, exp(iwp,z) +a,, A, exp(iwp,z)]exp(im(x - ct))
Y =[6aA exp(iwp,z) + b, A, exp(inp,z) + b, A, exp(iwp,z)]exp(im(x - ct))
v=Cexplim(l,,z+x- ct)]

Where

ch—ki(—iwc)k(uL)k

Ik21 = n
D (i) (1),
k=0
—iw*pCTy Y (-iac) M, (p;? +1) _gio
A = = By ==
K(@p ) > M, (-i0) (@’p; ~B,)
k=0
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BOUNDARY CONDITIONS
1) The displacement components,tempraure & normal flux at the boundary must be continuous.

2) The stress components at the boundary must satisfy be continuous.

Using above boundary conditions we obtain
(tL- ﬂklpl)Al +(1- ﬂkZpZ)AZ +(1- ﬁkgpg)Ag =(L+ ﬁkl M )Al +(1+ ﬂkZ Py )Az +(1+ ﬂkS Pq )A3

c-c
(P + By ) A+ (pg + g Py + (Pg + Bieg) g = (b + By JA + (=0 + fig My + (=03 + Fg )Ag
UMy Oy Faahy = Aty Ay g hy

Klay APy + aohoPy + ayghggl = —Kilayy Ay oy + iy Ay By + a3 A3pgl

* 2 2 2
(e D DA By Py = 2Py = Beg) + Ay (BaPy = 2P = Byp) + A3(fyaPy —2P3 ~ B3l

x ' b2 ' ' ' 2 ' ' ' 2 '

= (/JL)k [Al (2p1 “'ﬁkl P _ﬂkl)+ A2 (sz “'ﬂkz Py _’Bk2 )+ A3 (2p3 +’Bk3 ) —ﬂk3 )l
(7 )y Cligq = =(op )y Clig

* 2 * * * * 2 * * *
Al[lk L+ P )+ Z(ﬂT)k pl(pl +ﬁk1)_ak (ﬁklpl -1 +7kak1] + Az[ik L+ Py ) + Z(ﬂT)k pz(pz +'Bk2) - o (/))k2p2 -1 +7kak2]

* 2 * * * *!

+A3M|((1+ P3 )+2(HT)|( p3(p3 +ﬂk3)_ak(ﬁk3p3 _1)+7kak3] = Al[lk 1+ Py )+2(’uT)k P (pl _ﬂk1)+ak (ﬂkl P +1)+}’k akl]

*1 |2 *1 1 ' ' *1

[ ' *1 ' ' ' *!

+A2 [ﬂk (L+ Py )+2(/1-|-)k ) (p2 _ﬁk2)+ak (ﬂkZ Py +1)+7kak2]+A3Mk L+ Pq )+2('UT)k p3(p3 _'Bk3)+ak (ﬁk3 P3 +1)+7’k ak3]

*1 ' [ ' *1 ' ' ' *! *!

It follows from above equations that both C and C' vanish and hence there is no displacement in y-
direction, thus no SH wave occur in this case.

The wave velocity equation is obtained by eliminating A, Az, Az, A1, A2, A3’

The roots of the above equation determine the wave velocity of surface wave propagation along the
common boundary between two thermovisco elastic solid media of \Voigt type in the presence of
gravity in fibre-reinforced medium. This equation will give the wave velocity of Stonely waves in
presence of thermal, viscous and gravitational effects. In absence of these effects above equation will
reduce to classical Stonely waves.

CONCLUSION
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The present study reveals the effect of temperature, viscosity, fibre-reinforcement and gravity are

reflected in the wave velocity equations corresponding to the Stonely ~ waves. So the result of this

analysis seems to be useful in circumstances where these effects cannot be neglected.
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