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Abstract: In this paper we are proving a common fixed point theorem for cyclic weak ∅ - 

contraction for four mappings in ℒ-fuzzy metric space generalizing the result of D. Gopal et al. 

[9] for cyclic weak Ø-contraction in fuzzy metric space. Here we are introducing the concept of 

cyclic weak Ø- contraction for four operators in ℒ-fuzzy metric space to prove our result. We are 

giving the corollary in respect of the proved theorem. 
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1. Introduction: The notion of fuzzy sets was introduced by Zadeh [19] and various concepts of 

fuzzy metric space were considered in [2, 4, 7, 12, and 13]. Many authors have studied fixed 

point theory in fuzzy metric spaces as [3, 8, 11, and 14].In 1988 Grabeic [10] defined contraction 

and contractive mappings on fuzzy metric space and extended their results in such spaces. 

Continuing in this field Mihet [15, 16] proved fixed point theorems for various contraction 

mappings in fuzzy metric space. In 2010 Pacurar et al. [17] introduced the concept of cyclic ∅- 

contraction and proved a fixed point theorem for cyclic ∅ −contraction in complete metric space. 

Using his concept D. Gopal et al. [9] proved a fixed point theorem for cyclic weak ∅-contraction 

in fuzzy metric spaces. In this sequel we are extending the work on the space introduced by 

Saadati et al. [18] to prove a common fixed point theorem for cyclic Ø-contraction for four 

mappings in ℒ-fuzzy metric space 

2. Prelimnaries: 

Def.2.1.Complete Lattice is a partially ordered set (L,≤) in which all subsets have both 

supremum (join) and infimum (meet). 

Def.2.2 [18] Let ℒ= (L,≤L) be a complete lattice and U a non-empty set called universe. An ℒ-

fuzzy set A on U is defined as a mapping A: U→ L. For each u in U, A (u) represents the degree 

(in L) to which u satisfies A 

Lemma2.3 [5]: Consider the set L∗ and operation ≤L∗defined by 
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 L∗= {(x1, x2): (x1, x2) ∈ [0,1]2and x1 + x2 ≤1},  x1, x2 ≤L∗  y1, y2 if and only if                         

 x1 ≤ y1 𝑎𝑛𝑑 x2 ≥ y2for every (x1, x2),( y1, y2)∈  L∗.Then L∗, ≤L∗ is complete Lattice. 

Def.2.4 [1].An intuitionistic fuzzy set A ζ,ηon a universe U is an object A ζ,η= {(ζ
A
 u , η

A
 u ;  u ∈

U} where for all u∈ U, ζ
A
 u ∈[0, 1] and η

A
 u ∈ [0, 1] are called the membership degree and 

the non-membership degree respectively of u in A ζ,η and furthermore satisfy ζ
A
 u + η

A
 u ≤ 1. 

A triangular norm Ton ([0, 1],≤) is defined as an increasing, commutative, associative mapping 

T: [0, 1]2 →[0, 1] satisfying T(1, x) = x  ∀x ∈ [0, 1]. 

We define first 0ℒ =  inf L 

1ℒ =  sup L. 

Def.2.5. A triangular norm (t-norm) on ℒ is a mapping ℐ: L2 →L satisfying the following 

conditions: 

i. (∀x∈L)   (ℐ(x, 1ℒ)= x ); (boundary condition); 

ii. (∀ (x, y)  ∈ L2)  (ℐ (x, y) = ℐ(y, x)); (commutativity); 

iii. (∀ (x, y z) ∈ L3)   (ℐ (x, ℐ (y, z) ) = ℐ (ℐ(x, y), z) ; (associativity); 

iv. (∀ (x, x′, y, y′) ∈ L4) (x≤L x′ and y ≤L y′)⇒ℐ(x, y)≤Lℐ(x′, y′) ( monotonocity); 

A t- norm can also be defined recursively as an (n+1) - ary operation (n ∈N \{0}) by 

   ℐ1= ℐ and ℐn(x(1), x(2), ………… , x(n+1)) = ℐ (ℐn−1(x(1), x 2 , … . . , x(n)),x(n+1))) for 

n≥ 2 and x(i) ∈ L. 

Def.2.6. [6] A t –norm ℐ on L∗ is called t-representable iff there exists a t-norm T and a t-conorm  

S on [0, 1] such that ∀ x = (x1, x2), y= (y1, y2)∈ L∗. 

ℐ(x, y) = {T (x1, y1), S (x2, y2)}. 

Def.2.7.A negation on ℒ is any decreasing mapping N: L→L satisfying N (0ℒ)=1ℒ  and  

N (1ℒ)=0ℒ . If N (N(x)) =x ∀ x ∈ L, then N is called an involutive negation. 

If for all x ∈[0, 1], Ns(x) = 1-x, we say that Ns is the standard negation on ([0, 1],≤). 

Def.2.8.The 3-tuple (X, ℳ , ℐ) is said to be an ℒ-fuzzy metric space if X is an arbitrary (non-

empty)set, ℐ is continuous t-norm on ℒ and ℳ is an ℒ-fuzzy set on X2 ×(0, +∞)satisfying the 

following conditions for every x, y, z in X and t, s in (0, +∞) 

i. ℳ(x, y, t)>L 0ℒ ; 
ii. ℳ(x, y, t) = 1ℒ  for all t>0 if and only if x= y; 

iii. ℳ(x, y, t)= ℳ(y, x, t); 

iv. ℐ(ℳ(x, y, t), ℳ(y, z, s))≤Lℳ(x, z, t+s); 

v. ℳ(x, y, .):]0, ∞[→L is continuous. 

In this case ℳ is called an ℒ-fuzzy metric. If ℳ= ℳM,N  is an intuitionistic fuzzy set 

then the 3-tuple (X,ℳM,N , ℐ)  is said to be an intuitionistic fuzzy metric space. 
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Example: Let (X, d) be a metric space. Set ℐ (a, b) = (a1b1, min(a2 + b2, 1) ) for all  

a= (a1, a2) and b = (b1, b2) in L∗and let M and N be fuzzy sets on X2 × (0, ∞)defined as follows: 

ℳM,N (x, y, t) = (M (x, y, t), N(x, y, t)) = (
htn

htn+md(x,y)
,

md(x,y)

htn+md(x,y)
) for all t, h, m, n∈ R+. Then 

(X,ℳM,N ,  ℐ) is an intuitionistic fuzzy metric space. 

Lemma 2.9. [2]: Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space .Then ℳ(x, y, t) is non-decreasing 

with respect to t for all x, y in X.  

Proof: Let t, s ∈ (0, +∞) be such that t<s. Then k= s-t > 0 and ℳ(x, y, t) =ℐ (M(x, y, t),1ℒ) 

  =ℐ (M(x, y, t), M(y, y, k)) ≤LM(x, y, s). 

Def.2.10. A sequence {xn}n∈Nin an ℒ-fuzzy metric space (X, ℳ, ℐ) is called a Cauchy sequence, 

if for each ε∈ L\{0ℒ}and t>0, there exists no ∈N such that ∀ m ≥ n ≥ no(n ≥ m ≥ no), ℳ 

(xm, xn, t) >LN (ε).The sequence {xn}n∈N is said to be convergent to x∈ X in the ℒ-fuzzy metric 

space (X, ℳ, ℐ) (denoted by xn → x in ℳ) if ℳ (xn, x, t)= ℳ(x, xn, t) → 1ℒwhenever n→ +∞for 

every t >0. A ℒ-fuzzy metric space is said to be complete if and only if every Cauchy sequence is 

convergent.  

Thus ℐ is a continuous t-norm on lattice ℒ such that for every𝜇 ∈  L\{0ℒ , 1ℒ  }, there is a                

λ∈  L\{0ℒ , 1ℒ  } such that ℐn−1(N λ , …… . , N(λ))>LN(𝜇). 

Lemma 2.11.[20] Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space. Then ℳ is continuous function on 

X× X ×]0,∞[. 

Def.2.12.Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space. Then ℳ is said to be continuous on X× 𝑋 ×
]0,∞[ that is limn→∞ ℳ(xn, yn, tn)=ℳ(x, y, t) whenever a sequence {(xn, yn, tn)} in X× 𝑋 ×

]0,∞[ converges to a point (x, y, t)∈ X× 𝑋 ×]0,∞[that 

is limn→∞ ℳ(xn, x, t)=limn→∞ ℳ(yn, y, t)= 1ℒandlimn→∞ ℳ(x, y, tn)=ℳ(x, y, t). 

Lemma2.13 [2]: Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space. Define Eλ,ℳ :X2 → R+ᴜ{0} by Eλ,ℳ(x, 

y) = inf { t>0 : ℳ(x, y, t) >LN(λ)}for each λ∈  L\{0ℒ , 1ℒ  }and x, y ∈X. Then we have  

i. For any µ∈  L\{0ℒ , 1ℒ  }there exists λ∈  L\{0ℒ , 1ℒ  }such that Eµ,ℳ(x1 , xn ) ≤

 Eλ,ℳ(x1, x2) + Eλ,ℳ(x2 , x3) +…………Eλ ,ℳ(xn−1 , xn )for any x1,……………, xn ∈ X. 

ii. The sequence {xn}n∈N is convergent w.r.t ℒ-fuzzy metric ℳ if and only if Eλ,ℳ(xn , x) →
0.Also the sequence {xn }n∈Nis Cauchy w.r.t ℒ-fuzzy metric ℳ if and only if it is Cauchy 

withEλ,ℳ . 

Lemma2.14: Let(X, ℳ, ℐ) be an ℒ-fuzzy metric space. If ℳ (x𝑛 , 𝑥𝑛+1, 𝑡)  ≥𝐿  ℳ(𝑥0, 𝑥1, 𝑘𝑛𝑡) 

for some k>1 and n ∈N .then {𝑥𝑛} is a Cauchy sequence.  

Proof: For every λ∈  L\{0ℒ , 1ℒ  } and 𝑥𝑛 ∈ X, we have  

Eλ,ℳ(xn+1, xn)= inf {t> 0: ℳ (xn+1, xn, t) >𝐿N (λ)} 
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                       ≤ inf {t>0: ℳ(𝑥0, 𝑥1, 𝑘𝑛𝑡)  >𝐿N (λ)} 

  = inf {
𝑡

𝑘𝑛 : ℳ(𝑥0, 𝑥1, 𝑡)  >𝐿N (λ)} 

  =
1

𝑘𝑛  inf {t>0: ℳ(𝑥0, 𝑥1, 𝑡)  >𝐿N (λ)} 

  =
1

𝑘𝑛 Eλ,ℳ(x0, x1). 

From lemma 2.12, for every µ∈  L\{0ℒ , 1ℒ  } there exists λ∈  L\{0ℒ , 1ℒ  }, such that  

Eμ,ℳ(xn, xm) ≤  Eλ,ℳ(xn, xn+1) + Eλ,ℳ(xn+1, xn+2) + ⋯ + Eλ,ℳ(xm−1, xm) 

  ≤
1

𝑘𝑛 Eλ,ℳ(x0, x1) +
1

𝑘𝑛+1 Eλ,ℳ(x0, x1) + ⋯ +
1

𝑘𝑚−1 E
λ,ℳ

(x0, x1) 

        = Eλ,ℳ(x0 , x1)  
1

𝑘 𝑗
𝑚−1
𝑗=𝑛  → 0. 

Hence the sequence {𝑥𝑛} is a Cauchy sequence. 

Def.2.15. We say that ℒ-fuzzy metric space(X, ℳ, ℐ) has a property C, if it satisfies the 

following condition ℳ(x, y, t) = C for all t > 0 implies C =  1ℒ . 

Def.2.16. Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space. The ℒ-fuzzy metric is triangular if it 

satisfies the condition (
1

 ℳ 𝑥,𝑦 ,𝑡 
 -1) ≤ (

1

ℳ 𝑥,𝑧,𝑡 
 -1) + (

1

ℳ 𝑦,𝑧,.𝑡 
− 1) 

for every x, y, z ∈ X and every t >0. 

Def.2.17.Let X be a non-empty set, m be a positive integer and f: X → X an operator. By 

definition, X =  𝑋𝑖
𝑚
𝑖=1  is a cyclic representation of X with respect to f if  

i. 𝑋𝑖  , i = 1, 2, ……., m are nonempty stes;
 

ii. 𝑓(𝑋1)⊂𝑋2 , .. ……….. 𝑓(𝑋𝑚−1)⊂𝑋𝑚 ,  𝑓(𝑋𝑚
)⊂𝑋1

. 

  

Inspired by D. Gopal et al. [9] we present the notion of cyclic weak Ø-contraction for four 

operators in ℒ- fuzzy metric space. 

Def.2.18. Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space, 𝐴1, 𝐴2, ……… . , 𝐴𝑚  be closed subsets of X 

and Y =  𝐴𝑖
𝑚
𝑖=1  . Operators P, Q, S and T: Y→Y are called cyclic weak ∅-contraction if the 

following conditios hold:  

i. Y =  Ai
m
i=1    is a cyclic representation of Y with respect to P, Q, S and T respectively 

ii. There exists a continuous, non-decreasing function ∅: [0, +∞)→ [0, +∞)  

With ∅ 𝑟 >0 for r >0 and ∅(0) = 0, such that  

(
1

 ℳ 𝑃𝑥,   𝑄𝑦,   𝑡 
 -1)≤𝐿  (

1

ℳ 𝑆𝑥,   𝑇𝑦,   𝑘𝑡 
 -1)- ∅(

1

ℳ 𝑃𝑥,   𝑆𝑥,   𝑘𝑡 
− 1) 
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For any x ∈ 𝐴𝑖  , y ∈ 𝐴𝑖+1 (i =1, 2… m, where 𝐴𝑚+1 = 𝐴1 and each t > 0. 

 

 

3. Main Theorem: 

Theorem3.1. Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space, 𝐴1, 𝐴2, ……… . , 𝐴𝑚  be closed subsets of 

X and Y =  𝐴𝑖
𝑚
𝑖=1   be complete. Suppose that  ∅: [0, +∞) → [0, +∞) is continuous, non-

decreasing function with ∅ 𝑟 >0 for r ∈ (0, +∞) and ∅(0) = 0. 

If P, Q, S and T: Y→Y be a cyclic weak ∅ - contraction such that  

i. P(X)∪Q(X)⊆ S(X)∩T(X), 

ii. (
1

 ℳ 𝑃𝑥,   𝑄𝑦,   𝑡 
 -1) ≤𝐿 (

1

ℳ 𝑆𝑥,   𝑇𝑦 ,   𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑥,   𝑆𝑥,   𝑘𝑡 
− 1). 

Then P, Q, S and T has a unique fixed point z ∈  𝐴𝑖
𝑚
𝑖=1 . 

Proof: Since P(X) ∪Q(X)⊆ S(X)∩T(X) , thus we have P(X)⊆ T(X), therefore for any arbitrary 

point 𝑥0 ∈Y =  𝐴𝑖
𝑚
𝑖=1  there exists 𝑥1 ∈Y such that P𝑥0= T𝑥1 

And Q(X) ⊆ S(X), for this point 𝑥1, we can choose a point 𝑥2 ∈Y such that Q𝑥1= S𝑥2 and so on. 

Thus by induction we can define a sequence {𝑦𝑛} such that 𝑦2𝑛  = T𝑥2𝑛+1 = P𝑥2𝑛 . 

𝑦2𝑛+1= S𝑥2𝑛+2 = Q𝑥2𝑛+1 for every n ∈ N∪ {0}. Now to prove that {𝑦𝑛} is a cauchy sequence in 

X.  

Put x =𝑥2𝑛 , y = 𝑥2𝑛+1 in (ii)  

(
1

 ℳ 𝑃𝑥2𝑛 ,𝑄𝑥2𝑛+1 ,𝑡 
 -1) ≤𝐿(

1

ℳ 𝑆𝑥2𝑛 ,𝑇𝑥2𝑛+1 ,𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑥2𝑛 ,𝑆𝑥2𝑛 ,𝑘𝑡 
− 1). 

 

⟹ (
1

 ℳ 𝑦2𝑛 ,   𝑦2𝑛+1 ,   𝑡 
 -1) ≤𝐿(

1

ℳ 𝑦2𝑛−1 ,𝑦2𝑛 ,   𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑦2𝑛 ,𝑦2𝑛−1 ,𝑘𝑡 
− 1). 

                             

                              ≤𝐿  (
1

ℳ 𝑦2𝑛−1,𝑦2𝑛 ,   𝑘𝑡 
 -1). 

 

⟹ℳ (𝑦2𝑛 , 𝑦2𝑛+1 , 𝑡) ≥𝐿  ℳ (𝑦2𝑛−1 , 𝑦2𝑛 , 𝑘𝑡)  ∀ n∈ N. 

This implies ℳ (𝑦2𝑛 , 𝑦2𝑛+1, 𝑡) is a non-decreasing sequence of positive real numbers in [0, 1]. 

Thus we have ℳ (𝑦𝑛 , 𝑦𝑛+1 , 𝑡) ≥𝐿 ℳ   𝑦𝑛−1 , 𝑦𝑛 , 𝑘 𝑡 ≥𝐿 ……… . . ≥𝐿  ℳ(𝑦0 , 𝑦1 , 𝑘𝑛  𝑡). 

Therefore by lemma 2.13 we have {𝑦𝑛} is a Cauchy sequence. 

Since Y is complete, there exists a point z∈ Y such that lim𝑛→∞ 𝑦𝑛  = z.  

Thus T𝑥2𝑛+1 , 𝑃𝑥2𝑛 , 𝑆𝑥2𝑛+2 and Q𝑥2𝑛+1 converge to z ∈ Y. 

Since the mappings are ∅-contraction, thus the iterative sequence {𝑦𝑛} has an infinite number of  
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terms in 𝐴𝑖  for each i =1, 2…m. As Y is complete then from each  𝐴𝑖  , i=1, 2,…m, one can  

extract a subsequence of {𝑦𝑛}that converges to z. Also each 𝐴𝑖  , i=1, 2…m, is closed ,we have  

that point y ∈  𝐴𝑖
𝑚
𝑖=1  and  𝐴𝑖

𝑚
𝑖=1 ≠ ∅. 

Next we are to prove that z is fixed point of P, Q, S and T. 

As Q(X) ⊆ S(X) therefore there exists a point u∈Ysuch that Su= z. Now on putting x = u and   

y = 𝑥2𝑛+1 in (ii) we get 

(
1

 ℳ 𝑃𝑢 ,𝑄𝑥2𝑛+1 ,𝑡 
 -1) ≤𝐿 (

1

ℳ 𝑆𝑢,𝑇𝑥2𝑛+1,𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑢,𝑆𝑢,𝑘𝑡 
− 1). 

Now on taking the limit as n→ ∞ we get  

(
1

 ℳ 𝑃𝑢 ,   𝑧,   𝑡 
 -1) ≤𝐿  (

1

ℳ 𝑧,𝑧,𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑢,𝑧,   𝑘𝑡 
− 1). 

 

⟹ ℳ (Pu, z, t)≥𝐿ℳ(z, z, kt)=1ℒ  as ℳ is continuous. 
Thus we have Pu=Su= z. 

Now as P(X) ⊆ T(X), therefore there exists a point v ∈ 𝑌 such that Tv= z. Now on putting x = 

𝑥2𝑛  and y =v in (ii) 

 we get (
1

 ℳ 𝑃𝑥2𝑛 ,𝑄𝑣,𝑡 
 -1) ≤𝐿 (

1

ℳ 𝑆𝑥2𝑛 ,   𝑇𝑣,   𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑥2𝑛 ,𝑆𝑥2𝑛 ,𝑘𝑡 
− 1). 

Now on taking the limit as n → ∞ we get, 

    ⟹ (
1

 ℳ 𝑧,   𝑄𝑣,𝑡 
 -1) ≤𝐿  (

1

ℳ 𝑧,   𝑧,   𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑧,   𝑧,   𝑘𝑡 
− 1). 

⟹ ℳ (z,Qv, t)≥𝐿ℳ(z, z, kt)=1ℒ  as ℳ is continuous. 
 
Thus we have Qv=Tv= z. 
⟹ Pu=Su= Qv=Tv= z. 
Now we are to prove that Pz=z, for this put x=z and y =v in (ii) we get  
 

(
1

 ℳ 𝑃𝑧,𝑄𝑣,𝑡 
 -1) ≤𝐿  (

1

ℳ 𝑆𝑧,𝑇𝑣,𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑧,𝑆𝑧,𝑘𝑡 
− 1). 

⟹(
1

 ℳ 𝑃𝑧,   𝑧,   𝑡 
 -1) ≤𝐿 (

1

ℳ 𝑃𝑧,𝑧,   𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑧,𝑃𝑧 ,𝑘𝑡 
− 1)  ≤𝐿  (

1

ℳ 𝑃𝑧,𝑧,   𝑘𝑡 
 -1) 

⟹ ℳ(𝑃𝑧, 𝑧, 𝑡) ≥𝐿ℳ (Pz, z, kt)….≥𝐿 ℳ(𝑃𝑧, 𝑧, 𝑘𝑛 𝑡) 

  

But as ℳ(x, y, t) is non-decreasing with respect to t for all x, y in X. Hence ℳ (Pz, z, t) = C for 

all t >0. Since (X, ℳ, ℐ) has property (C), it follows that C = 1ℒ  .Thus we get Pz=z, therefore Pz 

= Sz= z .Similarly we can prove that Qz = Tz =z. 

Thus P, Q, S and T have a fixed point z∈  𝐴𝑖
𝑚
𝑖=1 . 
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Now to prove their uniqueness let us choose another point w∈  𝐴𝑖
𝑚
𝑖=1 .Therefore w is another 

common fixed point of P, Q, S and T that is Pw= Qw = Sw = Tw = w. Thus  

(
1

 ℳ 𝑧,𝑤 ,𝑡 
 -1) = (

1

 ℳ 𝑃𝑧,𝑄𝑤 ,𝑡 
 -1) ≤𝐿  (

1

ℳ 𝑆𝑧,𝑇𝑤 ,𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑧,𝑆𝑧,𝑘𝑡 
− 1). 

⟹ (
1

 ℳ 𝑧,𝑤 ,𝑡 
 -1) = (

1

 ℳ 𝑧,   𝑤,   𝑡 
 -1) ≤𝐿  (

1

ℳ 𝑧,   𝑤,   𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑧,   𝑧,   𝑘𝑡 
− 1). 

                                        ≤𝐿 (
1

ℳ 𝑧,   𝑤 ,   𝑘𝑡 
 -1) 

           ⟹ℳ (z, w, t) ≥𝐿ℳ (z, w, kt …..≥𝐿ℳ (z, w, 𝑘𝑛 t). 

Again as ℳ(x, y, t) is non-decreasing with respect to t for all x, y in X. Hence ℳ (z, w, t) = C 

for all t >0. . Since (X, ℳ, ℐ) has property (C), it follows that C = 1ℒ  .Thus we get z= w .Thus z, 

is the unique common fixed point of maps P, Q, S and T. 

Corollary 3.2. Let (X, ℳ, ℐ) be an ℒ-fuzzy metric space, 𝐴1, 𝐴2, ……… . , 𝐴𝑚  be closed subsets 

of X and Y =  𝐴𝑖
𝑚
𝑖=1   be complete. Suppose that  ∅: [0, +∞) → [0, +∞) is continuous, non-

decreasing function with ∅ 𝑟 >0 for r ∈ (0, +∞) and ∅(0) = 0. 

If P, Q, S and T: Y→Y be a cyclic weak ∅ - contraction such that  

i. P(X)∪Q(X)⊆ S(X)∩T(X), 

ii. (
1

 ℳ 𝑃𝑥,   𝑄𝑦,   𝑡 
 -1) ≤𝐿 (

1

ℳ 𝑆𝑥,   𝑇𝑦 ,   𝑘𝑡 
 -1) - ∅(

1

ℳ 𝑃𝑥,   𝑆𝑥,   𝑘𝑡 
− 1). 

Then P, Q, S and T has a unique fixed point z ∈  𝐴𝑖
𝑚
𝑖=1 . 

Proof: to prove the result replace Q by P in theorem 3.1. 
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