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ABSTRACT

The purpose of the present paper is to study some properties of semi-symmetric non-metric
S-connection on an integrated contact metric structure manifold [16] and also the form of
curvature tensor Rof the manifold relative to this connection has been derived. It has been
shown that if an integrated contact metric structure manifold admits a semi-symmetric non-

metric S -connection whose curvature tensor is locally isometric to the unit sphere st (1) then

the Conformal and Con-harmonic curvature tensors with respect to the Riemannian connection
2

are identical iff n—%(n+2) =0. Also it has been shown that if an integrated contact metric

structure manifold admits a semi-symmetric non-metric S -connection whose curvature tensor is

locally isometric to the unit sphere s (1) then the Con-circular curvature tensor coincides

2
with the Riemannian connection iff n—%(n+2):0. Some other useful results and theorem

have been obtained, which are of great geometrical importance.
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1. INTRODUCTION:

The idea of semi-symmetric linear connection in a differentiable manifold has been
introduced by Friedman and Schouten [1]. Hayden [4] has introduced the idea of metric
connection with torsion in a Riemannian manifold. The properties of semi-symmetric metric
connection in a Riemannian manifold have been studied by Yana [7] and others [14] [18].
Various properties of such connection have been studied by many geometers. Agashe and Chafle
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[10] defined and studied a semi-symmetric non-metric connection in a Riemannian manifold.
This was further developed by Agashe and Chafle [11], Prasad [3], De and Kamilya [19],
Tripathi and Kakkar [9], Pandey and Ojha [8], Chaturvedi and Pandey [2] and several other
geometers. Sengupta, De and Binh [5], De and Sengupta [20] defined new types of semi-
symmetric non-metric connections on a Riemannian manifold and studied some geometrical
properties with respect to such connections. Ojha and Choubey [15] defined semi-symmetric
non-metric connection in an almost contact metric manifold.

2. PRELIMINARIES:

Let |\/|nbe a differentiable manifold of differentiability class C*. Let there exist in M, a vector

valued C” - linear function ®@, a C” - vector field 77 and a C* -one form & such that

(2.1) O’ (X)=a’X —c&(X)n
(2.2) i7=0,
(2.3) G(X.,Y)=a’G(X,Y)-c&(X)&(Y)

Where @ (X )= X, a is anonzero complex number and C is an integer.
Let us agree to say that @ gives to M, a differentiable structure define by algebraic equation (2.1). We
shall call (CD,n,a,c,f) as an integrated contact structure.

Remark 2.1: The manifold M_ equipped with an integrated contact structure (®,7,a,c,&) will be
called an integrated contact structure manifold.

Remark 2.2: The C”-manifold M, satisfying (2.1), (2.2) and (2.3) is called an integrated contact
metric structure manifold (®@,7,a,c,G, &)

Agreement 2.1: All the equations which follow will hold for arbitrary vector field X,Y,Z,...... etc.

It is easy to calculate in M, that
2

(24) &(n)==

(25) G(X,n) def &(X)
and

(2.6) ®(X)=0

Remark 2.3: The integrated contact metric structure manifold (<I), n,a,c,G, 5) gives an almost Norden
contact metric manifold [13], Lorentzian Para-contact manifold [6] or an almost Para-contact Riemannian
manifold [17] according as (a2 =-1c =1),(a2 =1, c=— 1) or (a2 =1c =1)

Agreement 2.2: An integrated contact metric structure manifold will be denoted by M .

Definition 2.1: A C* -manifold M _, satisfying
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(2.7) Dy77=®(X) def X
will be denoted by M *

In Mn* , We can easily shown that

(2.8) (Dx)(Y)="@(X.Y) =(D,&)(X)
where

(2.9) ‘D(X,Y)def G(X,Y)=G(X,Y)
Definition 2.2: An affine connection B is said to be metric if
(2.10) B,G=0

The affine metric connection B satisfying

(2.11) (B,@)(Y)=&(Y)X —G(X.Y)7

is called metric S - connection
A metric S - connection B is called semi-symmetric non-metric S - connection iff

(2.12) BXY=DXY—§(Y)X—G(X,Y)77
Where D is the Riemannian connection.
Also
(BXG)(Y,Z):2§(Y)G(X,Z)+2§(Z)G(X,Y)
which implies
(2.13) S(X,Y):f(Y)X—f(X)Y

where S is the torsion tensor of connection B
The curvature tensor with respect to the semi-symmetric non-metric connection is defined as

(2.14) R(X,Y,Z) def B,B,Z - B/B,Z - By, Z

Using (2.12) in (2.14), we get

(2.15) R(X,Y,Z)=K(X,Y,Z)-B(X,Z)Y +B(Y,Z)X
~G(Y,Z)(Dyn—&(X)n) +G(X,Z)(Dyn—£(Y)n)

Where

(2.16) B(XY)=(D&)(Y)+E(X)E(Y) +G(X,Y)E(n)

and

(2.17) K(X,Y,Z) def D,D,Z~D,D,Z ~Dyy,Z

where Rand K be the curvature tensors with respect to the connection B and D respectively.

Using (2.7) in (2.15), we get

(2.18) FNR(X,Y,Z)=K(X,Y,Z)—,B(X,Z)Y +B(Y,Z)X
—G(Y,Z)(X=£(X)n) +G(X,Z)(Y =&£(Y)n)

If R(X,Y,Z)=0 then above equation becomes

(219) K(X,Y,Z)=B(X,Z)Y + B(Y,Z) X =G(Y,Z)(X - &(X)n)+G(X,Z)(Y -£(Y)n) =0

Contracting above equation with respect to X , we get
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(2.20) Ric(Y,Z)—ﬁ(Y,Z)+nﬂ(Y,Z)+%ZG(Y,Z)+G(V,Z)—§(Y)§(Z)=0
Using (2.16) in (2.20), we get
(2.21) cRic(Y,Z)+c(n—l){‘CD(Y,Z)+§(Y)f(Z)+a§G(Y,Z)}

+G(\7,Z_)+CG(\7,Z):O
Contracting above equation with respect to Z , we get

2
(2.22) rY+n[%Y +Vj+(n—2)§(Y)n=0
Contracting above equation with respect toY , we get
2
(2.23) R=—%(n+2)(n—l)

Where Ricand R are Ricci tensor and scalar curvature of the manifold respectively.
The Projective curvature tensor W, Conformal curvature tensor Q, Con-harmonic curvature tensor L
and Con-circular curvature tensor C in a Riemannian manifold are given by [12]

(2.24) W(X,Y,Z)=K(X,Y,Z)—ﬁ[Ric(Y,Z)X—Ric(X,Z)Y]

(2.25) Q(x,Y,z)zK(x,Y,z)—(n—fz)[Ric(Y,z)x—Ric(x,z)v
+G(Y,z)r(x)—G(x,z)r(Y)]+(nTan_2)[G(Y,z)x—G(x,z)Y]

(2.26) L(X,Y,Z)=K(X,Y,Z)—(n—iz)[Ric(Y,Z)X—Ric(X,Z)Y

+G(Y,Z)r(X)-G(X,Z)r(Y)]

and

(2.27) C(x,Y,z)=K(x,Y,z)—n(nR_Z)[G(Y,z)x—G(x,z)Y]

where

(2.28) W(X.Y,Z,T) def G(W(X,Y,Z),T)

(2.29) Q(X,Y,Z,T) def G(Q(X,Y,Z),T)

(2.30) L(X,Y,Z,T) def G(L(X.Y,Z),T)

(2.31) C(X.,Y,Z,T) def G(C (X.Y,Z),T)

3. CURVATURE TENSORS:

Theorem 3.1: If an integrated contact metric structure manifold admits a semi-symmetric non-metric S
-connection whose curvature tensor is locally isometric to the unit sphere st (1) then the Conformal
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and Con-harmonic curvature tensors with respect to the Riemannian connection are identical iff
2

a
n——(n+2)=0

c
Proof: If the curvature tensor with respect to the semi-symmetric non metric S - connection is locally
isometric to the unit sphere S (1), then

(3.1) Ii(X,Y,Z):G(Y,Z)X—G(X,Z)Y
Using (3.1) in (2.18), we get
(3.2) G(Y,Z)X —G(X,Z)Y = K(X,Y,Z)—ﬂ(X,Z)Y +,B(Y,Z)X

G(Y.Z)(X=£(X)n)+G(X,Z)(Y =¢(Y)n)
Contracting above with respect to X and using (2.4) and (2.9), we get

(3.3) cRic(Y,Z):c(n—1){G(Y,Z)—‘®(Y,Z)—§(Y)f(Z)—%ZG(Y,Z)}

-G(Y,Z)-cG(Y,Z)
Contracting above equation with respect to Z , we get

(3.4) cr=—cn(Y-Y)—(n-2)c&(Y)n—(a’n+c)y
Contracting above equation with respect toY , we get

2
(35) R=(n—1){n—%(n+2)}

Where Ricand R are Ricci tensor and scalar curvature of the manifold respectively.

From (3.5), (2.25) and (2.26), we obtain the necessary part of the theorem. Converse part is obvious from
(2.25) and (2.26).
Now, using (2.19) and (2.21) in (2.24), we get

(36) W(X,Y.Z)=B(X,.Z)Y —B(Y.Z)X +G(Y,Z)X ~G(Y,Z)&(X)n
—G(X,Z)Y +G(X,Z)E(Y )n+E(Y)E(Z) X —£(X)E(Z)Y
+ L [G(V,2) X -G(X,2)Y [+ ———[G(V,Z) X -G(X,Z) |

(n-1) c(n-1)
+%[G(Y,Z)X—G(X,Z)Y]

Now operating G on both the sides of above equation and using (2.5) and (2.28), we get

3.7) W(X,Y,Z,T)=8(X,Z)G(Y,T)-B(Y,Z)G(X,T)+G(Y,Z)G(X,T)
~G(Y,2)E(X)£(T)-6(X,2)G(V,T)+G(X,Z)(Y)E(T)+£(Y)£(Z)G (X.T)
~£(X)E(Z)6(Y,T)+——[G(Y.2)G(X,T)~G(X,Z)G(Y,T)]

(n-1)

[G(Y,Z)G(X,T)-G(X,Z)G(Y,T)]

c(n-1)
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+%2|:G(Y,Z)G(X,T)—G(X,Z)G(Y'T)]

Theorem 3.2: Ona C* -manifold M., we have

(3.82) W (X.Y,Z,7)=B(X,Z2)E(Y)-B(Y,Z)E(X)
gL 250X, 2)(v)]
+C(n1_l)[G(V,z)g(x)—G(X,Z)g(Y)]

(38b) W(nY.Zn)=p(n2)E(V) -2 p(Y.2)
(e oo e

(3.8c) W(X,Y,Z,7)=0

(3.8d) W (X,Y,7.7)=B(X,n)E(Y)-B(Y.7)E(X)

(3.86) W (n,Y,2,T)=B(nZ)G(Y,T)-B(Y.2)&(T)-£(2)G(Y.T)
125(Z)E(Y)E(T) —ZTaZG(Y,T)f(Z)Jr( L )G(V,Z)cf(T)

1 N

_c(n—l) (Y,Z)f(T)

(3.8f) W(n,Y,z,n)=ﬂ(n,z)g(v)-%zﬁ(v,z)Jrﬁz_l)[ncG(V,z)+G(V,z)]

Proof: Replacing T by 77 in (3.7) and using (2.4), (2.5), (2.6) and (2.9) we get (3.8a).
Replacing X by 7 in (3.8a) and using (2.2), (2.4), (2.5), (2.6) and (2.9) we get (3.8b).
Replacing X by X and Y by Y by in (3.8a) and using (2.6), we get (3.8c).

Replacing Z by 7 in(3.8a) and using (2.2), (2.6) and (2.9), we get (3.8d).

Replacing X by 7 in (3.7) and using (2.2), (2.4), (2.5), we get (3.8¢).

Replacing T by 77 in (3.8e) and using (2.4), (2.5) and (2.6), we get (3.8f).

Theorem 3.3: If an integrated contact metric structure manifold admits a semi-symmetric non metric S -

connection whose curvature tensor is locally isometric to the unit sphere s (1) then the Con-circular

2
. . . . - a
curvature tensor coincides with respect to the Riemannian connection iff n ——(n + 2) =0
c

Proof: Using (3.5) in (2.27), we get
a2
n——i(n+2
L (n+2)

n

(3.9) C(x,Y,z)—K(x,Y,z)—[ }[G(Y,Z)X—G(X,Z)Y]
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which is required proves of the theorem.
Now, using (2.19) and (2.23) in (2.27), we get

(3.10) C(X,Y.Z)=B(X,Z)Y = B(Y.Z)X +G(Y,Z)(X)-G(Y,Z)&(X)n
~G(X,Z)Y +G(X,Z)&(Y )+ (”’LZJ[G (Y.Z)X -G(X,Z)Y]

Operating G on both the sides of above equation and using (2.5), (2.9) and (2.31), we get
(3.11) C(X,Y,2,T)=B(X, 2)6(Y,T)- BY,Z)G(X,T)+G(Y,Z)(X,T)

—G(Y,2)&(X)&(T)=6(X,2)'@(Y,T)+G(X,Z)s(Y)&(T)
+%2(nT+2j[G(Y,Z)G(X,T)—G(X,Z)G(Y,T)]

Theorem 3.4: On C* -manifold we have

(3.122) c(x,v,z,n)=ﬁ(x,z)5(v)—ﬁ(v,z)§(x)—%ZG(Y,Z)g(x)
+%ZG(X,Z)§(Y)+%2M[G(Y,Z)§(X)—G(X,Z)f(Y)]

(3.12b) C(nY,Z,T)=B(n2)G(Y,T)-B(Y, )é(T)——G(Y Z)&(T)
~£(2)6(V.T) (@M 2“2 61 2)e(T)-6(vT)e(2)]

(3.12¢) C(n,v,z,n)=ﬁ(n,z)e§(Y)—%ﬂ(Y Z)- —:G(Y 7)
L@ (12 Loy 2)- fm@(zﬂ

(3.124) C(X,Y,7.m)= B(X )Y )~ (Y m)(X)

(3.12€) C(X.,Y,Z,7)=0

(3.12) C(nY,Z,T)=p(nZ)G(Y.T)

Proof: Replacing T by 7 in (3.8) and using (2.4), (2.5), (2.6) and (2.9), we get (3.12a).
Replacing X by 77 in (3.8) and using (2.2), (2.4), (2.5), (2.6) and (2.9), we get (3.12b)
Replacing T by 77 in (3.12b) and using (2.4) and (2.5), we get (3.12c).

Replacing Z by 7 in (3.12a) and using (2.5), we get (3.12d).

Replacing X by and Y by in (3.12a) and using (2.4), we get (3.12e).

Replacing Z by and T by in (3.12b) and using (2.4), we get (3.12f).

REFERENCES:
[1] A. Friedmann and J. A. Schouten, Math. Z. 21 pp. 211-225, 1924.

[2] B. B. Chaturvedi and P. N. Pandey, Some symmetric non-metric connection on a Kahler manifold,
Differential Geometry-Dynamic system, 10, pp. 86-90, 2008.

R S. Publication, rspublicationhouse@gmail.com Page 394



International Journal of Advanced Scientific and Technical Research Issue 4 volume 4, July-August 2014
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

[3] B. Prasad, On a semi-symmetric non-metric connection in an SP- Sasakian manifold, In Stanbul Univ.
Fen Fak. Mat. Der., 53,pp.77-80,1994.
[4] H. A. Hayden, Proc. London Math. Soc. 34, pp.27-50.1932.
[5] J. Sengupta, U. C. De and T. Q. Bihn, On a type of semi-symmetic hon-metric connection on a
Riemannian manifold, Indian J. Pure Appl. Math., 31 no (1-2), pp.1659-1670, 2000.
[6] K. Matsumoto, On Lorentzian Paracontact manifolds, Bull. Yamogata Univ. Nat. Sci., 12, pp. 151-
156, 1989.
[7] K. Yano, On semi-symmetric metric connection, Rev. Roum. Math Pures et. Appl. Tome XV ,pp.
1579-86, 1979.
[8] L.K. Pandey and R. H Ojha, Semi-symmetric metric and semi-symmetric non-metric connection in
Lorentzian paracontact manifold, Bull. Cal. Math. Soc., 93 no-6 , pp.497-504,2001.
[9] M. M. Tripathi and N. Kakkar, On a semi-symmetric non-metric connection in a Kenmotsu manifold,
Bull. Cal. Math. Soc., 16 no-4 ,pp.323-330,2001.
[10] N. S. Agashe and M. R. Chafle, A semi-symmetric non-metric connection in a Riemannian manifold,
Indian J. Pure Appl. Math., 23, pp.399-409,1992.
[11] N. S. Agashe and M. R. Chafle, On submanifold of a Riemannian manifold with semi-symmetric
non-metric connection, Tensor N. S., 55 no-2,pp.120-130,1994.
[12] R. S. Mishra, Structures on a differentiable manifold and their applications. Chandrama Prakashan,
Allahabad (India), 1984.
[13] S .D. Singh and D. Singh, Tensor of the type (0, 4) in an almost Norden contact metric manifold,
Acta Cincia Indica, India, 18 M(1), pp.11-16,1997.
[14] S. K. Choubey, On semi-symmetric metric connection, Prog. of math., Vol 41-42,pp.11-20,2007.
[15] S. K. Choubey and R.H. Ojha, On semi-symmetric non-metric and quarter symmetric connections,
Tensor N.S., vol 70,No-2, pp.202-213,2008.
[16] Shalini Singh, Certain affine connexions on an integrated contact metric structure
manifold, Adv. Theor. Appl. Math., 4 (1-2), pp.11-19, 20009.
[17] T. Adati and K. Matsumoto, On almost paracontact Riemannian manifold, T.R.U. Maths., 13(2)
pp.22-39,1977.
[18] U. C. De and J. Sengupta, On a type of semi-symmetric metric connection on an almost contact
metric manifold, Filomat, 14, pp.33-42,200.
[19] U. C. De and D. Kamilya, Hypersurface of a Riemannian manifold with semi-symmetric non-metric
connection, J. Indian Inst. Sci, 75,pp.707-710,1995.
[20] U. C. De and J. Sengupta, On a type of semi-symmetric non-metric connection, Bull. Cal. Math.
Soc., 92, no-5,pp.375-384,2000.

R S. Publication, rspublicationhouse@gmail.com Page 395



