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Abstract : this research shows the oscillatory of third -order difference
equation AZz(n) + q(n)f(x(n+wn)) =0 .

Also ,deriving some new sufficient conditions which are of great value to the
study of the target equation .
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Introduction :

In this article we shall concerned with.the.oscillatory of third —order non
linear neutral delay difference equation as the from

A°z(n) + q(m)f (x(n +.u)) = 0 1)

Where z(n) = x(n) + p(n)x(n.— o) ,and n, g, u are positive integral ,the
real sequences {p(n)},{g(n)} and f are satisfies following conditions

(d1l) g(n)#0, p(n)=0

(d2) f € C(R,R) suchthat f(xy) = f(x)f(y) and % >y .where
y>0,y#0.

By a solution of (1) we mean a nontrivial real sequence x(n) is said to be
oscillatory ,if it neither eventually positive nor eventually negative , otherwise
Is nonoscillatory for x(n) that is a defined for n > n,

There has been a lot of attention in the oscillation of difference equation of
first- order, second and higher order, see for examples [5-8,10-13] also we can
find the results on third-order n [2-4,9,12,14,15] and the sources cited therein.

The our purpose in this paper is to supply sufficient condition which ensure
equation (1) that all solution of this equation are oscillation .

©2020 RS Publication, rspublicationhouse@gmail.com Page .



DOl : https://dx.doi.org/10.26808/rs.st.i10v4.01
International Journal of Advanced Scientific and Technical Research ISSN 2249-9954
Available online on http://www.rspublication.com/ijst/index.html Issue 10 volume 4 July- August 2020

In obtaining the chief results ,we will entail to use following lemma :

Lemma 1[3] :

Assume that g is positive real sequence and n is appositive integer .if
n+n-1
liminf q(j) >
n—oo

j=n

7777
(n + 1)+t

Then
1) difference inequality

Ax(n) —qg(n)x(n+n) =0
has no eventually positive solution
2) difference inequality

Ax(n) ~“g(n)x(n+n) <0
has no eventually negative solution.

Main Results :

In this portion ,we establish some new sufficient conditions for all solution of
(1) to oscillation.
Theoreml : assume that0 < p, <p < 1,u = 1q(n) > 0,,and

- (AR(D)”
2(i + Dh(D)

yh(Dq(@Df (1 —p) - =0 (2)

iiiq@:‘” 3

r=nj=ni=n

Then every solution of (1)oscillation
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Proof : Let {x(n)} be an eventually positive solution of equation (1) then

there existan n = ny, suchthat , x(n —o),x(n+u) > 0.
Sincez(n) = x(n) >0  forn; = n,
Form equation (1) we have
Az(n) = —q)f(x(n+w)) <0
Then A%z(n) is monotone , and eventually of one sign.we calim that
A?z(n) > 0 ,suppose to the contrary that A%z(n) <0 then there exist
anegative constant M for n, > n, so that A’z(n) <M ,n = n,
We Summing from n, to n — 1 we obtain
Az(n) < Az(n,) + M(n—1—n,) (4)
letting n — oo, then Az(n) — —oo, there is an integer , n; = n, such that
Az(n) < Az(ng) <0 for n>ny.
Summing (4) from n; to n — 1 we obtain
z(n) —z(nz) < Mn—1—nj3)
this implies that z(n) - —oo0 as n = oo ,which a contradiction with actuality
that z(n) is positive .
Then A%z(n) > 0 ,and we have'two cases for n > n;:
1) A3z, <,A%z, > 0,Az, >0,z, >0,
2) A3z, <,A%z, > 0,Az, <0,z,>0.
Casel : by equation z(n) = x(n) + p(n)x(n — o) we get
x(n) =z z(n) —pz(n— o) = (1 —p)z(n) (5)
Using the above inequality in equation (1) as using (d2) we obtain
Az(n) +yqm)f(1—p)z(n+p) <0 (6)

h(n)A?z(n)

define w(n) = )
w(n) is positive and satisfies

h(n)
zn+ W

h(n)

Aw(n) = —Z(n 0

A3z(n) + A( )Azz(n +1)
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Substation in (6) we have

Ah(n)
h(n+ 1)
h(n)Az(n + u)A?z(n + 1)

 zn+wzn+p+ 1)

Aw(n) < —yh(n)q(n)f(1 —p) + w(n+1)

Sincez(n+u) <z(n+u+1) then

Aw(n) < —yh(n)q(n)f(1 —p) + w(n+1)

n
h(n+ 1)

h(n)Az(n + WA?*z(n + 1)
B z?n+u+1)

(7)

From the monotonicity property of  A%z(n) we obtain Az(n) =
icn, A%z(n)

Or Az(n) = ZA%z(n) for n>1+mn,

Then Az(n+1) 2 “=A%z(n + 1)

since Az(n) increasing then Az(n +u) > Az(n+ 1)) = nTﬂAzz(n + 1) then

the equation (7) it become

Aw(n) < —yh(n)g()f (1 —p) + w(n+1)

n
h(n+ 1)

(n+ 1)h(n)A%?z(n + 1)A%z(n + 1)
B 2z°(n+u+1)

Then
Aw(n) < —yh(n)q()f(1 —p) + h(n—+)1)w(n +1)
(n+ Dh(n) |,
“ommrn L D
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n+ 1)h(n Ah(n
Aa)(n)s—\/( ) ()a)(n+1)— ()
V2 h(n+1) J2(n + 1)h(n)
2
(AR(n))

—yh(n)q()f (1 —p) + 2(n+ 1)h(n)

The we have

(AR(n))’
2(n+ 1)h(n)

Aw(n) < —yh(m)q(m)f (1 —p) +
Summing from ncg into n we get

(AR(D)”
2(i + Dh()

wn+1) o) < - ) [Vh(i)q(i)f(l )=

i=Tl5

Which yelds

(AR(D)’
2(i + Dh(D)

= w(ns)

> [Vh(i)q(i)f(l ~p)=

i=n5
Which is contradiction with (2).
Case 2: A3z(n) <,A%z(n) > 0,Az(n) < 0,z(n) >0

In this case x(n) is eventually positive .as, Az(n) < 0 eventually , z(n) is
positive and nonincreasing ,we have z(n) - fasn - co where 0 < 8 <
oo,then there exist € € (0,1) suchthatf —e <z(n) <z(n—o) <[ + €.

So x(n) = z(n) —px(n—o0) = z(n) —pz(n—o) = 1z(n)
Where 7 = [(8—€) — p(B+€)]/(B+€)
Using the above inequality in (1) we obtain
A3z(n) + yrq(n)z(n + u) <0
And

A3z(n) < —yrq(n)z(n + p)
Summing the above inequality from n into co we obtain
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—A?z(n) < —ytz q(Dz(i + )

A?z(n) > yrz q(z(i + p)

Where z(n + u) = B then

K2z(n) = yiB ) (i)

Since summing again from n to co we get ,we have

~z(n) = yrp i i 10

j=ni=n

Again summing from n to oo

7(n) = Vrﬁi ii a®

r=nj=ni=n
This is contradiction with (3)

Theorem 2: supposethat 0 <p(n) <p<1l,u=>1,qn) <0,if

C 2
> k= Dla@IfA-p) == ®

K=n—pu

Tl+ﬂ.—1 s—1

imint Y Y vlamifa - > ()T ©

Then all solution of (1) is oscillation .
Proof : Let {x(n)} be an eventually positive solution of equation (1) then
there existan n = ngy, where x(n—o0),x(n+p) > 0.
Form equation (1) we get
A3z(n) = lq(m)If (x(n+ ) = 0 (10)
Since (n) = x(n) > 0, forn, = n, and by (10) we have two cases:
1) A3z(n) = 0,A%z(n) > 0,Az(n) > 0,z(n) > 0,

©2020 RS Publication, rspublicationhouse@gmail.com Page ¢



DOl : https://dx.doi.org/10.26808/rs.st.i10v4.01
International Journal of Advanced Scientific and Technical Research ISSN 2249-9954
Available online on http://www.rspublication.com/ijst/index.html Issue 10 volume 4 July- August 2020

2) A3z(n) = 0,A%z(n) < 0,Az(n) > 0,z(n) > 0,
Case 1: A3z(n) = 0,A%z(n) > 0,Az(n) > 0,z(n) > 0, for ng = n,
from (corollary 1.86 in [1]) we have

n—§+n

ﬁ 2 n—K-— 1)(6_77_1) AEZ(K)

Az(n) = Z - A‘ @+

Where 0 <n <& —1Take ¢ = 3,n = 1 we obtain

n-—2

Az(n) = Z = A‘z(a) + Z(n —k—1) A3z(k)

r=a

Az(n) = Z(n —k—1) A3z(k) (11)

Now from (5) and (10)we get
A3z(n) = l[qm)|f((1 = plz(n+ ) = lg)f (1 = p)z(n + p)

Substation in (11) we get

Az(m) = ) (n =k = DIGOIS (1 = pz(k + k)

And

)= Y (== DIgEIIf (1 = pz(c + )

K=n—u

So z(n) increasing then

pz(m) = 2(n) ) (n—1=DIgCOIf (1~ p)

K=n—u
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No by using z(n) = ~Az(n) then

2() = S8z 2 52(n) ) (n == DIgIf (1~ p)

K=n—u

> Z (n—x — DIq)|f 1 —p)

K=n—u

SN

Which is contradiction with (8)
Case 2: A3z(n) = 0,A%z(n) < 0,Az(n) > 0,z(n) > 0, for n, = ns
Since equation (1) we can written as the from

Nz(n + 1) — A2(n) = [q)]f (x(n + 1) (12)
since x(n) = (1 — p)z(n) and using (d2).then (10) it become

—A%z(n) 2 ylgMIf (1 =p)z(n+p) (13)

Summing both side of (13) from n:to’s — 1 we get
—Az(s) + Az(n) = X5 ylg@DIf (1 —p)z(i +w)
And Az(n) = X5 ylq@DIf (1 — p)z(i + )

Az(n) = 2(n+ 1) ) YIgDIf (1 - p)

Az(m) = 2(n+ ) = ) YIg@IfF (L~ p)

Which is a contradiction of lemma (1) and condition (9).
Examples :
In this part ,we present some examples to illustrate the essential results

Example 1: consider third order delay difference equation
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[x+fxe ]+ [i]-
A [x(n) +5x(n |+ D) 0 n>1

1 1
p(n) =Z ,q(n) = 6,f(X(Tl+2)) = [m]r]/: 1!:“ =2,0=1

We can find that all the condition of Th (1) are satisfies also we can find a
oscillation solution by (—1)™ from this equation.

Example 2: consider third order nutral difference equation
A3 [x(n) + %x(n - 2)] —12(x(n + 3))3 =0 n>2

1 3
p(n) = > ,qn) =-12,f(x(n+3)) = (x(n+3)),y =1
We can find that all the condition of Th (2) are satisfies also we can find a
oscillation solution by (—1)" from this equation.
Conclusion: therein this paper, several necessary and sufficient conditions ,it
IS obtained to ensure the oscillation behavior of all solution of third order
neutral difference equation .
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