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ABSTRACT

In the present paper we have studied Sasakian bi-recurrent manifold with vanishing
C-Bochner curvature tensor. The various properties have been studied and hence utilized to
derive the results with the help of Sasakian C- Bochner curvature tensor.
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1. INTRODUCTION

Let M?™*1 be a (2m+1) dimensional differentiable manifold of class C* covered by a system
of coordinate neighborhoods {U:x"} where here and in the sequel the indices

By, e L Ky run over the range {1,2,........... 2m+1}. Suppose that there are
given in M?™+1 atensor field F}* of type (1,1), a vector field f* and a 1-form 9; satisfying

Fihl;}i — —(S].h + a]fh (11)

Frfi=0 (1.2)

aF =0 (1.3)

a;ft =1 (14)

such a set (F, f, ) is called an almost contact structure and M2™*1 endowed with an almost
contact structure is called an almost contact manifold.

If we have
N + (00 — 0i0;)f" = 0 (1.5)
whereN;! is the Nijenhuis tensor of F/* defined by

N;il = F}tatFih - FitatP}h - (ajFit - aiP}t)Fth (1.6)
constructed with F! and 9; = 6/ 5 then the almost contact structure is said to be normal
and M2m+1 endowed with a normal almost contact structure is called a normal almost contact

manifold.
An almost contact manifold, in which a Riemannian metric g;; such that
gtsP}tFis :'gji - aj a; (1.7)
a; = f) gji (1.8)
is given, is called an almost contact metric manifold. We can easily verify that, in an almost
contact metric manifold
Fy = F}tgti (1.9)
is skew symmetric.
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If an almost contact metric structure satisfies
1
then the almost contact metric structure is said to be contact and a manifold M2™*1 endowed

with a normal contact metric structure is called a Sasakian manifold.
In a Sasakian manifold, we have

Fr =v,fh (1.11)
ViF! = —g;if" + 8f; (1.12)
whereV; denotes the operator of covariant differentiation with respect to the Christoffel
symbols formed with g;; and f; = f/ g;;
Since F; =V, f; and F; is skew symmetric, fM is a unit Killing vector field.
From equations (1.11) and (1.12) and Ricci identity we have

Rlicljifi = 51?]5 - 5jhfk (1.13)
where R}!; is the curvature tensor of the manifold M2™*1, from which we have

whereR;; is the Ricci tensor of the manifold.
From equations (1.11), (1.12) and the Ricci identity we also find
Rl}cljt Ff — Rliji Fth = _51?Fji + ijthi = _Fl?gji + F}hgki (1.15)

from which we have

Ry Ff + Ry F* = —(2m — 1)F; (1.16)

where F' = g“Ft. Using the first Bianchi identity we have from (1.16)

Ry F* = 2R Ff +2(2m — 1)F; (1.17)
which shows that R, F{ is skew symmetric and consequently we have
Ry Ff = —RyF' (1.18)

2. SASAKIAN MANIFOLD WITH C- BOCHNER CURVATURE TENSOR

The C- Bochner curvature tensor B};ﬁ [1] in Sasakian manifold is given by

1
Bl = K, +n—_|_3(Kki5jh — K6 + 9 K" — g K¢ + S f = S f + fuS" — fi St

kK+n—1
+28 [ + 2 St — K™ + Kymen™ — memi K +mymi Kl — n+—3(ﬁi fit -
h K4 h h K h h h
]j'ifk + kajfi ) - n—_l_g(gkié}' — Yji 5k) + n—_|_3(gki77j77 + 77k77i5j — YiNMkN

—1,;1:6%) (2.1)
Where
Sij = fi'Knj (2.2)
Sp = Skj gﬁ (2.3)

_ K+n-1

T n+l (24)
Also we have,
Bl}clji = _Bjilla’ » Brjin = Binkj (2.5)
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mﬂ+&m+&h—o By =0 (2.6)

Bk]lnh = O fk S]l fSBskz ) kal}clji =0 (27)

Where

Bijin = Bijissn, f =fl g% (2.8)

Tensor U,?ﬁ introduced by [2] onM™ whose component are defined by

Ulfclji = Kzﬁ}i —(p+ 1)(gji 51}5 - gki(sjh) - (gkjﬂjﬂh + 77k77i5jh - gjinknk - njnialicl

+]§ifkh - fki]j’h —2fy i) (2.9)
Where
p+1= ﬁ (2.10)

A Sasakian manifold M™ is called locally C-Fubinian [3] when the tensor field U,ﬁlﬁ vanishes

identically on M™. If a Sasakian manifold on M" is locally C-Fubinian if its Ricci tensor
satisfies

Kj; = ag;; + bbn;n; (2.11)
where
a——l—landb———+n (2.12)

In this case manifold is said to be C-Einstein. If Sasakian manifold is locally C-Fubinian then
it is C-Einstein.
From (2.1), (2.4), (2.9)and (2.10) we have

2k(n+1)—-3(n+1) n+k+3
Bl?ji = Ul?ji + m=1D(n+3) (gji 5p — gkiajh) + n—H(gkj nin" + 77k77i5jh

2(n+1)+k
—g;imen® — n,-ma,?) + 2l — ff - 2fkjﬁh> (2.13)

Since fiK;; = —f Ky and the differential form S = —5}-1- dx'dx/ are closed, therefore we
can easily verify that the following equation hold good.

Si = =Sy, S =3[ Ki+ K —n+Dp (2.14)

Siije = 0jKae — (0 = Dgpepi + [ Kei e (2.15)

£ S = =Sk + (0= Dfyi o + £ fi Kie r (2.16)

Kii o — Kiij = fi' Sjr — 28k + (= D) (fuubj — fji P + 2/ 01) (2.17)

Where we haveK; p' = (n — 1)p;.

1. SASAKIAN MANIFOLD WITH BI-RECURRENT PROPERTIES

Definition (3.1) A Sasakian manifold is said to be bi-recurrent if we have

Klilji ,ab AabKlilji =0 (31)
for some non-zero tensor 4,, and is called Ricci bi-recurrent if it satisfies
- Kji,ab - AabKji =0 (32)
multiplying (2.15) by gV, we have
K,ab — A K =0 (3.3)
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Definition (3.2) A Sasakian manifold satisfying the condition

Bliclji,ab - /1ab Bl}clji =0 (34')
for some non-zero tensor A,, will be called Sasakian manifold with bi-recurrent C- Bochner
curvature tensor.

Definition (3.3) A Sasakian manifold satisfying the condition

Ul?ji ab Aap Ul?ji =0 (3.5)
for some non-zero tensor A,;, will be called Sasakian manifold with bi-recurrent U* curvature
tensor.

THEOREM(3.1) Every Sasakian bi-recurrent manifold is a Sasakian manifold with bi-
recurrent C- Bochner curvature tensor.

PROOF: Differentiating (2.1), covariantly with respect to x® and then again differentiating
the result thus obtain covariantly with respect to x”, we obtain

1
Bliiap = Kiti ap + w13 (Kii,ab 6" — Kii ab S8 + 91 Ky — 9i Kiap + Stisan [ — Sit,an i
+ i St = fiiStap + 28k b fi* + 2fij Slap = Kiiap "™ + Kji apmien"

Kap Kap
i Ky + 0K ) — n—-|6f3 (Gt —fifit + 214 f1) - n _i 3 (916" — gji61)
Ka
+ 28 (gnyn® + neni 8t — gmen” — nynidt) (3.6)

thus obtained from (3 multiplying (2.1), by A,, and subtracting the result.6), we have
Bt ab — Aab Bl = Kiji ab — Aan Kili + nl? [(Kiiab — Aap Kt )8 — (Kji ab—Aan Kii ) O
g1 (Kl'ap = Aan K = i (Kt oy = Aan K + (Sii,ab — Aap S ) £
~(Sjtab = 2ab SOFE + [ (S} ap = AabST) = 1S ap = AabSK)

+2(Skj.ab = Aab S )+ 2 (Slap = AabS!) = Kkt ab —Aap K )1y 1"
+(Kji ab—=Aab K )me™ — mieni (Kl'ap — 2ap KM + 01 (KL 0y — A KM]

(Kap — Aap )
—% [(ﬁlﬁh —fifi + kajfih) — (9 5jh — i )
+(gmn" + meni8 — gimen™ —mymist] (3.7
If the manifold is bi-recurrent then from (2.2), (2.3), (3.1), (3.2), and (3.3) the equation (3.7)
reduces to
Bl}clji ,ab Aab Bl}clji =0

which shows that the manifold will also a Sasakian manifold with bi-recurrent C-Bochner
Curvature tensor.

THEOREM (3.2) The necessary and sufficient condition that a Sasakian manifold is
Sasakian Ricci bi-recurrent is that
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Bl}clji,ab - /1abBl}clji = Klilji,ab - AabKlilji
PROOF: Let the manifold be Sasakian Ricci bi-recurrent then the relation (3.2), is satisfied.
From the equation (3.7) in view of equation (2.2), (2.3), (3.2) and (3.3), gives
Bliclji,ab - Aab Blfclji = Kl?ji ,ab AabKl?ji - (38)
Conversely, if in the Sasakian manifold (3.8), is satisfied then we have from (3.7)
UKt ab = Aap KD 8! = (Kji b —Aap KD SF + gri (K'apy = Aap K" = 95t (K ap — Aan K

+(Skiab = Aab Sk " = Sjian — AapSiDf L+ fu (Stap = 2abS™) = fi (Stap = AapSE)
+2(Skj ab = Aab S "+ 2fi; (Sap = AapS!) = Kt ab — A Kii )01
+(Kji ab—Aap KiDMmen™ = mieni (KPop — Aap K +0imi (K oy — Aap K]

—(Kap — 2 O[S S =Fi il + 285 f1) — (916" — 9;6¢)
+(gumn® +mni8 — g™ — 61} =0

which yields with the help of (2.2), and (2.3)
Klg'i,ab - AabKIg'i =0
i.e the manifold is Sasakian Ricci bi-recurrent.

THEOREM (3.3)If a Sasakian manifold satisfies any two of the following properties
(1). The manifold is Sasakian Ricci bi-recurrent
(i). The manifold is Sasakian manifold with bi-recurrent Bochner Curvature tensor
(iii). The manifold is U™ bi-recurrent; then it must also satisfy the third.
Proof: Differentiating (2.9), covariantly with respect to x* and then again differentiating the
result thus obtain covariantly with respect to x?, we obtain
K 1
Bk]l ab — Uk]l ab + (1’7. _Icib3) (1’7. 1) (gji 61? — Yki 5]h) + (gkj 77j77h + r'kr'idjh

—giimn® =St + Fifi — fu /" — 2y f] (3.9)
Trasvecting (2.9) with 4,, and subtracting the result thus obtained from (3.9), we have
K — A K
Blilji ,ab — AabBlilji = Ulftlji ,ab Aab Ulilji + a( + ;) (n 1) (gjl6k gkt6h)

(G + men S = gimen® — i) + G i = fa ' = 2fig £9]
(3.10)
The statement of the above theorems follows in view of the equations (2.2),(2.3),(2.7),
(3.1),(3.2),(3.4),(3.5) and (3.10).

Theorem (3.4): In a Sasakian bi-recurrent manifold with vanishing C-Bochner curvature
tensor we have

Aka Kji - Aja Kkl =N [an nLKa]] n; nkKat niKak] - 2771' [nkKaj —7n; Kak]

K h h h
Z(Tl + 1) {nk[¢]a5 ¢La5 + 2¢jl6 + (gta ThTIa)f.l"]

(g]a 77] 77a)¢1 77} ¢ka 5h ¢La 5k + 2¢k1 a
+(gia - 77ﬂ7a)¢k (gka 77k77a)¢L ] - Zni[d)ka 6jh - ¢ja 6ih
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+26¢1; 62 + (g0 = 11)Pr — (Gra — M) B}

— o K[(gri — 77k71i)5jh - (gji - Ujﬂi)&? + Py 4’}1 — ¢ ¢I}(l + 2¢y, ¢zh]} (3.11)
Proof: Differentiating (2.1) covariantly and using (2.14),(2.15),(2.16) and (2.17), we have
(n+3)V,Bl; = (n+2)(ViK;; — ViKyi) — drdF (V. Ky — VK,) + 25 9V K
+n" (nkv Ky =1V, Ky) — (n+ 2)m,. S + nn,skl +2(n+ 1D)n;Sy;

+ 1(gkln, gim 'V, K+m{(9kl M)V K

(gjl 77] nl)VkK + (d)kl ¢] ¢]l¢k + 2¢k] ¢z )VTK}
+(m + D{(n + 2)n ¢ — ni; Gri — 2+ 1)n;y; } (3.12)
Transvecting (3.12) with¢g[ ¢!, and adding the resultant equation to [3.12] we have

Bloin + O OBl n = (Knit — Kiim) — dF b (Koo — Kirj) + (= DY@ Pmi — T 1i)

1
~MiSmi + NS + 5055 Gultm = GmiMIN" Ky (3.13)
also we have
¢l ¢mBk]L - Bmll h (3'14)
from which we have
1
K — Ky — Ord5 (Ksiy = Kris) = Si + 1S + m(gkﬂ?j = gimIN K,
+(n — 1)(77k¢ji - P) =0 ) (3.15)
Contracting the above equation with n*and n* g/, we find respectively
n"K,=0, n"K;, =0 (3.16)
From which
(n+3)

-1 ——Blin = Kix — K — MedSi — (n— D} + 1, {Sk — (n— Dy}

1
+277i{5kj —(n— 1)¢kj} + m{(gki - 77k77i)5jh - (gji - 77j77i)5lil
+ i ¢jh — ¢ji or + 2¢y; P! IK), (3.17)

Thus, in a Sasakian manifold with vanishing C-Bochner curvature tensor, we get
Kix —Ka; =mfSi — (n= D¢} —n {8 — (n— Dy} — 2n,{Sy; — (n— Dy}

1

_m{(gki - 77k77i)5jh - (gji - 77j77i)51}cl + Pu ¢}h — ;i P +
2¢1 $MIK),
(3.18)
1
Siik =N Kii —n:iKyj + m{¢jk 8t — ¢u 5jh + 2¢;; St + (g — 77i77k)¢]h
~(gj = 1) B (3.19)
Differentiating (3.19)covariantly with respect to a
Kii ka — K ja = McSjia — M Skia — 2MiSkj a
_m{(gki - 77k771)5jh - (gji - 77j77i)51}<l + b ¢]h — ¢ o +
2¢1; P! 3K ha
(3.20)

Above equation in view of (3.19) reduces to(3.11).

RSPUBLICATION, rspublicationhouse@gmail.com Page 274



International journal of advanced scientific and technical research Issue 3 volume 3, May-June 2013
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

REFERENCES

[1] Mastsumato, M and Chuman, G. , On the C-Bochner curvature tensor, TRU,5 21-30,1969
[2] Kang, B.K., A Characterization of Sasakian manifold with vanishing C-Bochner
curvature tensor , Bull Korean Math. Soc., Vol. 17, No.2, 1981

[3]Tashiro, Y., and Tachibana, S., on Fubinian and C-Fubinian manifolds, kodai. Math.Sem.
Rep., 15, 176-183, 1963.

[4].Weatherburh, C.E., An introduction to Riemannian geometry and tensor calculus,
Cambridge (1938).

[5].Yano, K., Differential Geometry on complex and almost Complex spaces, Pergamon
press (1965).

[6].Negi, D.S. and K.S. Rawat, Totally real submanifold of a Kaehlerian manifold, Acta
Ciencilndica,Vol.XXI, No.2M, 147-150(1995).

[7].Girish Dobhal and Asha Ram Gairola, Generalized Bi-Recurrent Weyl Spaces, Int. jour.
Of Math. Archive, 2(12), Pages 2503-25072011,

[8].Rawat, K.S. &Dobhal Girish, On the Bi-Recurrent Bochner Curvature Tensor, Jour. Of
Tensor Society, Vol. 1, 33-40,( 2007).

[9].Rawat, K.S. &Dobhal Girish, Some Properties in a Kaehlerian Space, ActaCiencia
Indica,Vol. XXXIII M, No. 2, 487-491, (2007).

[10].Rawat, K.S. &Dobhal Girish, Some investigation in Kaehlerian manifold, Impact J.Sci.
Tech.,Vol.2(3), 129-134, (2008)

[11]Rawat, K.S. &Dobhal Girish, Bi-Recurrent and Bi-Symmetric Concircular Curvature
TensorOf Riemannian Spaces, Jour. PAS, Vol. 15, 54-60, (2009).

[12]Rawat, K.S. &Dobhal Girish, On Bi-recurrent and Bi-symmetric Kaehlerian Manifold,
Reflection des Era-JMS, Vol.4, Issue 4, 313-332, (2009).

RSPUBLICATION, rspublicationhouse@gmail.com Page 275



